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Compact operators basic  propeyvies

Definition: Le+ X, Y be Banach spacey, V2 X2Y a linear
map. T s called it T(8(0,1)) is a loounded in ¥
setin? T iy called iF T(B(O,/l“ s o precompuct
56‘\‘ n y (B(Olll) = {_HK“K"]S) RAamAed lmeay opevntor

Some  closeruationg :
AN F SEX is Wd dhen T(3) 16 Yodd for any loounded sperckor
prcmw\pud' c,ovupqd-
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W) A linear map between Banach spacey XY 13
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Hint - WTx =Ty I\ € 0TI 0x-71] ), so bouwked operatwy Gre Lqis\nl"\‘?_.
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Praof: daTa+ & T, € BH#X)  YTaTeD(x, x|  (prwed)
Th-To & DIKX), Snce VX [[TaTax|l € NTall 1T

= {ITalllTal] & Tl (Tl since Tre PrK) we wave
svplITaTax I I Ty [l € NTall )yl VreX
yeX
lrlieq

We see tmat TaT,e (KX and (TaTo|l &Ml Td|-
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Vf WTk- Taxl) = llm WTwk - Tuxl| < .SUP hm Z\lBk\I Aixl) = é_ B, 1] -—-—-=> 0
Nxl<A )
Voo [X, X) (index o0 will be cxpluined lcd-er\
The et Sax) of all chpao+ operators gn X
is & twa-sided jdeal n B =PXX): VT, €5,(X).V Toed(x).
TaTr€ Swlx) and  TaTqé3(x).

Proof: Tuke fxy 7 st. 1xalleq, and leb 15 check hat there
5 & svbsguence (X ¢ TaTyixe, Conveses.

NoYe that {Tox.Y € B, (0,0T1)). Ta +akey Tylonmen)
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su\roseiuev\c.( (T GS«(K\\- Thewn {T-.,Tq x“\ converyey, Since T, 0y
cOntinvavs. 7/



Se(X.y) 1t & cloved svbset in IH(XY), i.e
Taly), Ta—T i BKY) = TeSw (x)?

Proof’ Let's Finh @ Finike  2onet in TlB4[0,4)).
Take Finte £/ - heA- Far TaB(0,1) For n: IIT-Tall¢ 4a
devnote ¥ b)/ [)’Ak N Then

NTX =TI € 0T Tux )] 4 N Tk = Toxul] < 50 20, :’féﬁ,,_

A B and wote ALIIT-Tull¢ ¢y
+ ) T - T I for every yxePy(a1)
—_—L

12
c C C& /3

S

IF T s o Wit of Finite-vanl Qperatery in DX .7)|
then TESx(XY).

Proof: Since finite-vank qpemtos are i SalXY) |, we
have TedwlX.¥) by +the previovs proposition. 7]

Remav_\g A‘\ (/N ge.ne\rQ.\ Baoch Space ETGS,W.T) Sveh
That Z{Ta), : Ak Ta 292 and ||IT-Tull — Q.

Definitign' Let X be o Banach space. {Q..,\.:M Is &
T ¥xeX 3V e, svon Fhat

X= L%‘C;O‘\eu, wheve +he senes Convevyes o X,

let X be o Bavech Space With  Schavder
bosis, Then Tedwo (.K\ & AT, . vankT, ¢n andh  JIT=Tul|— Q.
(here vonkeS = dm 3(X) S € BIx))

Pmnf—: (&) we q\\'e.udy know



) Let T So(X), and \e¥ Py x— éck(x\ek_

P iS ":V\CCA\“" Vé‘\ E)& G.Vx\y € X Pl\ ké\X'\'A}f) = °\p\\ \X\+ hp\n ly)l

| x= f_c..(x\!k \ =\ J\X‘\'h)T: Z;U\ckuq-b IBQ-.(Y\\QL\
)"'-ick(Y\e&

Axxby = é_cktwmﬂ N
by umq\uu\css \ by def. of Scmavder basts
kl.d\’(*h:f\ *tlx|tpatyl Ve

Then Palax+/y) = ic\,,u\x»«/ay\&- é_d\cu("\&"‘ 4./5 air e

h=1 n=Aa

=d Pn(x\ + > Pr\\)’} = Pn lmewr

Note That T,:= PuT ave svoh that yamk(Tw) i n becuve
A PaTX) & dimBX) &n .

I+ remammg o Show ‘H\aﬂ‘ Th—7T in DX). Snee T s
cmvac.‘\‘ Ve>9, 3{kak,,, weh Fhat Xl ¢ A Yk and

“-TXb‘SL W B 2met in T(8(0,1). Now Hake xeBylo A)

anh write I\Tx—T“X\\HlTx T |1+ 1T =Taxcl| #1Tax <Tax

< ITx = Txu|| + (I Tsa - PTG +M

£ ¢ For samele £4 F Z11Pal)- T =Tl
Iuv%l envah
far ony fided k

$¢t+tg *svpllPall &
2 o0

wp|IPa)| £ co by Ranach -Schfeinhus thearem Ftheavewm aon
unifarm  poini-wis, Convevgence .

“T‘Ty\“ & 21+ SUPHPV\H) For v \wr%e. emovgh



Assvme. Fhat AT, c DY)
Whee: X is o Ronach  space | gyeh that

‘S.}\,P “Tnx” L ('(x\ 4 0O CYIN| I.V\I‘QVM‘\.','\“

~AvvidForm estinute

For every x X, Then 5&(‘0“'\‘“\\«&. In particvdar ;| ane
n fake C in place of ClK).

Rewwok: In avr sitvation  wpl|Pall ¢ C(X] < =0 becavse

i A n<
Ph)( —>x in X. o
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Defintin Let X be o Boanach spuce, Then =D, (L)
(5 CalleA the 1o X. The elemenic X S
of X* are culled _ {q"’("d' ) llﬂlkoo]

Xim \e_ . (CDW\ '\rﬁmv{.. \Fane ey wat 'fw“"’ meas wre “-Movy)
\ |P —_ ) £ 1y meagwokle with P
L\ L. k/&\ - {F . S —_— q:« | I’P-:tfldﬂ'lq c-u‘%obm | Sg ‘F‘ d/k 400} f"

1L pL0 {F‘ﬂ"lca(x)
{or pLao.xe8

1, = ( SiFitan) ™

()
(Lp(/u’“* - Lg‘(/k\ where %+%=1

) 27(2) = (6 | Bl 2=, llx\&,m-.@_(x\b)"")

Qepud

@) = 2%2), whee 541

ln Yhese exomples, Fhe Fol\ow(nﬂ idantifica™gn 1y
Oasuwed :



L\ 3&(_“\(,,,\ e cp%\-. FHéFSd/’“I O (1) — €
o) DRl i M) & o il £

Py - AP (Z)—0

RQW\M"\L" (.-\ is Y\QV\"*YEV(Q\ measvyve ‘H’\U)\ry

More g&gmp\c§i
Ll.l) CO(Z) = 'Z{X..’_()uz\ Xe—> 0 as \\4\ _ OO\
(/':(Z) = 14(£\ some  dent i Ficat ion

(HQ»SJOTH: 1y Qc’\'uul\/ 3u'H'l'L-‘En\' o hwd\

) let K be a Compact wetvic space, ank X=C(K].

Thew )(:=/U-[\<\. y.+};
| InT. \
+hne set of B‘Qrel i] ( (K'g)—:z
i) = Sv = \z_ooH
m(ﬁcf:iu‘:\te,)‘ St:tuf'f\ ) /L ‘ l;-.UEEph he# /L “\
whEj =
s i = () (<)

Riezs - Markov r'cpvcscn"rm*\'ov\ thearem

e 43—
Heve me we ot é-?d/b

We aan  alsy AQ‘FI.M. LP’ L? Cor g = .
22 (2)= L b et : supla| « o

- -

L 2

Lw(}ﬁ\"” {F ~ ‘ZCbSSUF\F"-‘”S

M’: (& MLpe R L hen (Lh\"-.Lq,‘ (Ll)t___Lp



vt far p=1 (L )*=L" ( J"qu

!

L m" 277\, byt (2(2))# ()

Definition: Let XY be Panadh spoces, Tey)bfﬁ’) Thew
C’Sbk)/* “'\ 15 (lzfch\ by

T* . Y&;‘—z. ((T* ) X v— LTx 7T 1:1J>)'

Pk

where Z2X,9) = ®K| For Xe X, pex* ‘\;(Tx\

Remark: {Tx, ¥ = {x, T*y) = g lomman %,

o{,_ﬁmi-tw of T*

Remark: Opevakion +hat sends X, & ko ®xI= Lo 4)
for KEX\ P e Xk w alled o of Pawnach Spacey
X, X%

ExC»W\p\Q. For -QC C—E(Jl/l] /b Qn [0 /l_k Then +he P‘“”“ﬂ
NIPE N H’A,u, ee (&),

et X,V be Banach spaces | Te B(x, Y) Then
the wap T 7”—‘ X* defined oy {x/T7¥) :
(Tx, ¥, *e X, is an elemnt of Dy x*).
(@ (T%)(x) = ¥(Tx))

ley X be a Ranach
spate | E X - subspuce 1n X %E2 L is hwear aud
bdA (%, ¢ E&).T\M’-V\ 3Pe X* svih That ‘ﬂEE‘% un
1) 81) = |1 95] -



Let xeX, then [IX)| = sup | ixI].

\M\e‘l
Peof: [Q<)) & {[ d-IxI) 2 x|, €0 KN > l|s\1|\f4\¢(<\\
To prave "e"  define E = span {3 = {kx er

¢ ) — Cy \F r CyXE E_
ASSLW\L That lIx1\ = 1, ‘|‘h€.“ K¢ HE” - SU\OICy\ (Fram (x#),

[~ Wew=1) = sup \xIl = A
iyl

Hatwn- Banach Hhearem = I8 €X% (TN 1, 9 - 4.
W parteolor Sve Bl 2 )@Y = J B 0x) =7 =11x1-

We hove praved "¢ in Yw ol ww.v'{ |\x\|= ’l

place of X. Ockober 24, 025

We are prawiny that TEBKY) = TR (7% 4 %) and IiTl=yry,
Let Tedky ) , consichar
T = .SUP 1% “x‘ = svp sp | (T4

¥eX
"1’“"\ I ¥ Juclien

© supsup | (X, T4y

-1 -

= supavp | {Twe, 1))
T3 sup vl

ey IixusA

xeX LQMM&\ Jvffu.en‘l' p
"x'IM \ ”Tk” “.r' +13\l.l’“



= sup T = 1T ¢ o

Ixii 44

The claim Follows.

Te BKY) is nverkible (IT1€Blrx)) iff
T % X*) is invertible (3 (T «B(x*7).
W¢ \OY"\WQ J;.rs‘l‘ =>.

Prasf: Assme that T is mwerkible, & T7'T= I,
TT = I,

let's Yake ucLSoiv\’r Operatwy ond  see
(T = @ L z TN e I
7 - L

(TT7)%= (T\" )T
Eucorie’ (AR » BYA®
I remums Yo check that I I . -J:yn Then, Io,v

Phe previens hearem, (T7)" € X, ¥ ) hence T* i
'IV\VCV"HB\C (AV\(k \"\"’; bo\,n‘k@k inVCTSQ, iS (.Tk)'q'.-. (T"‘)*.

Let's check +had 1;‘ « lake {eX* xeX.

I28)) = {x, TyE) - (Ixx\ﬁ> (x, )~ Bx
(TBl)) = (Bx) - By,
Siw\'\\mr\yl I; = T

T\n& ,,Pc:'nr'mﬁ netutim ™ iy often not ued \\'{-gm{-um' et b iy
very wefrl! +o et wmake mutnles.



We have TeS,(x.y) © T4 (7% X*).

Proof: We will prave just "=>"

Consider K= TR0,1) — & compact sef. Let Clk) be the
qu\m.\l\ Spate of continvovy Funchany on K with

Nl cug = maxiF(s)] , Fk—C
SE

funckrian on

let E:= {‘Ve y* \IWllyus A1, b m%‘dlm:\( “ a}
K<Y, K melic space with vespect 4o the medvic )= ln-nl,

So, E cClk) and we cdldw theY E is precompact.

’\\ Uniform boundednesy: ¥ cant.

YeE |\v| Cle) MU W) ::nm:h!‘:’(s\\ ‘-“-xfzm’\l' (Ts))

1Y) sup [ITxIl S ¥y NTI & 1T £ 22

||x||$‘1 ckoes “°+
degent on ¥

')_\ E&u‘\t.f.m"r'mui'\'y: take S48 ek , let'y Catimate
1Y (52) = ¥(s2)| = [FUsa- <) [ VI N samsal) € Nsamsal,

SO maps fram E are Lipsemitz  with comybant 4, hence
equnicontinuavs.

= By Arzela-Askali theorew, E is yprecompact.

We are now ready +o prave T% So(7*, x*). For +hiy
We weed Fo check that \F {Y| s & seguence By
Then 3{'1’“.5 such that T CQnVerpy m o X* Sa'-lc.ke.
{¥a| € Byx(01) and  conyider it as elemanty E < C(K).

LQ.'\‘ i“"“kg be such Fhat th.. L‘wn C(k‘ (pvfm::.d".)



LE,'\"S pY‘ch, +\'\0d' {T*‘Y“A 1L Caub\r\y n X*, then The Jheoren
will Foliqw,
Take, xeX wie, and considar

1T (<) = (M) 0] = 1] <, T20, Y - 4, TAvd |
=[| {Te, Y - {Tx, 0O

=|| Yo, (Tx) - ¥,. lTx)“
¢ svp| Yy Ls) - ‘Y sl

Sek
-'" Yﬂk = ‘YI\J“ C[k\ — O br (‘*) .

E‘-:\ - choes not Olﬁpe'\d\ on X
DNT,, - Ty lleg,; —Q.

Fyedholm alemadwe

A
Example® Consider the equation F(4)- §Ct'sf (s\dﬁu:]ﬂ(ﬂ in CT0.A4)
Queshion For whidh aeL'[0,1] cho we have ox solvtan €&l (0,4
Qbsewa{-m q hes Yo S(A’\'le)/ 3‘2— 5(%)0\17 3) (cat=c

Indeed, | Se yltldt = SQ“’FU«.\M ;%‘(/ﬂs ds\dt 0)

I+ 1y not clar <0 Fur if theve are other vestrictions.

let X be a Banach space,
T=1I-k for KeS7X X}, Then
Ranl = {xeX|x&>=0 v ckerTHY

In other wards  ether:

(4\ kevT¥ = 304 awd, +he eq vatian T4 has  solution Vqe X.

('J.) Ker T*# {03 and the cavnbian T§29 has solutins only for
q:44,85=0 VobckerT



LQ.'\'S CﬂW\p\e\-c ‘\'\'\L CQV\S\(M.V(A‘(‘LGV\ Q'F' Ine exumple
we need Yo cmeck that k:f — §ef‘ “EL8)AS iy compact
(exereise) and fFind  Ker T

b eker T* & T*4<0

AA\'\QW\'\’ Qperator T is  defined by

{0F, g5 = {5, T"q) fige L (0]
. (lo)*- L*(01])
D (F-$ett )= SFU«M&)M NOETETEET

= °vac\(ﬂuc\ovc - éf(s\( & € 1) at)ds
" {fig get-sﬁl““*ol_‘to.«]
(«T*%\'- S — %[S\ - Se"t"-)aﬂf\lkt' : 55[0‘4'3'
1
3 0 (:)3 = §et'536nolt e (0'4—3

£ s a(s) - ‘ictglfldi for almoyt every se[n 1]

Conatant

D Lo, ker T = ce™ ¢ 66;% dim (Ker T*) =1
B)/ Fredholm '\'\\eovt.m e%\w:\'wh (ex) s Solakle &
Yee€. Lo, ey = 0 & Ss(s\e‘d\s =0, which g (¥x#),

Preliminaries

Let X be
A Banach .SPU\CQ, EsX - a livcar c,\osux subspa.ce,'?’f),
Then Ix € X sueh Ywat |l =1, dist(x, E) 21-¢.



Proaf: Sine E# X, then I X, «X\E. Se E i owed, we
have Adist (%, E) =850 For some §20 Now consider y, € E
Svelhn ‘\'ko\‘\‘&e“f‘-o"%“ $ (’l+v§\8 far some nye (o),

?o-?o
Now let  xy:= -z |, WXal=1.

Ay e
ik (xy, E) = Torzy KeH % 7, E)

4 -~
BT Ait( %o, E)

= S > 1
W=7 = 1+n

C.\rmob\'nﬂ " 39 that 41»:3 ”l-i., we are dene.
October 22, 2025

Let X be o Bomach space. Then I:xerx is compoct
on X @ dimX & @,

Pragf: dimX 200 =5 T (-:Sq,ob(\ - we qlmzdy kwow
TeSa(x) D dimX e

Svpprse AimX =+ °‘7| fiak o R4 uth fﬁn]\" Hen“‘-’l

VueN
€& X - G\r‘o]’tmr/ exsteme oF {Qqs
: y -
€q- 0\'!5'\‘(81&?“"&«“ P 'FOII’JWS ﬁmw- Pnewms
€yt Anf (e, spanje,td) 2 1A lemma | be cu e
e,: ete span {ea,.., eud # X
VieN

Then e ©B[0A] = T(B«[0,1}) bet 4hre is ng
Convergent svhsequence, becunt lev-¢gl\z Y2 Vi,



letx X be o Banach space , Ke Soo(x\, T=1-K_
Then: 4\ d'\w\(KerT) £ oo
7_\ RCAV\T s C\oggcx n X [CJOWX Yane Lemmq]

Progf: 1) We have T|,, = (T-K)| o 7 K| o

——rr—

O éS‘”kkerT. S\
Dot €90 (KT, X} ® Te §7(kerT) =>dim (keT) 200

1\"—”\& tlatemeny s Q(&u'\vq\enk 45 the Fact that if
SKJSC)( s.t. TXn 4_,7 " X +hU\ 3X&K_Tx=>(

o) Let {x : Xl € C ¥n . "
Then (T-kl) =5y, (T-Kj0) Sy
For evexy subwguence Xn,
led's choow Xn: KX, Convevye s to = €X
leQ KeSo (X“

Then Xn " )y+% by (%), Yake X=y+2:
Tlre \ﬂl“,ﬂT’(h\. =y sy Tx=y. V

1Y) distlxn KerT) 6 ¢ WneZ
Take Xn:=Xa-W,, where wie KKerT ! |[X) ¢2C.
We have JJ’V’VAT%“ fn\_\;%-r)(“ LY 5\'1\0 1&.\ 9x: T)‘(' =y 4
2.0 dis U, KerT) =190 | Let yy show Hhat Yhwis sitvation
does not ocwr. SU\Opoz& the converse !
Consider Xo= xu- Wy * dish () ¢ IR € Lkl kerT)
- KerT L"‘*)
For 1-\=||XT:“ we have T2—0



z Kn _ )77 DTxy is bdd in X
Tza=Tigg = T W ' "

+00

DTz, || ¢ %‘g’y‘l‘\ >Q For n large emiugh
-

AT The Sawme “"iW\(, Tzns T KZu\
3 {2nh) >t 1Kz converges 4o Some ze X

_:)%“k: TZ"I t En — %
— 0 —> 2

We have T2 =0 (= limTan = limT2e=0)
&3 Zeke T, Q= Aisk (=, KerT)=
= Lﬂgdid (z “lech\

. co | R
= L\‘I’VL\DO\IS\' ("?—“J\: kerT)
< fim dhist (R, Ker T)

”‘Z—“LH
= fim, dlist Ly, , Ker T)
I1X
() “u.”
> 7 ™ contradiclion

let X be a Banacdh Space Te :\)D(K\
Ker(T) = 10}  awmd, T =-T" X Fov same. k2 Q
Then RanT= X,

Proaf: We necd to prove an«’r VoeX. 366X . Ta=0 .
We know that: T'a = T a Far every o and  somt

& rh.pencl\\r\g on . kerTH7 I\ => KerT # {0}
S THa-Ta)= 0—>a -Ta =0 D a=Tx.



OC.*QheT ’LBI 10?.‘:\_
let X ke o Banach space.,

Kese(x, T=I-K.. Then TEAE.
N T is iaverkible i DEK] 2] KeT=10) 3§ Roml = X
A T nverkble i DIX) 2l KerT*2 {0y 3) RanT*= x*

Proof: We will prove 2% 2 A 532, 4534 o 2034
@Q=py I T“X=T'X For s0me k, we ove dane by the leming
Define Xy =T X, k20, and nole that X > Xy >Xq 2X3-
Assume Fhat all tnclsiony ave striek | ie. X 2Xym Vk.
T\\e_ bvbspac ey XL ave c\o\etx by 'H\e c\osﬂtx \’O\Vtse_ \ew\w\q_
(oy induction). By +he almat orthogomality lewwa : 3 {y.&:o s.t.
) e Xe Ve @) Wall=1 Yk @) dity, Xua) 2%

Since. K is compact 1Kyl condainy a convergent  Subseguence
{Kyk;g;q, On the oYher hand | if y4m

Kyki - KYM = (Ky'“i —)/"'i \ ) ‘KYL..— X__) +)/kj —-),b-n
é xka-r'\.'

Smee Ve Ky, Yem | kjtkn | kitekn X, ¢ X,
DNy T © T Xogen € X 7y T, €T (K = Xigan

= k’“; K)’u.\:)fks" R Re Xy, - Swace “ij*P\\\?% by (e,
\We %z;\- a contradict ion (U()/kl.\ it not chc,\\y\.

B) @) : Take ¢ekerT*. We have
T9=06 {x,TH) =0 VreX & (T ) =0 YxeX @
A 8)=0 VreX (by 3) & $=0

@) RY (+he same ay L= vsing  Schavder's theorem )



(D)= (2): Assvme thad Ran T= X* and take xelkerT.
We have Tx =0 & {Tx, ) =0Q VIeX*E &, T*8) Yder*
S (6, ¥Y=0 V¥ex® (b 3 )& x=0 "SEpliase’ o

Condsion: (Y62 (3Y& () & (2)

(MVD(1): We alveady kwaw For arbitrary TeD(X).

W) (@) Inverkible operators ave wmiective.,

(V& (1), 2)

@23 D 1) This hoks For every TeDIx) by the Falowing
Fundawentul fheorewn From %ev\em\ FA:

Let Xy be o Ranach space,
T: X—=) - lincoy \)'i)u-\-ion . Then TENy] & T e p(Yx).

Check '\v\'hcdiv'ﬁ'y'- Toeg =T = T(Xa"’"l.\ 20 E ¥a-x = 0y ) Dy
Sw&eoh'\itl'y *RanT=X (by 3)

If T=1-K, KeSwlx), and KeeT=40y then +he
eguation Tx=y has o Unigue. soluhim  For every yeX.

KerT= 103 &> Ker T= {0}, S0 we have proved half
oF Fredholm Altrernative.

Th Let X Ye a Bovach space, TETHX). Then
TX={xeX| 4, 9)= 0 ¥bekeT).

Ths implies +he othey half of Fredwlw alternatie
smee TX= TX for T= |-k, e SeofX].



Ler Y be o Danach syace eV
"o cloed sbyme, then JeeY Q| <0 | P)FO For
some, ye)‘\fo. °

E[oof'- Take )/G'Y\Yg I define @, SPCAV\(Y|YQS — 4 by
& Cey+r,\— C, Far <€, Yot¥e.

/\\ {C)’. 7o ‘Cé&l/oeyog =5P°W\ iyly';’) = Clear V4
2) ays =Ty T €Ty = pFye Vo & T Hlel- 4]
e [A

Degerectnesy Ok
5\ Dy is \ineur - cleaw

4 ‘5,\); =0 (¢:0 ony)
NREIEZTAY i ANy +yll Yoy,
\Q'(C)’*yon = |C| = (()\Q’f()" &»’41(,\ . CX\S‘\' k7| x.,)

claseh

=ik (Y‘ Yo\-" - o\is\'(ldY | 7'-)) =dist (Y| Yqu ' CMS\'( O 7"’)

/
\cly = ey, (atl=1

Aisk (cry | 7s) = di¥ (Aleyye, a7 )
C y
-A
< dhis (%7’0\ Wey+ yoly 3o A=t ()" warks
6) q)oky):’l 0

) Ve +he  Ban-Bovach dhearem and extend 99 4o +he

whole V. 0

We actvally proved +hat +he lewwna Woldy V767 \7s.

We con wow prove +he Huovem From above.



The Let X e a Bovach space, TETX). Then
TX={xeX| 4, ) =0 V¥ekeT).

Proof: We have TXCE , E= EK | {x, 9 =0 VpekerT”\,
becavye. {Tx, ) = (¢, T*) =Q V pekerT"
Then TX <cE=E sinte E iy coged.

(x..—»x anh xn3)=0 For same pe x“)
then €x,$d>=1lim&m, 4> =0

WC now nheedh Yo check TX':’X \F not, dhe |ﬂ¢,|v5\0n TKECE 1
proper awd Ly the 3Q\oerq'\ on lemma & : |- -0 bt &e)¥ 0

for some € €E.
D4, =0 & (Tx,0) =0 Wrex & L,T* 5 =9 YxeX

EdekerT* =D ¢(€) =0 VeeE by defmitim of E, cmbwdichin 72

Clasdical Torm qf Fredwlwm alfernative for fnteqra) eqyetiang
let (Snfk\ be o Space with Mmeasve A, andl
let Kxy):S¥S— €+

SS!KLm«) Apbd danly) < °2.

Then cither e%\w\-\-\qn )+ gKb‘\yH—'(xM}le\ 0 s anly
the Frivial  Solvtion =0 andk Yhe eq veckaw

FlA+ gklay) £ duid) = 3(y)

is soWable Tor every oe (g, /U-\ O The equation ()
has o non~trivial  selvtign in (S, M.

Unigveness implies  existance.

Proof: Lets define T=1-1  (fl(y)= Sk(x.y)ﬂ#)d/u(x)
Condider T o5 an opewstor on (S u).



Then S Kee T2 O TL* (5,0 =L (5, ) Yoy Fredhalm altermatbie
modvla the fact Yhat K e Seo (1205, \\

R Tws we paspone wmtil
Hilber+ Spkcey theory.

Further readiug'-
N dimKer T= diim KeeT* | T=1-K, KeSw, it comadey with
e dimengion o twe space of so lvhiang

7\ There iy a versign of Fredhalm theary for ca.zmm\\ operatory
TeR (X): dimlkerTY oo dim|X/RanT) & .

Spectrom of Compact operadors

Qctober 29,2000

DSL}M Let Té€ Tb(x) X BO\V\ac.h Sp a(e .
o(T):= {)\e({,) ANI-T s Y\o+ invertible n 35%)15

is calld The of T.
Definitin: A nuwber A€C i called an of T if

Jee X\ {0y, Te= e

Defirdion: = {\ cigenvae o T .. of T
We have ap(T) € o(T) For every TeDIX).

Proof: Ae it} => 2T -T s not Injective, becu Ker (XT-T) 230,

In geweral, we might have ap(T) # o (T) and even



lex X be a Bonach space, dmX =+ qad let
Ke Sm()(\ Thew Oe O'(K\l g (x)\ '[QS < a'p('\') | Ynoreovey
o eigeavalie has a Fite wwlhihcity, and
Hixneaplk) | IN=2ry <22 For every v >0

Proof: Qea(k) sine OF a(K), then 3K ¢ RIX):
I"\%K: TKkTK, bur then T elo (X\ = O\i\MXU"’, conbradiclian.
Sbl) X9
Now let's prove that a(Kk\\ {0} ¢ 4p (k).
Take Xxe (k) awd assume that Xé op(K) . Then
Ker (ZT-K) = 1044 Ker(I- %)= 10)
D I-3K is invertible by Fredholm theovem — confradiction

Now leX's prave +nat  dimBy <0,
_ _ defivitian for »
Eyvi=leeX |ke= X"vg {Aem Finite vnu\’ﬂp\if-\"fr\

IF this is ot the coae, thee 1y o eqwence {eal,..
such that  dist(en, spanies,.... en-«“ 2V Jlewl) =1.
Consider 1 Ken) = TAen): We camnet choose @ convergent
S"‘Dseqyeme From thig SeqUENCR = contradictian  with

Ke Seo(X).

To prave HiNeaplx) ) | 2r) 4~ For every >0, assme
The onverie and et ene X Key, =Apen, llenl= 1,
)\v\‘:@KK\ L ¥ Ak For k#n.

Define En:= span {4, €ny Yn.

Dbevvutian: Eng 2 En ¥n.

Cleacly Enta 2 En. |f Enr=En For tame n, dhere existe
the Firgt suh n. T\r\e\lrn\

Anirlueq = é_ M1 A
h+a




n
A aar = ? Ty
=1

=D Q ° L%dk ()\nﬂ—kk\ e K =) AhM‘th‘ 0
=) >\h'l’|'° >\v\ e CQY\*(‘UC‘;C'\'\'Q“
The observation is fre.

let's st yaar& Ener sUch Ahat iall =, chist (en EQ2%
I+ vemains to  prave that {Ky.\\ doey vot hawe a
cOvvevgenl  subwgvencs .

Y1 = hae1€ueq + Ry Where RaceE,
K)’m-q - K Yt >‘h-\-4 Ypeq Cnpq ﬁ;\ ~ Amt4 P ma1€man —E.M
Assme That nam+q,  +hen
Ro = dmrchwa e *Ron - €

[

En Em-l'\ LEV\ EMLE“

= “ Kym., = K)’m-v\“ 2 ok(s*‘ ()\n-c‘\"\“*\"\eh-r*l | E“\
= | Anl r)\is\'(,dmﬂ €nea | Eh\
= \Xv\*'\\ D\is*b’nﬂ. Eh\
vl >0
Scheme ofF +he soWvdim of Divichlet
problem in R%n23 Dy means of Fredholm
T heary
is o MMain 1n WJ")
\

Divichle ¥ pYQ\o\em - Find wWE CL(-O—\ N C(FL) (-Q— AN e ¢t
Sueh that N
w=9
{ “ W ¢ where 6 C(a30)

AN
Prysics interpretution : heat an




Schewme For soluhion: we searchh far & solvlian of Yhe
form

WX = SK(K.y\-QV) d\Yl K, )') C“kx -¥, Wy)

\x =y || g

Ny ts The varc)\ Uni\' novmu\, c_,,,,@ﬂ-

Aw=0Q Far every e CAN), we only need Yo Find qacd
1 (udn that (%) will hold)

Uyg (%) =-P(x) fé%\-kkx.)/)ﬂy\ dy If  Xe L
We=l-Tx kg K- ) Kyl ey

To dheds that FL: Ue-F on dQ we SJS"' checle
ot Ke Se((COMN\ and Ker (-T+k)={0}
2 We are done by Fredhalm alternative.

This is hard +o prave (corse on PDEs)



PARYT TT Banah A\g@bms

Defmition A is a if Ay o Banach space
with the operation of MuHip\u'cm'l‘\'Qn sVh  Yhat:
1) Knz= x(yz]; x,y,z€A
2 (Xtyje = xz+yz
X(y+z] = Xy «X2
3) @x)y = ¥(dy);, ded
4 Jee¢A. xe=ex=x YxeA.
5) Nyl £ IkI-llyl)  WxyeA.

November &, 2026

Examples: 1) X Bamach space =3 BX) is o Bamach alyebra
with umty €=T and worm \TII= Sup Tl

A : Jbb(\/&pbqi €= T+ M)
Mg, = kfrslfx\ IT-KN = dist (T, $alx))

3) K- compact Havsdorff  space, CK) s a Banach q‘a&bm,

€=, UFllgy = max [Fix))
F:k—¢C xex

) = ELES [L\zl-'l\.
I\

iF '-é_ckz" | G eQ, 2l <°°1)

mu 4 lication ls the wsval

“F“\WU"\ é..‘c'k\, €= AI w\u]'l'thm tian  of functiang

N4\l ey ; I lyer MMy

exeruse



5) L2(RY, I\l - esisw\ﬂ

Q’\ H”U'D\ = Se,'\‘ Q‘F bowulec’\ O\V\m\f"rlt Funojtfﬂhs on D‘-‘-‘“E]L’]‘S
Rl U\ﬁ\ﬂz\\

Wo(D) 121

N 2 2) ave noncomutiative Boanach algebras, others
ove commutative.

IF A o Bavach space with myltiplication and
properties 4| 2\, 3, 5), then we can a\wuys add +he
dentity +o covx\le\r‘\' A +a o Banach algelra ay Follows:
K= AxE, Q) Hly, A = (xay, dop)

¥ (x4 =(¥x, ¥d)

(X &\ (7, D) = (%7 +dy+ Bx, &p)

("(x +de)ly+ pe)" =Xy 1dyt He A/\q) e~ (9,1)

“(’(\3\“\ = (N +1d] <! corrected on Nov. 59h
Dk s a Banadny O\laabvq with ety and (A0) K.

Exumpg, LU&\ W\u\‘\ﬂphcwl'lqn F"‘g S'Fly\s(:( -y)dy
“F“LUK\ %\F\o\& - thiy iy a Bmw_\\ Q\%e\ovo\ wirthout
entity ; and the obove constructan is equivalent t+o
considevation of W = €§, ¥ L(R)

memvre 1, Q€Y
SI8={o] ors &rF =Fra (RIS - fid

<‘f,3o>'-'—ﬂ0\ - .}:‘\\Sg ‘QCCCR\ 'M!ﬁ&wc:-'\vw aLy
Dm A %“ML\‘\ q\ge‘om, XGA WQ qu YEA .\S ‘F

AIxeA. XXM =xX= e,
IF x iy inverdible, then x™ s VV\'\%\:Q.



Definition: e 5_)( EA| X iy inwr-\-ib‘e.’é.

T we v G, becane GLA) is & grovp

DeFinition: xeA. : = {)\ed | he-x is wot inver"‘i‘o\e,‘&.

Example: IF A W dhe ¥ ofF wen wakvices with complex
coefficienYs, then far TeA | &4(T) (s the se¥ of e.iaev\values
(Ahe vval spectrum of +the wmaknx).

Examp\u A= (L(k\‘ a(f)=?
AeC: A-F s not inverdible v C(K). \
Since, e G(C(Kk) & % eC(K), we have A-f e 6K FFECIK)

& A F(K)
Da(f) = FIK) © compoct non-empty subseh of €

Basic properties
et A be a Banah q\use,\om.'\'\r\c.h llell 21,

Proof: |lell = lle-ell = llel(llel => Ne<o ar lleli=4
5";0 >&
Definition: A Bavach alychra is called WFollel=4,

I A is om urUr\mvr Bavach alyelora, $hen the
alueoraa AXLC 11 vnida) .

__._Eﬂi: “(.0,’\“‘-: I 1) = 1
\
INete: This way wrong prevively and corvecked on Nowerbet Sth.

A From now on, all Banach q\se‘ova\.s are  unital.



¥ ;5::; m A then Xoyp— XY.

E!QQF‘ "xn')'v\ -X)/N < “)Gn'x“n)/n“ * “XII‘\ )’h'Z“ —9 72
V,  bAd So

Let A, Jlallc4, Yhen e-a €O6(A).
oo this sevies Onveges
Progf= Define (C-u\'«= e+a+Qt+t - = éa“ ::::::Q SLP\“"CQ"‘M}
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