N onc ommutative a\cg,brc&

Lecturer: Danie!  Smertnig Dt over T 1025
1o [

1 Basics and exampyles
1.1. Examgles of nancommy tative Tlif\%;

RLLS- (Ry+,, 4 0) s.k. (R*.0) (s an ablian qravp
(Ry1) is a  woneid
alb+c) = ab tac  (htc)azbha+ca
This corre™ always unitn)  (with 4)
* ypi Al ¥ noncomwmutedtive, (=n CB

aeR s H%M' Def+) invertibole 3f EbeR,[cé\a-’lﬂ
o=

riaht [left) zermdwisor F 3beRMol, ba=O
[ub'-f)]

Y\i\po’fen\' T 3IneN o"=0

|'nvc:r\—ib\z/um’r \WF Y‘is‘n'\' ANO Jef+ mvertible

g raup of vertible @\aMEﬂ\‘S/

R)(:: iQeR\ A |nVCT\"“D\Q:S ot %TDVP

a C-:R 1S Q ZQVOO\.\V\SOT IF kF+ OR Tl'S\I\Jr zefock'\vigor

R s a doman © Q s the only 2000 A Wisr
@ R#Q =30\ and YabeR ab=0=>a=0 v b=0

R S Ye,AuceJ\ & R has N0 nNoneero Y\l\PO'\'ﬂY\‘\'S
& Ya€R.at=0 = a=0
Note: Q is veduced



X s’

1) Commyyutive rings (2, FieWs | K axa), ..

2) Ma(R) ... nxn matrices; ne IF 122 or K onc

Sboring OF upger Trianglar matvica: T“\m*[?iﬂ
R=K Field : A-ad{(A) =deH(A) Ty €Malk)

Sa AeMalk)* & dq,-\-(m()\b QC)\&U%«\‘L of A/
A zerodwinar® det (A =Q Clussiaal adjoint gf A

'5} = RA+ R + Ry + Rk
with et el by mjetk extended  TR-Vincorly

A2 o
(':) ) Jemv=-ky o ki=jr-ik, k‘-—-’l)

~_ Kk

For d=atbi+cjrdk (a0 del),; let =a-bi-c)~ Ak

DAL =X :LQ’-«-U‘*-C"ng- = R4
EAN
IFA£Q =D nrid) T =1 = K e
H is a (=skew fie\d" slwene: obsec\ﬂ

'-\-\ R:XZQ Zé%?f here R 3] s q lef+ Z;crtx)\visor’
but wet hn\\\' zerodivisgr

X_‘t e :_J J

xy1fx o] _\2x vy _
L )Z,]L a h[ 21 70 s X=2:0,75.

REW\(A.T\L'- Thas -l-ypg_ of rin3 XN gF'l'en l,sul Xq pfollvce counler Qxawrlles.




S\ "nc Versions oF palynamial rings'

k commviwbive ring , X set: R= 1 the
k-vector space of o\\ polynoninale in X
(= Favmal k-lieor cambinations of wards n X\, e.y.

Lxt Fxyz ~Oxy + dyx tLyzx €Z/(xy )
N Affexert 7
CDC.‘F‘HQQV\‘\S commuviec with mdeterminates l v ‘\‘
:\r\cke:\’eYW\w\o\\‘eg A0 Wa"r cqmww'\"; w'\‘\\'\ each Q'\‘hQ.V'.
D kXD is a lr‘l'i'\ﬁ| \Pmduc;\"- k-liveurly extend

cncatenadion of wards

¢ UNWVersa\ graperty

If R is o ring | “f‘k“"’Z(P\‘) s & rmg hom
(L.c., R\ IS O k-a\&ebm\l and, f‘-X—bP\\ 1V wap
@_&_31: &’rs\, +he\\r\ Theve e_f'\s‘rs CA uv\'ud\vea V"m5 hom.
F: k) —R st Fl=F | Fl =¥

[<=>r s the Un\que k-—dt\%ebm hom. «.t. -F‘\x_;f]
X — k&

& \'1_1’3\, J (as k-a\gebms)
R

(Eve\ry k-u\(xz.b\(a\ ls Q \no\ommr\p\nic, \'wwﬁc. of o free k—u\\ﬂe\oru,\
X= {xki k <X> =k [_X] (Polymmiu\ T'\V\%\

X} 32 We gek something totally diffent tram ke x] !
i}f k(xl7> contamgy @ &;‘0\6“3 l'anw\'.)\'p\nic,.'h k(Z&\C‘-N.)
P k{zi ) leNy == k{xy), 2z, — xy*

\' MQ“QW\QVP““&W\



6) Algebras de Fined, by genevators awd velations:
If R iy a k-a.\tﬁe)ero\ (eva Ying is a Z‘-q\scbm)’
(3&\(,«-\; s o gystewm of genewﬂ'rars

3h0\m,‘?‘-\<(><(,\£&17 —» R xi— a.
P adpctive = R=E kx| €D /ierd

\f F"'(ﬂ\jeJ 3e,m,ra“r<5 +he deal kgr-ql them R i
paenerated over Kk oy (x)jer subject 4o velatiang F

. ‘( (Xl)’ \ Xy—)/)(> = I((X|>/>/«K7_7x5 = k‘..x|Y]

Oy xy -y x being m +he
kkerne] meany Xy« yx

Ry XA, yion, sy S ey
klxy | xy-yx=15 = is The

7\ k ‘F\elcl, d’\QY‘k"O , R=A4 (k) 36‘\qu-\-¢.& over K
by X,¥ sv\%éo’r ‘o Xy-yx=A.

\ﬂ '\'6YPYQ lfu.'\"l.Qﬁ (F R di'F'FQ(eV\‘\‘fQ,\ C)p CV‘U«\"DYS on \< [y] .
U y hay O‘Jp\ica\'\“mhs iV\ p\f\ 7 WNes 3\\10\/\'\'\/\/\'\ W\Qc\'\q\f\fcﬂ

{k@f.ﬂ — Endy (k[¥])

e

y — M, MEF) =yt
X | > c%” D\ﬂ—.%{ (_‘Fo'rw\q.\\)’)

YFek[y): DM(F) = 8y U F) -—@-Fv%%(’\mm%‘

SDM-MD =1, so xy-yx -16ker (@)
=>3Y‘i\n% howm. }:‘A-\U(} —3Enc\k(_k‘,7]\, ?Hnl X=D



Exeraw’ ® is mpetive | 50 Aqlk) = k-svhealqeba of
Ent)\kkkb’}) 3enevq-\-ec)\ ‘07 M\ 0.

8) K Y‘\Y\15' G 4ravp Qv (momio\),
RUJ] - = éﬂbR% Q\ew\en*‘s? Finite Formal  sums

%fﬁ% , Vqol
(é{f’\s‘b) (%bhh):: é_b (%ﬁqsbh\k' [(msg)(\o.,h\-;a%\oh%\]
kay

Special cawes: R commolative,

‘O Free manod genem’\‘cct b)r asey X
=>RI0) is the Free R-olqcbm rdzv\em‘rer)\ by X

e G = (N?\), Say Freely 3€neva'\'€=\ oy 3.)((" \Lﬂ’.&l 0
e/\eW\CV\‘\'S O'F (7 ave ()‘F' +he 'FOY'W\ x:: xi"“:t,
i’q,..., Ly € T Pairwiu. 3\\3;"\\!\(3‘

= R[(:] = po\)mom'\q\ ring

£ 2R—R s a ring howm,,
T:G=—(R,",1) is a wonsid hom. st Pldo(q)=c1qHr)
Foral reR | qe() Then there exists o Uv{\lve. Iring
hom. T:R[G}) —R et f|p=t, P\ o

3\ / | R vini
Q) ¢: R— R endomorphiam
elemenyy Finite fovwal Ueft) R-lmear
Combmations of Xi' | L2 9



n n
fr oo, g Zbixt  (abeR)

Fq:= 2_ a; o) x* VaeR. xa=0(a)x

AEL) /

Note: po\)/mw\'m\s with coefficients on the
riav\‘r Can be yvewritren ay

Sxta. = Zatlaxt

but the cqnverse Oh\y works \F g b\l\"jQL'\"\VC..

I¥ & not injectve s FbeRViay, al)=0
= X- b = o(b)x =0 =X s o lef+ zZerodiviar,
o Yo Q ho¥ 'rish’r Ze Y0 dvisor

R c\emu'\v\l a \n&eu\'i\la = RIx, | domain,
stnee then deglfa) = dey(f)+ d13(3\ e Ng y §-o%.

bl Ley ¢ be a on R
Li.e. Tlote) = T (o) + o(k) ond oh) =olet a o (k),
c.e.,

R[’(,’ a“] 0\3a'\n hay elements %_QLXL,
mMul4ipli et i mduteh b)’ YatR. Xoa= OX+ ¢(0)

Eq. X*a= x(ax+a (@)= (xa)x + x o (o)
= axt+alx+olalx + oY a)
= axtt 20 (@) x + 6H(x)

A
Eo. R=k[y] k ring, &=y
" k[Y-SY__X', ”'_S " X)"yXf BV\ "')/X*/\



= kly) L, = Aq(k)

W paricular, elements of Anl(k) hove a (unigyd
regresentatian a7 X7 e, (PR 16204 1
a k-bass of Aylk)

(bt alsn £x07% 16,3208 i, A 2k Ly, - %)

O\ Mixed case’ R r'mcsl a R R endamar phism | SRR
o) (Le., Sla+b)= §(m)+ S(b) , §lak)= SWb+
7 (a\y)

RIX: 0, &) ... same construckian with Yooh. Kosrox 8y

Why do we define it Fhis way &
Svppose. we want {4 dafine. some wmultiplication
on Forma) wms f=daix? o= 2bx) .1
ders U:gﬂ ¢ max|{c1e3{:, A<33\.
In Pw‘rlw(w Xas g(a\X «d(a) with wmapg 0 §:R=R
= Xab = x(ak) = ¢ (ab)x + §(ab)

= (Xa\y * (Flalx + S0}l = r(a\lo'(b)ma(b)\-ta(a]b

= Mx t a(algb) +S(a)b

- -
)

ALY $(ub)

= ¢ wust he an emkomqrp\f\'\&m, § a -dervaton

(Fmr addhvity laak aﬂ'J
K(a+l| « xatxb

/IQ\ Formal power series * Rying | X indetevmimte,
K[[x:[; = }_qo €OAK « Ay Xt t - - ‘ Gce N).
Then fe RIKY & 0geR®

Lovvent series: R((x)) = {L,i_“c‘“(i ‘“bf&\



wverkible € lowest coefl. wwerfible
DiF L W a dvigan T;N;)‘ (o s RUXY,

Twigred yversians -
‘RUX; @] with e BEad(R) © xa = ala)x
‘Rlx, e} with geAvt(R) : Xa= ralx

(now  x~'a = (o) x 1
IF K {s o divigion riny =S Rx;a) (s o div.rivg

1.2.. Neetnevion /Artinian  Madules and Rings

Definitian: R ring A s an abelian

smv‘o (M, + 0 '\‘ose‘}her with @M< —M .t
mhneM. VabéK

*m1l=m

(Mt nla = ma +tnq

- Mmnth) = Mma + mb

© wmlab) = (ma)b

HOMQW\QTI&\\SW\& ‘F M“’N F(m-\rm\:ﬂ""\*ﬂm\
f(ma) = f(m)a
is the cn'\'cgory of all \’\%h‘\‘ R-modules

Remaxk: [ef+ wmodules a.nq\'oﬁovs\ The
hos (R +0) = (R,+ 0] bu’r Va,be . o aph =ha.
Ca’tugary aof left R-middey:

We, C(A.V\'\- +UYV\ QA Y‘\%\’\"' mOA.Ule_ \r\-]-o a Ief‘+

YNOCLU\P_ b}f Jus\' ‘}akmﬂ (] A q’hc O+her &\4(_
Otssfbca\cr\\vﬁy \A/QY\'\‘ WY k



I Mg s a rish’r R-module, it is a left+ RP-medvle
Vi a'm = Mmoo

RoP 2
Lla ap b)M = (balm = m(ba) = mbja = almb) = a(\ow\\]

D Mod-R T R**-Mod (a\s c.ov\egor'\c:)

A in %er\em\t R'?—! R“P" R=R?* &S R commviative
We will defavlt +o Cight- wodules.

Remark.: The right R-modvle strwtwe & can e
Qg\u'\vq\em-\y de scribed by o ving hom -
&: RP— End5 (M)

- ..,_o-(va.u\ —

| Gwven ¢ , define G (an) (m) ==ma

E-q. &(ak)(w| = mab = (slafm))b - $(b)(?@\(m]\
= (@) (a)\m => F(bsepa) = F(b)e & a).

L(gmew;&\yl ﬂ“-m“ P I define ma:= ?’(o)n/\ )

[~

lefF+ R-modvle strocture = Fing . hom, R"’E'\t)\z(”)

&F\’v{\ﬂa“‘ let R be o commyhdive rins, An
s & ring A ot Ais dlig an Rwmlde
and. Vreh MabeA . ¥(ab] =Ga)lb = alrb)
(cen’rcr
E&Uim\en‘\‘ datn: o V"\nﬂ hom. T° RﬁZ(A)

[\FA N ooan R*a\ﬂebm, rieyr-Ja 15 sveh a hom . ]
A.

Conversly | v-a:= £(rla defines an R-medule shudue on
T mulkiplicatan i A



EXU-W\E\Q-: C,H ore ‘P\"QIﬂe\a\m (of dimensian 2 resp. L)

C—=H as Sv\ov;nﬁ (C% U—"L) but ( 1y wat central.
=H s ¥y a C q\sebm!

'R s commytahve = RO, RI6Y MR R-alysbras,
Rix; o, &1 n - geveval s nof

R% = z-A\% os al.’reﬁor{e.s

EM\O\_‘L [Em)\ommrph'\sm Y"lngs__k:
Let Mee Mad-R

End (Mg) = 2F= Me— I"\K) F R-module how\\

.\S A v:mg \)(/i'\'h WIUl-HF\(chon °
.}1- poin\‘\msl B
eq. (Folgth))(m) = €@ 1) (m) = F(qim+n(m)
£ nem = Tlam)) 1 F(niw))
= (Fog + qeh){m).

— 1

— —)

Specin) cases:

Avr on left
Y M=Re L:R—End(Re), v Ly Lixler

=L is an l'st)wnrphism

I deEnd(Ry), ¥hen ¥xeR. <(x) = R(1-x) =4 X
L= ,?.erl Lo Lo swjed‘fvc Rz:Ev\dlKR\

T one veason why one wight

') A EY\‘L(KR\ — P\OP € prefer Y"lﬁh\' wodvies over lef+

Cansider X=1: Q=L = Q=Le(Al-r1 < Dr-0 DL l,]



'\ R=K o Fie\«)\, \/k'-? K" Finide dimmsiomal  vee. space
S End (Vi) = Ma(K) (F.a)

'\ K Fie,\ck , R Fd K 'Ck\aebYo.
DR T End (Re) & End(Ry) T Malk) (as K—alaxbvaq
So eveyy F. 4. K—a\gg‘om ambeds thto (A watrix Ying .

Exercise Find an  embedding He> My (IR)
(H M, L(],D

1.2. Noe:‘rherv'an /Ar-hn'w\ madvles and Ynag

R ring Qctober 4, 2025
For MeMad-R, TFAE:
(a) Every Ngpé Mp 1s -\:\'n'\-‘re\y generd‘\'e.ck.
(b) M satishes +he (Acc)
an  svbmaddles. L. F My eMyc - ane submadules
There existe N,z 1 s.b. Yazng. M= Mha.

(¢c) Every Y\QhQW\\o'\'f wwtr (O ¢y is-\‘\‘v\j ofF  submodule
PE M hay o wmakimal  element

Proof: (@) => (o): W= UMi &5 o submadule of M,
3“‘4.---,"‘1\.& MYy Mz lwu,, "D R lmﬁ*----‘-wll) by (o)

= 3'{\0”0: Ma, ey My G Mho = M‘&Mm <My =M \fnzm
—:BMY\-;M“o

() = () Suppese. nat. Then ¥NEN IN'e L. NN,
Choose, No& () Qrb\\'varf. RQUY.’;E.V‘&V_ Vb 20 thg)&
Nem€lL st Ny & Ny Y




(A (a): Lot NEM and D= {N'&N: N iy Fof.

T ey DEILCB_Q_?"Q’. 39 INg €N $hnt s mpximal .
IF Ny &N, +hen I ENVNg, omd NatxRZ N, bt
Nyt xR el Y4

SO N 1 F‘ﬂ
Defimition: (1) MeMod-R s iF it cahchiey $ne
conditians i Lewmma 1A,

(2) R i iF g LKP\} iy moetheriun .
(%) Rt 13 iFows riﬂh\' and ef Y wetherian.

So* R right noetherian & every rightdeal i Foq.

EXumﬂ\e.C\Z Iy noetherian ; R noetherian, = R{x4,---, Xv\_)
noetherian  (Wilgert's  bagiy +hearem).

')FYCQ, Q\%Q.‘D\OS \'h z0 \{a\(" whles ave not me’rher\an
E.q. Fekdx,y) => 72 X'y 1y diveek  (exercie), hence
not f.q. i

| R= k(X\[)(', ) with (%) - %%J is lef+ moctherian,
not n'ls\f\'\' metherian (Exercic : lef+ PID by pPo |)momio\\
dowdion © but é_o)/" X)/ TS o\ivec.’r\,
let ch—-Au1‘(R\, § a derwatan . IF R s
right [1eFt] moetherian, then R[x, o &) is right Lief+)
noetherian.

Pmof C)’Mi‘\'Ho\l like comwutntive n'\lbcr‘l"s basis +heorem
(ie. for leF+ noetherian: 3{%" LapR connder +he kf+ idealy Lytg X
comvsting of leading coeffs, of palmamicly of dasvee gy in L oetrn)



FOT' MGMOA‘R TFAE
(0): M satisfies he D cd
on svbmoduley e, €or every chain Ma2My2 -
of &mew\d‘:; + e c,s(tbh ny St Vn2zZno. M Mn
(b) Every on- empty set consisting of sv\ovv\odu\es vy
M has a minimal element.

PFQQ]C (a) =>(b): A'\"G\fos'a\r) Yo L11. [b)=(c).
(=) Ley Ma2Mp2--- be a dgzsc&vwlmﬁ cham ,
L= {Mi]i21) hay o minmal element My,

:>VV\?'V]Q. Mho: Mn.
Defimitian: (1) MeMod-R s iF it saticfiey tne
conditime i Lewwma, 1.2
(2) R\S it Rg [gR) s artfiném.
(%) Rt if W % riﬂh\' avd left artivan

EXQW\p\g, b\wmn Ylha.s ave C\fhman Z/n&‘ (s a(-l'lmah
Z s no} artivian (% 2 LZ24F%= 8’3"2

o\ Z Q| is right noehenan | [Q (] & right artinian
QO O noY leF+ noethenan a hot lef+ artiman

EK@(C\SL 'FY'QW\ Lam.

(1) Let MeMad-R , NeM. Then
Mis noetherian [ar{—iv\iqn] SN and Wi dre noet. [artivian]
(2) Let Map. My € Mod-R. Then \@‘ M¢ s oetheran [arl"miaﬂ
< Wo: M iy noetherian [arctinian] . -
(1) revhted: 1F Q2N —M — L:3,0 ' SES +nm
M iy noetheren [,au/\-lmuq D \\] L ave V\-ae'\'h&nw\ [av{-mmﬂ



Prgof: (4\ For artiian ) noetherian is dwal,

(.:5\ |F Nq?-[\llv_"' s & chain Q'F 5\/‘0"’4’0&\/'8\ Q'F N’
then This iy alvs o  chain of svbmedules of M,
so it shabiliees.
.SUN)QSQ. La2L,2- ave svhmadwles of MN . Then
L= ™A with M Svlom'adu\es of M.,

M,tN 2 M, tN 2
30 Jo¥oziuy MimM =y Me+N=M,+ N =Li=(; .

&) Letr My2M, 2--- be_ w\ow\od\.dlea of M.
Both chans MaaN 2 My AN 2---  gud
M"*N/ 2 N"*WN 2. stabilize.
D3 Vizio. MiaN =M, a N and Mirngy - Moty
=DM +N=M,+N
C\Q\.W\.' Mc',: Mfm MeM, neN
(€)v R): Let meMy, = me MigtN = My+N (o m=w'n
= N=wm- V"\\eMLo av/\(l all’) Ir\l-N —5 Y\GHL—)W\ W“"'V\GM
H" nio H;,'AN M;f\N M,-' Mi

(1) By (1) Ow\c\ mdvetian J becavse there is o SES.

0—>@ML—>“@M0—-->M



2. Sem'\s’\mp\Q Maddles  and R'mss
(Wedderburn- Artm Theory)

2A. Simple rinag

MeMad-R is T ImeM M=mR

&3 epImarphism R:Rpg— Mg, i
L®\=r|—>mr~ . (&) Ry Mg M= 2R = 21) R]
& MR/ For a vight 1deal T&Rp

[L"‘B)'- R/kev-? =M | () R— R/I [ rov+l s an QP;J
Definition: MeMod-R s / iFM#Q

and M has no proper nonzem submadvle.

]"Kg,mp\e,‘ YThe simple Z-wodules ave 2z, p prime.
YR=k Field: kk is lup ¥o isomer\o\nism) the Unigue  simple modle
Yk Field , R=Malk), V=k" (row vectors) with R, acting
on Yhe Yiﬂh'\'. Vis simple.= For any QF vyw C—-V.HAeMd(H
s.t. rA=w. So «R=V  Varev\{o}.

For MeMod-R, TFAE:
@\ M is Simple.
) M# 0 and VmeMMaYy, M=mR. ln parkcdlar:M s
cyclie,

(YMER/T For a maximal right 1dea.

M‘ M‘ MZQ by defimhan of o Simyple Yinﬂ.
Lexr 04meM | 0 # mR¢Mp => mR=M
Sviomodute &)
¢
(b)=> (¢): Let OFmeM. Let £:Rpg—> Mg, v—wmr
IT:= ker(I) =:



SMERAE with T @ \ris\r\%- Weal. If T s wnot
maximal , IxeR. T & L+xK & R Then x| #0, and
the (yclic module R\ s o proper  svbwedule

of M. =< whyt
LA % AR = wmx R
&R

(= (@) Since R/TE M, +he suhmedules of M are
n bi:)ec,\‘iov\ with Y‘ish\' ideals A\ For whieh
T3¢ K.(E{:\\:ﬁmﬁ):'[ ar J=R, M is simple, %

Let M, N € Mad-R be sMp\e.
\F Fettom(MN) | then £:0 or £ iy an isomerphism.
In particlar: EndMa) is o division Ying,

Proofi kerf &M, im 4 &N | so kerfe [0,M) imfeioNy.
If f£0 +hen kerd ¥M | im70 .
Dkerd=0, m{=N =5 £ s an (5o,

Rewark: \/F M N ave simple, gither MEN or Hom(MN)=0.

Re.c_a\\'- A Fie\d & is ifF Qvery nonconstant
FeklX\ has a veat in k.

& Every Fek{XI\k factars inka linear Fackors,

S IF L/k s a Finite Feld extension, +hen L=k

A Ffield K is algelraically closed &
If D2k is a Fin. din  dinkion q\ge\om (c.e. div. ring and Fin.
dim. k-alaclra), +hen D=k.

Proof: )+ 1f L/ is o Finke FReld ext | it i< o Fin. dim, i elg . k.



®): let aeD. Since ke Z(D) K@k iy o Field extensm.
dim ko) ¢dim De 00 => ki) =k => aek.

Suppore k s an m\% closed field | R
k-a\qebva ;| M & simgle R-modvle s.t. (l\mk(M\ 200,
Then E\nd (Mg) =k (canovically).

PLQF‘ k «—— End (.H\ Vie  scolar wvll : Aek r——*(ma,...x)
End(Mg) € End (Mi) =Mg(k) For d=dim (M), so EndMQ

s o Fin. dAim, qugzloro\ and o division ring (La2),
kd5 End(Mg)= k. ///

Q\sM

Examgle: 1F R is a Fin. dim. C-algebra leq. R=C[ 6}
with G Fiﬂi'}c\, EnO\KMp\\"é € Yor all simple R-moddey

22.Composition senes

Definition: Let MeMod-R . A For
M is o chain of  svbmodvles
Q=MQ$M/| §$Mn=|~/[
5. 4. MC/ML-*\ \5 b'\mp\e. For 1zi&wn.
We call n Fhe of the ¢hain.

EKQ\Mp\g; ) (2/4?3{‘ # hoes a compo&i‘\'ion series

12 o2 1%
0="%%2s "ha ¢ Wg & Vuz

ry. s S
_ \_/ ~__"
2/1% Z/F e

‘ Z‘z does not have on WMP'DS\"‘!M\ series
hZ‘ +
(bc{'wem n# 72Q | we can alwgyy inery wa# w\?r’l) T “Snple



Let M"'-"MOA‘?\ A|B|C€:MR
s.t. BeA. Then An (BrC)= %*(Anq
(Ar\%\
Proof: @): BRe AnIB+C) and (Anc) e An(Btl) V
(s): Le+ a=b+C, with acA bep, ¢ e¢C.
=>C=0-b&A =5 a=D0b +C &6+ (An().

n
Anl
Recall: IF A\B My (MeMod-R), then xAﬂ;
One nf the /'\‘\'fb = B/ A
(3omarghiim AnB B
Theorem ¢ \AAB)K

let A'CA | B'CB be submodvles
of some. M EMaA-R . Then

(AnBR) + A ~ (AAB\ 4 B
%‘3’\* A (A'aR) +B
Proof: A B

A+(AnB) 8 +(AnD)
+ |
+(AnE ¥ B +(AnR)
h (AAB)A (R'AA) ¥~ l
P\\ E)\
N o S
AnR BaA

Note: A"+ (AaB™) +(AnD) = A+ (AnB)

) (AnB) (A + (AI\B)) LLS_A B(}Kr\&r\/\‘ )4 (Af\\’o\)

= \BGA\)* (AQB\)



N T = &

A t(AnB) From (mm'«(m)smm Frlnng| B
Definikion: Two chans of  swbowmodules Q=As sA4 & = LAmM,
D:bq é.P;,l £--- & %“ Cive (0\' \
if m=n and theve « a po.rmul-u-‘-lqn 7w} = [n) s.t.

Ai, = ali
/N n = 5 “i Vo

B ai)-1

Led MeMod-R .
P\Y\)’ Twe chamy O = Ay Aq &4 An=M ,0"50&151‘-"-$[’)n=l‘1
have eg\u;\va\leni- vefinements.

Proof: For 1&iem | 1&jen: A= (Aua;) + A
Byt (Aanb;) +By
> Ay QN refines At €A, EBii i refiney BB -
AL = /'\L‘v\ z Ai..n-a 22 Abla\ 2Ai0 A;,_.‘
BJ = lem?/ BJ,M"\ zot 2 ‘53,1 28.]‘0" EJj-1
% Ae,,i/ = (Ame,gy

Ai i1 (ANAD-Y A
L2.6
~ An®) 1By, = Biy
(Aranty )18 -1 B; i1
D The refements  ave e%\uiva.\eﬂj\',

Qctdoer 16,2025
'- AY\)/ two compm'r\-im
senes of o medule Mg we  eguivalent




M“ Let Q"AQ&A’\ &% AW\, O =By5Ba% - 32Bn=M be
ompasition series, By Theotem 2.7 they have
equivalent  vefinemen ?_Aa,‘ig, 18;,:8 . Some Tuckarg
&7 V. BJLL/BJ,L-‘I Moy be zery but the nonzevo
Qnes  Corve quncX +2 the c.ompo-sl-l-]fm fackors of +he.
vespecHive series. The nonzevy Foctars must be  poired

with The vonzero in the eguwdlence and the cham follws &

Defini ban: Ley MeMpd-R. The of M, €Z,V {u\
18 the \tv\%‘rk of & compesition seriey i one exists ; XM=
otherwiee . M hoy if M) «e0,

Let MeMod-R.TFAE
(a) M hay o Compgsition series.
(h) L(M)aeoo

() M s noethenan  owh  artinian

ErmF= (o) 6‘5(5\ by chefiniking

(D (¢): Let O=Ar AL %" 5A=M be a mw\posi{'ion
senied. |F RBa&Br & "5 Bua 0 any chain  of wbmadu\ul
+hen men by Thearewy, 2.7F. In \oar-l-(c.ulor, thew are ha
mfinite astending oF Aexen okivxj chains,

() Recvrsive  definitian of Al: Agi= 0.

Suppoe we. have A A4 - 3A4q s L. )s‘:'/,d\‘-,4 & Simple
V1s5¢i-1. IF A5'4=M| +his s a mmpos'l‘-{qv\ series .

IFf At SM | the st 0= AeMg: Ain % A hay a
minimal € lement A Uay qrh'n\uv\ﬂ-)r)‘ <o AL/}\;,_,l is simple.
This process stpy afver Fimtely many steps by

noe theriomity, 7



2.3, Semisimple Modvle s

M H: MeMQd K QMC)\ (:ML\L‘I |s A ‘Fuvmly Q‘F
somadley, $hen ZM\, is ¥he swallest svbmadvie ofF M

C‘.)V\'\'ﬂ\\ﬂ\\f\'j all M.'.

Element: étm:, with m.-,&M(‘ F:'n'r\c.\y many W VonZevo.

ZIM:} is (av\
Min 2My = Q

DM

Then %ML =AM (

LeT

Definition: MeMod-R is =

) iF VieT.

IT it is o divect svm of simplk.  mwodules.

Exumﬁ\eg 3 Simple, moduley ave ey Simple

VIE D i « diwision Y‘in&, each D-modwle V hay &
basis (ei)cer, ¢.e. V= Ze.,D (direet) with e;D simple,

i1

S0 Q,Ve\(y D madu\{ s seMls\mple.

) Q is Semivmple | not simple
(ewmpty dliveet  sum)

'\ 22 It oY semis h'mplc | Z/p?éx Z/ﬂ (P P’f‘i"’\'-) 'S &mf\'\mpkl

Z/py is not

\ D divisin ring , My (D) = $4@ ~®8,, with $;=EMalD)
(matriey whert, allentries aukside. Yhe 4h vov  ave zero)
APRELS smple as V‘-la“'\' Ma(D) -moJ.ulv.l S0 MAD}HM] 1S semitimple,



I M=§_IML with simgle MicM, awd N&aM,
there exists T'eT s.t. M=N@QM;,,

Proaf: Let N :={3eT | N+ £M is dicect Y,

Then NL#Q sine Z€0 If 2° e is o chain wrt. €,

then {2 Uden [lF not Yhere exish N+ 2wm; =0
Jefl . () '

not all wmi=0, bl only Fuitely many hnonzers. S thy

N qc,’fvo.\\)r supporh.cx on some e (U "J:S

Zorn's loemma = ) hay o waximal element T

\

Let M= ZMi. Clain: Mz N+ M
Yoel MLI\(N-H"\\} ¢ {Q\MLS by simpliaty
Bury Mia (NEM' =0 Y4 T' maxmal Lo, 50
Min (NtTM)=M; = M; e N+M
) M:\\I*‘éEM;,C_- N+ W
Let ©Z M eMod-R. Suppase. That for
every NeM  there exish Ketl ¢ L. M=Ne K . Then

M conYainy o S\W\p\g, svbmodule. .

M: T\'\( asswangn alsn holdyg -FOY Al M\‘:-M.'
H: N‘;.M" 3K M‘NQK.T\/\QV\ M\zNQ(K(\M\)
(becavse, N =M 1)

Thes w.rd. M=mR wm#0. By Zorns Jemwma, There
existe NeM s.t. N ois wpxmal with meN. By

ossmplion | Fheve exivrs Kos.t, M=Nak \f 07Kk,
Then No K'3m b)’ wafw\o.\'l'l‘/ of N. Then N':N@K\,
heneg, K'=K. Thes, K is simple.



For Me Mod-R TFAE
()M is  semisimple
(B) M is o sum of simple modules.
() Forevery N&M | Yhere exisks L&M s.t. M=L3N.

Proaf: (a) = lb\v
(b) =D () Le+ M= %M.‘, with M gimple.
= 3'el. M=Na @M Take L= QM

2.18 i3

()=>(al: Let N e the sum of all simple swlomodley
oF M =S WV =NoL for some L&M. L alg,

satishes (&) bt cammet contain o simple  svbwgdde,
Thes L=0 by L2414

Quactients ank  subwodvles of sewicimple
madvies are  sewitimple

Praof: For rj\uge'\-iew\-s vse. 242 (w) (.‘if"\l"’akb of~ Liwply,
maduley  ave simple,  ar Q). Far svbwmadyles vse 2.42()
[Z proof of L2.44).

(MF M=M 8- dM with simple M;  +hew
the M| ave Uniy Ve up 9 iso\morlo\niw« ¢ ovder,
Since Q&MremMuoM, 5 - 5 Mpa-0 M s o compagihin
series with covv\posﬂ-ifm 'Fac,Jiors Mayee, M.

(’L\ EV\I}\’)W\Q\" YJW\SW\ P\f\(\SS: SU\OPQSQ. MRE M,lg..- ® M'C .

Let &0 Mi—> M be ¥ Canmnical embedding M — I,
T he canoniea pmiec."‘iqn, 0 Y:\= éi;(ﬂi("\\\ VmeM,

\f '{ € Ehfk(}’\p\\l 'H'\EV\ 'P(W\\ = i €0 w 9 ‘Tj (w)

“fF =: 1)



WH‘\\ ‘Q,'”j: Mj A)Mb.

k k
Then End (Mg) —> @ Hom My, M), X — [4),.,
b an swmarphism of abelion grovpe.
If 1Y e End (M), then [ewsy exercise):
1
(Yo ﬂcjz g Yis © 'ij,
S0 congWering the RHS +o be Farmal wmatvicey, (€] is
G Ying somarphigm .
ey Mg be SQW\(%'\W\P\L of Finite ‘ev\f)‘\'\'\'
say MEMIe-aM* with M simple , Mi¥ My For (2.
Then End(M) = My, (Da) X X Mg (D) with Dg= End (M)

dwinan r'msg.'\"\“\v\e Cmadrix ring Mac(D0)

k .
Proof: End(M) S 9"4 Hom(M{® | M; )
k
nce. HomM; ) =0 _ n,
e, F O EnA()
L1.1 X
[“E-" 9 Mn.‘, (EYN\(HL“
End (M) iy o ivison ring by L21.

s Semis'lmp\e \'Zl'naé:
De{:(v{d'im:A r'mS L\ if Rg is

o\ Se.misim\o\e, modvle

Remark: Loter: T'\Sh\' se.misimr:\e_ & |eft semisimple .



EXQW\\‘o\Q.;_'- \ D div. ring i sewmisimple , as is Ma(D).

.) R’h R'L 5'"’“.‘3"“"p|?- = R,y X R, Sewisimple
DF M s an RaXR, modvle, then M=MO M, with MieMod- ﬁi.]

N Z is not semisimple

\ PN Sevm's'\w\p\e, & n Sg\uqvc,’?vcc §=>242"'52‘{;£"“' "Z/pr 2,
pi parwise  digtinet
IF M\N, K ave R-wodvles
1 4
™M —>N"K —>0 s SES
& ka‘Ffol (w F '-kerj ' \'w\j"— 0

(4\ The SES s if
AUND M. FoFidn
= 3(3‘ K—= K. 0503"= idk.
& I N SMeK o 1.
0—M— N — Kk —0
JIILM J;? J,id 5 Commutes
d— ™M —™ MK — k. —Q

wmr—> (m,Q)
(mbk)— k

@ Pp s if every SES Q=2MIN2p—0 sylits

) Ia if  every SES 03 1->N->k—0 glits.



et R‘*Rng, TFAE:
(@) R is right  sewmisimple .
(o) All SES in Med-R cplit
) Al MeMak-R ave se.misivnpk.
(a\ All 'F.cs. MeMad-R ave ewisimple.
@) Al cyclic MeMad-R ave sewisimple.

Proof: (b)=>(e): Let N&M. Then Q=N—=M =M v splid

T.1110)

exacky by (b), so M=NoOK with K2 "N DM Sewisimple,
(A D (A >E)Y (&) («): Re iy cyelic.

(0 = (c): Rp sew\isrmp\c. ) 2:\ sewisimple, for all wdex sefs
L. Evcwry module Mp is a guaetenY of same free wodue
Qp,, hence Sem\swn\o\z [62.453,

) =y Let D=MDNDK—0 be exack

N Se,W\\sm\\o\b = N=f(M ok' with K'¢N [T2.47]

Define £:N—-M by N;Z? M) 5 M. Then fof sihp. &
2 I Rg iy r\o\‘h\‘ semisimple +hen

RR = M,lq GbM with Sm\pl& puirwise nohlsomwrohu. M €Mad-R.

In pwr}'\c.u\qr, Rp\ hay Finike, lencj"rh and ony 'Fim“'Q\/

many  Simple  moadwies My, . M.

Proof: We kwaw RR @ Mi  with b\mple M; But
RR 1-Rg is C)/c,hc.I amk there, s a Fmite ToeI s.t.
/I € @Mh = @Mb

cel (elq

RQME: S\W\\\‘W \ i \F Mr{ 13 Se,w\'\gw\f)\g .



TFAE:
(0] & s right semiimple
b) Every MeMoA-R is projective.
(¢) Every MéeMoA- R is injective.

Braof: (wlex(b) and (@)<3(b) both Fallew From T2.15 (4 @

I+ D; Aiv. ving then Mp; (De) is sewisimple. Finite  products
of Semismple rings are wwisimple, 0 Mu(Da)x-x M0y
s semisimple.

If R s ris\n\' sewisimple ,

Then R;Mv..\lD.,\ X---xMM(Dq with D; division rings, n;24,
where k and, (Di,na), .., (D¢ n,) are uniguely detevmined
(Up +o ovder and wamarphism) and R ey exactly k
simple modules Sy, S vp Fo Usamarphim. Alge Dy SEnd(S).

Calb October 23,2015
Proof: Existance: Rk"S:‘@"-Q S:‘ with Simple Siy 7 F iy
riim REnd(R), r ™ 3, &, ¥)rx s a Ving  hom
= RE Moy(a) 6+ x Ma (04 with D ¥ Ewhls,).

Um’ycs&: of_ simple modvley: SEMod-R swmple
Depi P:YMa- @Sy —» S
81y a composihan factor of Ry
DS\ for same ¢,

of matvix_rings: Suppese REM,, (E) % xMu\Ee), Ei diisin
Ymgs , Miza = M (Eq) =V;™ with V; simple i Mad-H,.(Ec].
=) Vq, Ve ave Wah'tmmovp‘\cb simple R-moduley

L with Vi M"‘i (E j\-= O Ve+ J'-]



DRe=Vy, eV

Vniq‘ness Qf c'amposi+lbn senes (ciﬂer \re.m.w.'oermg\ L

k=L, S{= Vi np=m ¥

D: = Enh (8¢ TEwA(V)ZE( Z

Rewmar K : AV\a«\'a%ws statement holds for lef+ bem'\Slmplz y
but now D¢ T End(8)P | becavte End (gR)=RP,

' !n'ljhf 'oﬁ.misivnp\& & R left SQ.M\S\mp\L

= We Say - Row (w'd'hm/l' lef4, fifj'/\i‘)
Detinikimn: A Yingy R s if R#Q ond it hey no
hanzero  proper '|d(co.\.m

wa §t

Exuw\g‘a'- YMald), D div. r'mS (then MalD) is also avhinen).

\ A'\(k\, \L'Fl'clo\, c\nork-O, IS Slmp\e_ (Uercige,)
Soi R Sewisimple =) R=R, xRy with R simple  av Finian .

R simple ving = Rg Simple madvle
(not even Re semismple | Aq(k“

I+ R ik a ring s.t. R=Rqx=xRy =g x% R, with
RL|R§ SiVV\‘J‘Q. =D k<R | Ri= R.,: Q.'F{'ﬂ‘ TCM,MMCVMJ \“,V\o“‘ ‘)Vsl' '?).
. J'.-Aul
Proof: Ri \R{2R ank RiZ<R;, RiR=R]
Ri = (RiR) - x (R;re) RiR; e \D.IZ;,'S since R is simple
ani Ralde;

O#R DT Rikj =R, aleo Rilj ¢ By RiRi= V\} SRRy



2.5 . Nimule, ar¥inian vin

Defimition: Let MeMod-R.
(1) The of Miy = {rer| Mr=0}
= { reR|VmeM. mr=0}).
(Note: ann(RI< R).

QM s if an(M)=Q, o¥herwise
(?))R 1S if F has a Fuithfl simple
T\Iah'\' - W\DAUIQS. (rilal’\f pn'm £ left prlmi-}i\e)

L hard o show

[SuPpoae R iy commutative - Ma Simplc madvle => Mg = p’/]:,
Twwamal ideal of L = onn (M) =T.
V- R (riﬁhﬂ primitive = Q iy Ywue  anvihilabor af gome (R/I),
TaR waximal = Q wox. ideal of B =)Q R are +k Ny idsals
of R EOR simpl) = R Field|,
Thiy iy w\l\y his wobian  dney vt s\f\ﬂva in Yhe CQM.SC.“'h‘ng.

TFAE Fora ving R:
(@) R iy s\'mp\e avtinian
() R s swple  awh hes o wminwal  nonzero (itoh’f 1hen)
(€) R is riynt primitve and  right artinian
() R 1S se.m(siw\p\e. with uv\\(j\uk simp(e modvle vp 1o isa.
(&) RZTM, (D), D div. ring, nz1

P_f&‘sf‘_tuif-(\o)‘- R¥Q, ¢o0 ML =07Ta e ¢ 9
By vight artimionity, £ has o minimal elewent.

W)=(): let Ty be o winimal noweero  yvight idaal.



Then 1 €ann (Tr)eR => ann(Ie)=0 DT futhful, swmple
frid Foy every rel P Ipn— rIp , K+—yx has kerde10, I}
Dylp Smple or rlp=0Q
/by dSimplicity Re= RY
D Rp = é_ rI iy & wm of simple moduies = Ry semisimple
YeR - .

= Re i3 arfiuan
(A () Let Ma €MaA-R e Fithful | simple.
Consider & = {f+2p = M| n20, £ R-hamly . S R4y
left artinen %\utr FLLFeFY hag a winimal element.
Pick T €F with kee(F] winma)-

g_,laiw kerf= 0
Suppask ot Let 07 v clurd canm(M]=0 =) AIm (R. mrZ0. i

'F' s . K'_) n i =l whadicfvi,
DL ine 'F M aM = kerr - ker :\'::\iwm\i'l')
Xv— (Flx), mx)

Y n 5 T . N o~

c.SQ F‘Rg‘—*ni\l Mf( Qewusimp\g_, ‘3--%1 Mr = RR@ K‘z
1.

= Re Sewisimple | Ro = M\{\ for some wmen.
(A= ey [T248]

(Q\ = ((A\'— \/ lQKQfd\ts , Fih .Aim ™ art; Vuiw\ Y

raht ot 2S5 left art i

right primibes 335 lefi primdive

Y i(hy uvhu'umz\:) Wit art
- 'fl'ahj‘ \of\uin\'w'u eF ¥+ pr-l"\

AD= Ehd\(vk\ with Vp the Unique  Siwple right Rowadile,
vt D= E\'\A(R\X/\QP with gW +he U“-lfj\b(. S\fmplﬁ left madvle.

AR simple, artinian & 1 simple Yight avkivian ER s\hp\t_({eﬂ avtimian
¢ ¢
R ri3hi'pvin-, ms‘\i orT £=> R 1eft grim lefart



2.6. Maychke's Theorem

Ler (6,) be a qrop. Fix a Fielk K. A

of G is a qrovp hom. £: 6 —=06LIV) with V a K-vector
space, \Ff AdwmV=n L0 bL(\/\ Z 6L \K) (non-canoncally ; by
c.\nasivws a loasis).

RQP\‘C&EV\\‘U'HMS ove Useful i 5+°4}«'|h3 9 rovps (Fwite £ infunite )
e RQP(V-SQV\"'D\":'IM\ T‘M’JY/ of (')rouP5

' §$:0—=06L(V), 66 —=0L(W) ave vepvean'\a'h"ms | A
s a K‘\\'my T:V=2W s t. T(S'h\v\"d‘(el\'l'v.
= Rﬂv{ Form a Cﬂ\HneY/-

G gravp, K field. There is a cattgory eguilens
i?an of G’)  — i(\e{'i-\ k[ (A-W\adu\e;g

Dketeh: A RKLL\-wadile Struwchwe on an  gbelion AToup
(V\\-\'\ Covubpramks Yo a Tinﬁ hawm. ‘('-KLb]"""E‘“\(M?\-
hc—-a“ T A K[(,'S woudle M s o k-vedtar ;pace (‘?\ﬂ
" A vepr. £ = G6LMW) aWes rir Yo a vwondid 'hom

{- (6,") — (Eho\(\/u\, ).

T ring

Using +he UP of KI6Y, ¥his extewds 4o a Kaly hom.
§:KLGY) — EndlVy). D

TWe irped. repr. = 'swv\p\.(, maduiey
Cohvp\b\'?-\y vedetible e = s&w\'\s{wp\l. rw:tlu\q



\F G is a Fmite grovp +hen
KLG) iy sewmsimple & chark ¥ 16)-
In pdr-‘:lc,ular: i[(}] 18 sem'\simplb.

Prooft & Let Tkie) ¢KLE) be a vight ideal.
We shaw: +he SES O — T — K[(6] =k} —0
\/

of KLGY-module splits [T2.42(d]. =V
Sike i splits oy 4 SES of K- vectar ypaces
A9 eHom( Vi, KL6Y) s-1. o <idy.

char K ¥ |b] => )o) € K”

Define: Flv)e gy £ gy,

T is a KLE1-hm' K gy V

-—
* - o —

A » A )
g = Ty et = i 2ty
ﬁl._:hcs-:)ﬂ._._h-:lll . %_4:(%.) ..A‘L

ToT s g et v
v
%

=): - . - cvarwmentatiny
(—_3)' F%Y‘ F_:\é(-'(,qsl GK[G}, AFme £( ) 'S{_bcg ( agw:\r, q)

Iizkerlt) (avyementmtion ideal)

We shaw: Tn) #Q for any nonzero vight ikl J2K[G]
Then 02T e KI6] 25K =0 (s non sphit; hena
KLOY is w? semisimple.

Let Q#X = Zayq 6 )

46
Cose 1t 21X)=0=D xaq LA\
Cajer: S1fn  Lod §:% 54;& = €L9) =|6] 1k = O =56
X =(Zagy) ( )= Lag & qh = wixs 40
[\

h
Ia) il “ ¥*e "‘*’M.-f’ KX
s



1T 1ol=%, then KLET is mt sewisimple.

Proof: Consider “‘30-"\ Yhe auﬁmn-\mﬁm wap ¢ k6 — K,
auﬁmn’mﬁon iheal I, Svppose KU:] i &Qm\&(mp\e,

O—>T >kl —™> K79 slihy
ley €:K = K[(J_) s. . 2ol =i, KL6Y-hom.

D0#tU) = F = Zagy with finidely wany ag# 0

3 (bt <t lewyr ovu;)
et h&() ¢.t. cu#)
K[G}”W\QCX\I\Q S‘\'Yuu\'\;r{ or K: H—ts e BXQQK /]K% -..)\c3

R = (M) = F1) N, =

= - #0
Lla)= Fl1)q =ty \ ¥y €G. Fy FAq

P Nqe0. hy appears in svpport of F 1 only Finely weny o



2 Jacohson  Radica)

Definition: Let MeMod-R , X €M subset We define +he
:= LreR | ¥xeX. xe=01 .

f

This & a Yight ideal,

awnim) : = own({mh) ;o X = Q Qan (X)
; &

|+ Xgé_-\"\h FThen O\V\V\\XK\-{' .

De Finition: Te R 1s i T=awmlMg), MeMad-R
simyple ,
[SSR/1 45 & vight  primitwe ring |

E&am‘;\ei VTR maxwmal = T (gwt)  primitve

LE);/ Zom's levna, T (s couivined v a4 waxme) vight
ided! § = (P‘/QL Simple. o (M\) 2T [rI-2)

= am (V)= T\

\ \f R commutative: T pr\'m'\\-\'vg & T maximal

iI':cmnkR/;\, Ja & Rk maxima\ | d Ywo-sided =R) ¢ A
= ) “owm (R/.\\ => J=0own [R/.s\ = I.]

Detinttign: The of R iy
=N L = /) awn(Mg)

1aR eMad-
T vight primidive NaeMod-R

J(R)=Y(R) ~rad &

Swwple



NoYe: S(RY2R and JR) & K unlesy R 70.

[Emm_us_a If 220, ther exivhy & wax. vight  1des)
It owm(&/_l,:) 91}

20
A B

J(R\ = (\{,\5\ et Rp  maximal ria\n\‘ id\cd\g
'-‘~C'{Ye(Ll Vxel, A-yx iy vight mve\r'\ﬂhleg

0
= '[\‘& R| VxyeR. A-xvy is \i«\vev’ri\o\ex

NoYe: Sine the Final condition is left/right symmetvic,
Ve alsy get +he carresponding  ytotewants on the et t.

Ex. \\m-_rgr

Tlefd primihive

Praof: (A<B|:: Let JpsRp be waximal, ve Y(R),

Clam: ye) (e3R)
By is o simple right Rewodole =D A4\ v=rty =0+ )
=Dy e).

(B <) V maximal Q&R ) rx€y =4 -y¢x € (otherwise 1ed)
= (1-rxIR (s ot contined in any moax vight  idau)
D(A-rx)R=R =D Fyel. 1= (1-vx)y,

(LAl Suppose YeC. MrEQ for some  simple modvle M,
DAmEM. Mr7 0 =0 M=z mrl S Ixel, mEwmrx
D ml4-rx) =90 =2 wm=n 4

/‘f-r:& viaht werhible

(c=D): DecC v



',Ca
CeD: oY v J\R\ | Xy € .
Show: N-xry ER*
Xye .)Ul)c-—"? Az el (4-')(Yy\% =2 =2 1) lef+ javerkible

€\MRI

C=A .
z=1-(-xryz) = = 5 V'|3h+ invertible
N~
¢ (N
DTERT DA-xry e R Z

J(R) s the largest 1daal T sk, 44T R™
Exemples: 1) 3(B)=Q | \)KZ/PQ\ ‘-'—ﬂ‘é‘z (w=1)
D\ TR 6 oa predet = J(TR) ~TT J(R)
(1 el el
2) R simple = J(R)=Q
L) R sewisimple <> 3(R)=0

5) AMa LR = Mo (A(RY))  [Exercice]

October 30, 2026

Definition: R is /. /;
iF 3R

I TeR, T £ 3(R), +hen J(R/1) = M4,
I pavhcu\ur J\R/MR\) = 0,

Praof: Clear, Vsing J(R) = /\{f] T <Rg mxmﬂ

MR omd R/\R) hove the same simple modvles.
DreR s [righf] invertible (D r+ I(R)eR = RAR) is [righf) invectivle.



&Ca“: I+ Talk , there w a \o'ljec'\‘l‘w\
IMeMad-R 1T <am(my e— Mad- /1

w7 W\(P\'tl\”'m\" (works becawe W\I"O)
S my ez m(r+ I

Respects  submodules, movphisms, ete. (co\’regory i50marghism.)
Pragf: (4) By the vewarlk on M’M\"‘R’I 2 Jdefinitim of MR).

AT
@E: Y+MR) vight invertible
= Jg eR. A+I(R) = (r3(R)) (s* I(R)) = rs+ MR)
D Ix e J(R). A~ Dy =’I+>{<\"% Iy. riy)=1.
§m\ JIRY

3.1 Nil and Nilgeteny ldeals

De'f\vu'hon A i aht  idea) TR s
]F In 20, I“ (V‘M, ,CA“G-]_ QqAn = 0)
if every element of T iy wilpotent [VacL.3n20. a"=0).

Nilpotent => wil, YoyT

EM: ‘V\ 2[_’(41)[11---]/(5(1';({" ‘(_5'5’_") ! ].-7' (7.,, >T1,|)7:_|,,) iS
nil, but ot nilpotent,

Ab wilpedent 75 0\+‘a m\po-\rcvﬂ'
E% Mq_(k) %?J ‘X ;? g]

Eayy o prave: I,0eRp nilpetent = T+y wilpotent
Qpc\n Conyecture | )T, daRa Wil =T+ nil.



If TeRg is vil, then T<JR).

Proof: Llet XeT =DVYxef. xr v\\\\oo‘\en'\ Say \x\r\ =
D (A-xr) (A+xr + e\ e+ k)™ ) = 1< (xr\" = 4
D A=xr s (right) inveriible D x & (R).

Not every nilpotent element i contamed in J(R)
E o Q:M“(ml D div. ring = J(R) = Q, but there
Qre V\'\\pd-cv\f madvices!,

\F R s Y‘\'la\f\‘\' arfmian , JR) is il po‘\'cn'\'.
In ‘mr'\'i(.ula\-'- 1) JR) & dne \u\rﬂed‘ v\'t\po%'eﬂ* Tl’%"\'\' (e jhea)
?.) I TaRp s nil, Then T is wilpotent.

Proaf: Suffices Yo show J(R) vilpatent, fhen L35 ques (tandia)
The chaint J(RY 2 J(R)" 2 3(R)*2-+  stalilizes
—>) 3 T4 ?\ _ I = MR\" Far 3\,‘F'Fic.'|en‘¥\y \ale k. NO’:L‘ 11= T.

Clam: T=0

Suppose T#0 . Ler AcRp be a right ideal wivimal wih
+he yraperty AL#Q (exuYs, becanne R i gt artiian).
Let x<A S'l. XI# 0.

=T T = = xI #0Q "-?Aa A=xT
=X = Xy with YeI => xX{1-y] -y) =0 D=0
3(.“\ 61)3‘
| Mas  aadl

A Y‘(%\\\' deal Telp Iy & Aivey Sumwmand of Re
S T=eX with e idempotent.



M &): VreR. r=ers (/l-e\r, L eR+ (1-<)R
IF reRal1-e)R | 4hem = ex = (1-e)y (Xyel)
=er = e(ex)=ex=r, so r=er-e(1-ely * (e,-e}\y= O

() Suppose Rp=Ip@ 3 = =€ +(1-¢) with eel
) & 1-ee)

D el-t\=(1-¢le € Ta) =2 = e(1e)=0=(e-1e=q

= e=et (4-e)x=0

F'rvw\\\f‘ Vxel  X=ext(4-e)x => ¥=e¢X, so TI=eR %

TFAE for a Y‘\'v\s'-
(o) R is sewitimple
(b) R iy sewi primitive  (M(R)=Q) vk righY  artiniaw,
(¢) R iy semiprimitive omd satisfies the DLC an princpal
right jdeals

BLQ_Qf(O‘\ D(b): Rp has Fmite length, so iF i Pi%h’r artinian
3TeRe. Rz MRLOT, [Tom ()] I I(RIFO, then TSR

—

= There exists A maxwmal right deal LM SR
SIREM. 4

(B) = () V

(YD (a): Noje: (1) Every Q% T &Rg contamsy o winima, |
Non zern Yiq‘r\i‘ 1dea) [Take o winimal element of
x| xeT xR#0Y by bccy.

) Evcvy minimal Q# T ¢Rp 15 a Adwvect  summand of Rp.
[T#0, but J(R)1=0D = Imaximal right ideal MeRg S+,
FXM=T+M=R. Since T is swmple, TaM=q].

We wow Find O FAa. - An  Wanimal \('\Q\\'\ healy <.



Ril: ArB-- ® A, SUPPOSC A’I‘.--‘Av\-ﬂ kV\"'/q hove been
constrecteh st. RpsAaa -0 An, @B, B, tRe
We Can  ASSuwme Bn?’ Q. Let OiAnEBn be m'\v\\ma\\ (‘97‘),
Then Rp = An® Cp, for some Cy (\oy ?.) and\

P = An® l(By\’\(-Vl\‘ (beuw)a A;,\G_Bn\

= B & Bh

This gives Us Apn. Nove 8,28, 3~ v & chain of prinapd
Yl'%\t\‘\' tdea\s [L27), 50 by DCC it shhlizey. But thig
only happens  wWhen Ba=0.

IF R is ri%\:\’r ar Fwian (Q-g. p\is A 'V.ck.'a\azhm
over a Fiel) then R semisimple € ((R)=0.

R vight activian = R/MR\ semisimple. and
J(RY wilpotent.

5‘\‘&& ey s C onsider

Definition: R iy \F R/A(R\ IS sewisimple
and  3(RY is wnilpotent.

MR For im0,

Sot right [left) artwan => sewmiprimary

If R & semiprimary and
MeMak-R TFAE -
(@) ™M iy metherian,
(o) M & artwiiay .
(Y M has a Composi\"\qn series (p.e. LM <o),

Proof: (<) =5 (a),(k) by L2.A.



@, ) D (c): Led n20 3.4 JR)'=aQ, R:= p‘ﬁm.
Congider M2 MUR) 2 MYR)Y 2 - () (R)*= 0,

|+ suffices o shaow MJ(R\L/MMR\"‘"‘ has & campolitien
series  (i=0,..., n-1).

L
an M“R}/MMR\L” 1S Q W\oAu\t over Yhe E&m(sivv\p\zT[‘
hence & divect sum of Swmple R-wmaduley. Sine M
is noetherian  Or artmian, $0 1\ I g ;g0 the
direct suw iy Fite. Thus MIRY / MY has a commsiﬁﬂn
seies as an R-module , which is also o compIsitian
cevies ay aan  f2- madule,

R r'\tﬁ\v\\' ar Yian S0 R v'\gj\t\\' V\oe'\'.\\en'cm avd
se\mipn MAYy

M@:\ BY TB.’]’I, F\tL IS Y’i@\'\' mr"r'm'\uv\.
&) R \"(3\\'\' artimian =D R Semipﬂmr y L3.19
a1
= R s roe Yherian

In pav‘r'\cu\av'- R vight arHiviian =S R r'ua\r\'\ wretevian

¥ Re is vight artimian andh  M-MoA-R s
FinRly oggnevated, +hen L(W) < oo,

2.5 N&ku\qum‘s Lewwo

If MeMad-R is Foq. omk M=My(R),
then M=0.

Emgf: Le-\- M= LW\‘h-"lmlJtL w'\'H\ K wimwmal. H: k>/\, wé Cun
Write M= Mg+ + Mpalia with  KCE MR).



D WM (1-rK) = WMt twmear
=3 mk(’l- \"k_\ € (W‘"I,...., W\L-‘\BR
Smee 1-v &R‘, also mMeé {wma,..., MmN \3 k. i, 7]

\F MeMad-R, NeMg s.t. M/ iy £.q. and
M=N+3(R), +hen M=N,

Proof: Apply 244 +o M/y.

LQ.‘\' Y\&Mod-\l Then M= /MMR\ 1S omniilated loy
MR, 0 natumly ow iz Ramy -wodvle.

I+ M s F.ca. o\ {Xigiet IS O\'Folwu\f m Mt
A0 )i generate N (over R), then 1xdics Yenerades M.

ProaT: /-\pp\y CA15 4o N:= lx i ¢ THn.

F f:M—M iy an R-howy | Then ‘F(H(MQ\\)SM‘J(R\, $0
W mdwees T2 M =5 M0 (Mod-2)

M — " |MoA-T)

IF 1 €Mad-R is F.o. anh F: M —M i st
IS SbYJec,'\'\vc. Fhen F M—M s swyahve

.I:‘
Proof: F(A) = A => M =F(M)+ MIR)IOM =f (m)



S, Groug A\%e\qm; (w/o pm_oﬂ

K 'F'\C\l\. I+ G s \.I\'F{V\i'\'ﬁ.] 4 hen KLG) 18 not gewﬁsimplg I._Pz_zq_

Let K be a wan-olgehoraie  Field
extensim QF ®. Then KT_(;-‘\ IS sewipr! mitve For any qrop.
(\<'— € ... Rickort 4350‘, full Yheorem by Awitsur 1999).
For o proaf: [Lam o4, (6.1))

For Fields ot algebraic wowbers (e-y. K=0), 4hisvy slill gpen.

Diffiw!t FNQHBMS on  §rovp Qlﬂ&b\r% (Kup]dmky\s (orgzcﬂves,
50s): IF G is ‘orsyan  Free:

Y KIGY s A& Aovain  (zevo diviar CO“\).ZC-\-WQ) — open
Y KL6) does mt canboin vion-trivial idamprtenh
(l’o\cvv\po Yot conpchre)  ~ open
YKLl <ontawms Qnly Yrivial  unids LK[(J]K = X* (91
(it conjectwe) — False
Gardam 2021 Comktvexowmple K=1F,

202 ¢ Same mvn\'trexuM\alz with chw-k =0



L4 Stvucture of Primiyrwe rmys &
Jacobson Density Theorem

M, (Da) - X My, (D) MR\ =0
Sewuswple > Semiprimitive

A

Simple ar Finian ) [right primitive

MalD) Ifucthful swple
rigwt (left) waivle

Note - Sewisimple ;| sewiprimi¥ive | simple artwian gre \eft/right
Symmetric,

dlefr primitive & vight  prvitive [Bev%mqn N%6\4 )

For any viny R, R/wR) is cewmi primihve.

Every Lewii pvimr\'l'vc. V‘I'nﬂ R s a
of Yight primitive YI.V\%S, (e Reo ﬂ-‘__aﬁ mjechin
with Ry vight primibwe , anh all prajechiony R— |; svrjichie

Progf: Q = JIR) = MYaan(Me)
M e

R I Rl&\ﬂl\f\\ sk R Mg s svrjechive

M
b \\W\O\L r fl\\“'
pPimihve

Some times (rqve\y\ a Wl s*m-\'egy b prove somz,-\'h\'v\ﬂ Fov
Yfﬂh'\' pr\iﬂ\i‘\'i\le V’\'nss, WFY it ¥e swbdiret pr‘oducb
(— semisimple vings), Yhem woddo the Juco%san rudical
(—) Qrbi\‘rary vinat F \lsua\\y hovd  or WMPO 84 ble).
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