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L AFFINE VARIETIES (Afie vuznoterosti)
/I.Re,cap of bayic nohong
A po\ymm'\al over o \;'“'3 R 1s a Tarmal expYession
Pbx)= Aax™ + QyaX™ 1+ Qa, Where ag (-_?.I y\=¢Aecire< of P
(if a0l . The =¥ o all pOI/mv;n\q\\ m X over ¥ 1y denoted
RT_KS An ‘l‘iv\gs will be commuiative and with 1. R[X} §
O Yo Far vwval additior and Wu""l'p\-lcfd“bh of pOIynom[mls.
SVprsQ Lo SU‘OYIinﬂ ()F VY rivs S and a6l . Then we cam
compute A" Yo,.0 4+ 0, €S . We denote thiy clement
P(O\\ andk call 1f the valve of p at a. If p(O\\"’D, +hen a
s O YQ'\'\'/?-CVD of P WE, have a pQ\)’mw{\a\ 'Fuho'}'mn
S>3, a +— plal,
Pﬁ\)’mvn'm\ m Fwo vaviabley x ow\g\ X with coefficenk W g
ring R i an exprcss;on p(xy) = y2 .éqcsx.‘y% w here og€R.
The expression aijx*y* iy called of “Wanamial . The deqree
of & manamial s("-)/.l 1S f.”', The deqree of 4he Po[y\..,mé\
p(X|7\ = WX i&*‘j l Qi,ji‘O‘S. The Q,Q‘\' of Al FO\)’V\OW\\::&\S n
twa  vaciables s o ring. We denate i oy Rx, ).
RIx7S = RLALA = REALE
')'m(\\uv\y we defne g\)mnw'\\qls in more variables
R4,y k0 = ?\D(n.--- , Kna [’(*\-S :
IFf R s a Su\ov'mo) Q'F S awl p&R[_Xa.,.--.)(..] awd
aE(ar..,Qn)es", we can comprle p(ag.- an ES.
We %z’\‘ A Funckian — 3, A .

e} R be o T‘\V‘\A. An Wdeal of R v o whet TR <.t




L\IF xy €1, then xiyel

W )f aek omd\ xel | then axeT.

LaR

If on Veal T contams om wwertible element | +hew I=R.
if MeR |s some et then

(M\-- i éq.,)f,_ lV\GN a; ek, ¥ er’\\ N aw dea |

We call it +\\e % P azmwd‘e(’\ by M. T M= Lmamal), we
write (X, A ngYead\ s;f (7., %43 )

I"P\\; Fmr\'e!y %Qqu“CC,\ of 1= (M\ where M W & F;m'-l-e
tet. L s a principa) ided\, i L=(a) For yome aeR.
A damain wheve every weal i< pT]V\ufp\\ s called a
privecpal 1400\ doman (PN).

FLAQ & a PO if Fisa fekd. A payvomial riwy in

wmore vavinbley iy wmt a P,

led R be oo Jowmin. An clement Q7a R c frredveible 1F
it iy mY invertille  amd & canmot ke writhen as @ prodct
of wan-mverthie elements. R s @ um?*u {:ac.*‘m'tﬁ'\'-"\“
Ao (UFD-)

ﬂ Eacw O#acR can he wrtten w4 Form A Upspn
whese W is wvertiole  and py,..py are  irreducible .

iﬂ | £ A= 41"3\1---9\,,\ s  OwaYwty svcl Qx‘)resslﬁn| +hev\
Mm=n and tThre exisk o perMu-\ro\‘\\on T of elements
Wa,.c0y Wa sX. d: *Wi Yna 'For wach 0, WLSO\}« 9. o\m.K
ht\ ove assqcinted.

PQ\;’V\'.!W\\G\\ Y‘V\')S W Oy nuwber of vaviables mver o ficld ave VFD,

PID = UFD
&



Far a V\V\cﬁ R +the 'an’.)\n?mj ave egiva leat
O Each '\_cha\ 1S F'm'\’re\/ %ﬁhem¥<d_

(i) Eacw INCYEaLing Seguence of daaly T1&IL €T, <---
Termwodes, ie. T =Desq= I,,: - Tor some wm.
Wi\ Eacly -Faw(\\)r ofF dealy in B Wey 4 wmaxima| elewent

(Far inclvsion).
P,_Y_@_f: Camwutrchve ul‘j&brm.

Defivi Yign: A Y‘ivw\ SCI*‘ISf'}fI;Mj +we above pmper¥ne3 I8 ex|led
7N V\Qe‘\'\\ﬁf{uv\ V‘\'\r\% (md-hcrski ko‘q\aar\.

’l\ Eacw PID is woetheriun.
FIx) ' noetherian if F s o Reld
'2_\ Each q\vn'\‘\'ev\\' R/ T of o v\f)t-\'\\e\nbw ring R

15 MQ.'\‘\'\QV'\'W\ .

F q"-"\' FV‘QW\ commytadive all(je‘ora'-

I R mdhe.v'\cm' Fhew
RV_’(—S W nge-\rheﬂan,

REW;{\Q?(F R s !l\()o."\'\r\ev'.'cml thew The Power geriey r"ms

RIXN s noeYnerion .

\F F s a 'F\'c\A‘ +hen F[xq,...,x.,} 'y noetheriim .

l:':-vevr -\:\'ni\c\f %gnem-\-cc\ a\g,o.‘ofq over a {:ie[o\

1S naeYherian.



7. Affine varietes awh FEarnk i ')'on\oﬂy

ofine. razwngtevroshH

QOctober 6, 2029

We will qlwqys work oQver om a\gehraically closeh Feld k

Defintin: The over ks

= {(CM, - \ l a;ek for cach 67).
Ay a se.'\' A = K, bot K Was an additiona| strecture
of a Vﬁf-‘h'r‘ space, SO W uR & &fﬁ,rcn\‘ nojro.*'l-m,

[A'FFl.V\C. space ~ ""VQV\S\W\C(\ Vec. Sp‘\CQ
= v} egortant  where the origih s

n=1: A offine |wie
n=2: A affire plane

Definitian: Let Sek[x,.., ‘X be o &t of po\/mvmuls
T"\Q (u‘f'F\V\L\ of_ S iy the SQ'\—
V() = § (anmaa) €& ) VEES, F(ats,a0) =0 ).

This g cantuing the =Y o€ all comman 2eroey
of po\ymwi\q\\ wm S, \E S 2"‘:1,...,;-'»\\ | +hnen we wnte
V(a fa) inskead of  N(36,..6.0).

Deffnﬁit\h‘ JAN ;Q_‘\‘ XQAV\ (& an F
X=V($\ fTor same. set S sk[xap-q <],
some adthry  alsy 444&\(%0\\\7 ASIUWME \'weduci&\ﬁy

Excwgles:d @ = V(1)
i) A =V(0)
U-L\ Each pO\V\\‘ s aw q-f-fhe. Vqr.le‘\'y"
S {CI AL V(¥1-aa,..., Xia- )




i,v} All affine Spacey (am\ W™ pqﬁ'\cu\o\r all  veckor qu(es)
aye ad:‘f'mc. S\mce\l Q3 '\-\r\ky or m\tf“\fms of St/y\ms
ot \iv\eur/ eg\w‘tim\s_

V‘ P (av\t. Q'F'Flne. a\ﬂe‘ov«ic, CcvrVvey dre a{‘ﬁm Vqrie+|'e S
They ave dafined as Uﬂ\h\&Al | \O(m\b) =0} wheve
pﬁlk[’ﬂy] : =VLP]

Vi) IF p ke %], then V(p) = (anad € & ) plan-ay)
s called o .

£ S, 29,8 klxn X, Hhen V(s,) € V(sy).
Proaf: Obves.

led Seklky.xy] and T tue idual
SU\Q.VU'\&:* by $. Thew V(T) = V(&)

Proaf: ST, s0 V(T) €V(§) Followy fvam the Lemma

(2): Assume. we have Q&V\S\\\{(I\_Than Yheve s
Fel svdh thaat F(a)# 0. T is ranv\&va*tl\ 10)’ 3, So
There exist Aqp- 1 YmE ('h[xq..-,)(,\:\ and  h1,.hm € S s.t.
F*ﬁ,\'\ £t q

OF £a)= 34(@ha(a]+-+ Bulo) hula) =0 ><
O, becane. acV(s)

We %z‘\‘ V(s) =V(T).

Variebes A“ ove emc,'\'\y wh of +he torm
V(T), where Tallx,.., X



|4 myy hqppa\r\ +hat -.[11]:7_\ but  VI(1,) =V(T.-z_),

Examgle: in A VIx*) - {‘35 = V(’()

e [xaume X} i ntheran, sq all deals  ave -ﬁ’nik\7
Se.vxe\ra\td. £ T =(f, ..., F) ;| e (e Fa) = V (T)-

AfFine vanetiey i N ave exactly the b
V(S) where S iy a Finte set

() For any 'Faw'\\\)f ESJ‘)) jeo of sty of | N8N
we have, \f(_xs,j\ S ARA SN

LLRY
U-\ Far any po\\/mw;\u‘s fa,..., ¥, 1, Qg € k Crapeee Xn) We
have VU F)UV(anoag) =V(fiay) 12 a5 12594,

Prasfracvu((s,) & vfel Sq. Fa) =0
{D Yy ¢d ¥feS;. fa)0
& gy, ae VIS))
£ ae HVIL)

(i) Assome o €V(£2,,85) UV (g4 q¢). Then

a G\[(ﬁl I...|{5\ Qv Q € \/(“J’ln---.ﬁt)‘
D Vi, fi@l=0 oy ¥ 3j(a)=0

n botw  ages, filalgi(al =0 iy



=) g ¢ \[(hm\ds.(.e.gl 45:86-[:),
Cor\ve,vxe\y, assume a ¢\ (F,.. ,{s\UV("LQI..-, AP

Ji. v, £ ()40 qud 3 st Qj(a\]#O‘)ﬁ(qlaj(m)#q

= ag V(fiqy|1eces 1eged) ?

(1) B, A are affine  variehes
W \F Xy jey | QWY ‘FCAM;\\\)! ot Vc\r‘\e'h'u, } hewn (e\ X;
s alsy an gf€wme vqric+7. D
() \F XY A" are affme  vorehey | Ywen Xu Y i
an offme  variet Y.

(1)-(3) are axiomg of cloed sohy of somg '\'op’JI'JJy
. /

so affine  variehes ave exockly the clowd gty

of sowe -\-op'\\faij on A" This -\-opo\'ojy s called

The on M

On svhseky of A" we define Yhe ki fapelogy
as> a reative -\-fapo\o\cj\/.‘ leyY XeA" bhe an av‘o.\'\mv/
set. A svhset 22 X (v Zmviski cloyed w X if
+here €x lS'\‘s an affme vﬂur'\ej\'y YQA“ s.t. ZFX/\Y,
\Y\ pa,r‘\'igulqu 'IF )( (s Qw Q‘F‘FW\L VQVI'C'("}" *\\*'\ A
se¥ 22X iy closed € iF iy an affiwe \eriety.

IF +he Fopalayy is vot weationed  expliitly | we will
a\WufS mean The  Zaridy +0p0\0¢3y.



EXc:mg\eS Zaviski ‘\-Q\Oo\ﬂﬁy Qn A4f

Zur(;lu‘ c\oRA I&“‘& OV, COMWIN  ZLvRY qﬁ Fruitel 7 wony
palywawials  Eaclh nowzeva I /) vaviable hey furitely
Mmawy Zeveey . = Al closed seds ave 'F\-hH%.
Converse iy clear: qiiven 4 Fake &+ n K07
1S easy Fo find @ po\)r\r\'.\w'\\a\ whose =Zzemey ave
precisely Ihe elemente of 4he %\i/eu, SR,

= O\r\ A1 4+ we Zewrulei '\"opo\qjy 'ts C?\vat\ Yo { e
-\-opfe\oy oF FTinke c.om‘olew*eln'lS.

The exomple  shows dhat twe Zarili ’rvpo"ﬁ‘/ s
NQOY WHacvydaorff every +wa Mpen el of A mkersedt
(and  The Sawe Walds for 0pew swheh i A ).

EXaw\‘;\e.'- Zarisk, clo se.d\ Se.:\‘s n Al ave AL| g,
Finite unians of powks awnd  affime algeloraic
curves.

OPQV\ 5&3 in The Znmd ‘\'opo\oay ave cowp\emn‘\\
of vavietes.

_De'f'(ni\-'\ovx'- Le & pE k[x,,...,.x;\, The = /.'\"\V(M

= iqs/?‘\“ \\oLoq 103 Is called a

(odli kovawa  odpria W\V\Qi-'(cq\ of p in N\ /SSvbset
/podwnazico

Examyle: Digti V\sv\'s\\cd Open s K ore complewenty

ot u\ﬁt\o\rd\c curves.

F|%C-‘“'\[x1|"'l 5('\1
DEY A DIg) = faek) Fa)4Q A qla) # Q)



= D) -
D The Infersection of Aishnguishedh open Svbsets g

a O\issti\v\%uis\'\&d opewn svhset.

D\'d’\\r\sris\\td open  svbseds Tarm a bosis of the
Zaviski -’ropo\oc‘v - QVeYy Qpew swhaeh s a finite
union of 0\1‘5'\'\“3\1(5\\&)\ opewn whsers.

let U2A be aw open svbset Then Z2= ANV iy closed,
50 an offve \fﬁr\éf\“y_ Themfm{ Iveve exist pol)mow;ql s
Fagfu st Z= V. fu) = daek™ Ve fila-0) -
= Q4V(‘Fd\ = U= cg' D(F).
3. V-1 corrc.\ponclemce, and  Nullstellensert =
. e '\‘Cad ne W\P\J&SQ v Ol"\s\c‘:'sa\ml v v dwenslivg
he Yowo

Defimition: Far each svbseh X A" we define
T(X):= tF e k¥ ) | YoeX. fa)=0). Tha i e Joul
in W ltq, xa) called dwe ooy Exewie)

i\fan't tes In Xg < VI > 2'\10:&5 w k(% X“]\

There twa wapy ave wot jverse Yo each alher.
For exawple,  we knaw ot V(K")v\[(x] =>
T(VOH) = T (VX))

Detmhian: Let ToIT,9R The praduct of ideals 1., Tp ic
L= {Lady |meN a;eT, biel,).




Product st ideals is an ideal

Proof: exercse

Definitian: Le+ TR The Iy
= lacR | e T for same me N|. The ideal TR i
i€ T=4T.

Redical oF on deal s am  ideal.
Exerise: Shaw that it a*€l qud b" el |, Ahew

m4in-1

(a + &) eT.

Exemgle £ T=((x-a)" (x-aa)* (x-ar)'"), +hen
JT = ((x=a,) (x-aq) -+ (X ~a,)). Praafl: exeruse,.

(1) I(2) - k.[x4,..., Xu\.
Q) TN = (Q)
(3) \F T,e I, Yhen V(L) =V (T).
W) IF X, e Xp, dwen LX) €T (XA
(B) X < V(I(X)} Far each X & A"
©) S TWV(SY) For eaech Selkxq.., ).
() V(S) = VIT(VISY)) ¥ S & k[xq,..., Xa}.
(3) \f XeA" v a vovfe.'\‘/, +wewn )("‘-VU:(X“-
Q) \f XA is awny st | then V(LK) =X (Zuvisk
closwe of K|, Tlx) = L(X).
(4()) T(x) s q\wq7g . valieal ideal .
(1) T\ =Tv(Ex)) ¥ xeA”
1) V(I)\= V(4T Far each ideal.
(1) V(T u VL) = V(T4 T2) = VITIL) for ol dealy IaT,.
(1) V(L) nV(I‘L\ = V(T,41.) For all idealq I, T,

Q9) TIXuY) =LxVATIl) ¥ vaneNes XY
@) T(X)+ TW) € TLXAY) ¥V vavehey X7



Praof: (2)  is clear That O vanighey Qverywhere

We wve to grove that iFis Yie oly Svch polymmia)

We pYove 'l\' Wl‘\'\l\ \'V\Llw:“l'mn o W.

n=1:ler £ e O\\M\)rvmmio-\ m 4 yavinble Awat
\Iu\l\l'&\ﬂﬂ.& &\N—U‘yw\'\%ﬂ, o 3\4, dince “’\ \S
a\az\omicm“y closed, iF s mPwle and the
0\1\\7 po\yw')w\\‘q\ Fhat \/cAV\\'s]r\Ls evav'/rwherc
it 1> the zevo polywamial.

hin+: e Fek tX1,...,Xh+41 vawish evevy where, gn ’N‘M_
Wiride  £(xq, 20 = :iw A (KC ey 2) Kes
Take Wy (Aqetn) e A Then  Flan ey Oy Xaaa 18 4
Po\ymmiu\ i A vavidhle ywat vanishes Cvery wherd b b4
the assamption. Py carve n=1, all  coeffizienk
ot Flea, - an, 5‘“\‘1\ awe Tevq,

= Ve Qi(dgman) =0 ¥ (ay. as) e A"

=) g; > YW ey polyvemial Ve
id . assmplian

=2 F s the zeng polywawial. %
(41): exercise clasy Qctober A0, 2026

(7)) Similer proaf
B) - +we 3ame o8 F
@): X=V(Iwx)
Clear * X < (T(x\|
Swper Id T iy a vanet . Svel hal KceZ l[‘
IR) =T W
V(E(2)) e V(I(2)) =2
‘2o veriety

DVITXN 16 $he smalleyt cloged el et contuingy X



(13} vi1a\y VT2l =V (TanIa] = V(1aT2)
SVPP‘D)Q Iq° (FM---lF\\ and T, T (‘34,---,SeJ-
Then: T4, =gy o 140, 145 < t),
We know +hat VEGZEYV Vg, g,) =

TV [ece 1450

Talq
If aeVv(I,) UV(I’L) , then TA) <O V£ el or 3(“)'-0 Yeel,
I both coges hla) =0 ¥heTaIq =dDaeV (Toalq) =7
D V(1. v V(T € V (T,nT,).
T4z $TanT, = V(1414 € V(I,Th)
Qiner parky: exerase . 2)

VITX)) = X For a varety X
Lv(N) # J far deal

in 3¢v\eml

We will vse +he 'Fonowimj regvlt from commutudiie dlydim,
Ley F he o flelh aud let E be o findely
wevateck F'allaebm which 18 alsg a Field . Then E 5 «
inite alaebraic extensian of F.

L&'\‘ A be a -Fin'ﬂ-e\ 5@V\eva"ru}\ ctaw\mu']w\-'n,(,
daglora Dver k(K alg-olowﬁ A |ef M be Sowmx
maximal dgal i AL Then Ap =k

M: /'\/M ‘\3 'F'\n'\')fely SQV\GTCd'ﬁ(L O\V\tx [\ ‘Flew\, (BN M
is o maximal jdeal. By prapesitian A/M gy o Fuite
a\czq}ovoic extensqn of K. [k i Qh&eloraimly closed =>
A/nm = k. 2)



(1) Maximu ideals n dhe palynomial ring are Qqu..'H)/
the \cled,\g Qf‘ the FQY’W\ (J(q-a.‘.__., x“-q“\ ‘;-or $Ame

R1y--+\, Oy e kK.
(D)\F Y iy «a proper dea| of ‘k[sq,...,x.:s twen V) #9.

|+ IS Crecinl +6 have i Qlt«QlOTaiCall/ CloM FrelA'-

aver |- Vixten) = @
(‘XL.(./\\ f\ a qu\w\o\‘ 10\3%\ .lh W\[X]

Praof (1) Let o, anck. We want to prove That
M=(1-0q o, Xu-an] s & maxival deal .
DeFine a ring homamarphism
'Q:H([’(n--- |xv\] —k
Xy — U
F (s ) —— Flaay.c, )

4 s bur'&ao\-f»e. . eac Al ik tomphunt pol,vmwuq]
A WMaps +0 a

= kT klxap, %] fker

n =kerd s & maximal 1deal

FielA
I+ is enogh +o show That ker? = (x1-oa,..., X-a,).

Db\}mvs\/ ("’1‘04 1= ) )(u-ou\) ¢ ler?.
Far the other mclvsim take, Fekerd.
We chvde € by sq-a, ond The rominde belamgs +
by, 00} We divide the remainder by %, wp caud
} dwe vemawmdev i \k(’(":.---, Xal, ...
= f= ‘.‘%4 Jdilxi-a;)th  for some ;€ “:[’(,;,x,;ﬁ,.. | Ka]
and elk

Fekerdt o,
D= \?('F\ ':cf; £ ('),,\ \Q((t;-a.;\f .Q(b\= y => )= /)



= 'FG‘ (/4‘“4...., )’h"a-\\
(\WQO\(AV\“\‘ VR alaﬂbmlc clc?é"TQ; \/‘l ~a,..- )('-\‘C'tu) ly a
muxawmn)  1deal  n F[S(—...--lxnj far any el F)
We have Ta prove thee ame ho other  wasximal jdeuls
et M4 I.k[_K.l'..., X-\_l =R o Lwlo'\\'my/ ma xwmanl 1l
k< c«\'ﬁ- cloxed | Ik 15 fl‘n.auamkﬂ\ lk-a\az.hm $0
\L["'n---.‘;\/M = k b)f' previovs  Corelluyx.

o)
DQ'HV\G -\-he, W\“p\ T["-\t(:"---.:t:] Mk[*’h---.fnl/p« ='C
Denate a; = TT(x )&tk For eqch ( .
Tis & ving homamqr phisw ->TEE] = £ (T (xa), .., Wixa))

~ 'F(‘t*l.---. Qh\
We G\va lorqwuk Ker (I = (xq-a4 R Xwo\.,.\ . B)r
The anglr\fuoh'qy\ kerlT= M.

(2):1F J s o praper sl in lva- 3], T is conhined
in Some maximal ideal M.

By 1y, M B aF tne Form (x1-04,.. ., Xvu.,\\ For same

04,---,Qv\f=|k.

V(M\ c V(X"‘o"\ ") y'\‘“w\ ~ {_Cuql...|q\‘\77 7'(/@/
=g V(M) = V(). 7

We have Vhﬁval]y .\V\vevs(, \0'1;51(}(0“5
ipf)\;\h l-"\ A“S + imv‘?\k f:"{l{‘q ..‘-{.}.Q:::‘\s g

(lq‘.-.“‘\'\\ —> (x.,‘uq Ve Y‘q'ahl

I\\/U)\C‘\Dﬂ fqr each 54“&[’(4,-...5(“]_



M‘ One nclusn 15 Cusy .
1= FG\YT1 thew ¢y for s wm,
£ o~6\/(3\' e fa) =0 =) fla)=0 =>f¢ I(V(J)).
(&) :let FeT(vay).
We comsider the V‘{V\a helxriey %, Y\ (with o variable
020\ ) A Yhe (deul
’:Y: (\\\ "'A(.ﬁ"/l\ 4 \k[’(’ll--q Yv.)/_s
o deneratoy iy adM 4a )

Firek we show  that V(Y) is empty.
Suppase (@4 dmand€ (T -

Vg6 T Ahg,, Qny anar) =0
\F 9€ J o u[“«.---.\ y o we %’f qaq--an = 0.

D (@0 & V)

£e(TOVYY) => Flan, an) =0

(0\4|---|U\V\|am-'\‘ € V('F)(-/'\ = f(a.,,...la.\) ‘Aneq =1
D Fla,. ) #0 ... contrakickim D V(T) =9

—

By weall Nulslelensake we 39;\' Tat U i wot praper,
s0 1e 7.

KD, X is noetherion = theve exist qu,..,q k[, xa\
sve That 3 = (o, Q) -
/,[: (‘ﬁﬁl"'l%'\fn F}’-’\\ ':)3- PJ“___\PM‘Q‘\ L‘k[)(ql--.'xhly—‘s_

1= Praq+ TP, + 1_”‘)/ ""\ (¢)

ey N e the |avgest nuwber sveh +Hhat )/” agpears "
eatn Py . \)(?: W\U\‘\"\p\/ (8) with FY and vearrange
the Yeymy in Such o \M\}/ Yhat eadn Y appeory
+q%ej—\m.v wity ¥ ay ‘Fy. V(3 Se,'\'

f N‘-"- Pq (Kﬂ.-.. ) Xwy f)’) (51\ t--- 4 Pm (’(1..-~|)(h| 'F?’\%M* Q(K'r"""{.”) '&7_4)



We look at +hy E.g\ua{"mn wodvl (FY "/\\:
"= Py (X X Fr )2 -+ Ponne K)o

= f‘l U("l"'lx‘"l "‘ 34 tot Pm (x,,...,x.,.ﬂ)%,,\ (wvatk (‘r'f-’l“
D Y- 2P WK X A) 9 € Br1) o KDy = (0)

__~

We don't e v here

S éqpi'tx’l\-" K\M'l\ A €N D ’F&‘JT
& Kk (xa.., ’G:S N—‘
\V and \ ave wuf\-uu\\y Yeveyye bﬁéc”\'u}ms

Y,
‘LY'O\J\(U\\ l'(kfw.\s?) & > }_O\F’HV\Q Vc\rl'd-fes’g-
J

L\XaY) = ‘\ﬁ.b(\’f]'.()’)‘ T X,y are offine
of Fine vavieties,

Proafs T(XaY) = T V(I A V(T())
= T(V(T)+ TO)))

Nollselmsotzs —,

= T +10] 7

Exumple'- )(=V(y"->(\, V‘Y(Y)

Xny = Ufm\S
T(X)=TIV(-xY) = G- = (y-x¥)
) L l)’\ ‘-'-(7) pr\vib-'\m' 1

WvateA b :
alywmialy ‘witdoot

WL H'l?\! Foctany




T+ IO = (7-x y) = [yix?)

ThWs eal is not redicul , &y 1T Contoins Xt bt ma Y x
= 1T\ # Lxay).

TXay) = (000 = Ky = it 7]
’]:(X\+ 1(7\ (S neY Mic,a\, \D(_Cuwy\ )( and )/ have
O comman T %U\'\' o O\0).

Y. lrreduybility QF vaviehes

A ‘\'QPQ\Oﬂica\ 5‘0&(& X s diSCm\v\ec:\'e:k T iF s a
dgnay ot two d(s;ém‘\ closed  Svbsels. 1+ is connected
oY herwite .

DQ'F(V\'\‘\:tQY\:A +qm\03\'m\ Space X \$ N8
Theve exizt proper cloved subsels XX, € X swch
That X=XjuX, . X g otherwise.

DeFiniton: An affive variery X iy T there
exisy varietes Xy Xy & X svch Pt X=X uX,. X
s otherwise.

Exgm‘;(e.'- V(X)/\ B V(X) v V()/) \s YeAuc\b\e.
Viy)

V()




l'F' X s o\ (rreo\uci\o\L Var]e,'\'yl +han +he
Fra\\'aw'wj Nods .
A\ Eada nQn-ewply Qpen Svbyet of X is dene. 1w X.
(in Y Zovishi '\-o\oo\ijy\
’L\ Every two V\m-cw‘ﬁ‘y Qpen gv\ag.e:\"\ Q'E' x
intersects

P\’f}f}fi (4\ H: v 1S (ape,v\ QV\‘K V':Xl +\f\Q-V\ YW have
a o\a.crampfas\'-)—ifm X=T vy (X

@): \F U/,IUL ave opew non-empty  and Uyl =g,
Then  X=(X\W,) v (X\v,) .

_DQHn'\Jt'"QV\'- LetTaR. e Shvenc '\P'd“kw‘“
(M T v¢a F T#R A 1\ f-a\\ow\‘v\3 holdy °
\f age T For sawe a b€l Ywen acT aor beL,

NI & a iF 3R ank e Frltawing
holhs: [Fabe T for same aheR | fren ae R Qr
‘b\"'\ 61‘ 'F'QT SaWg W\&N ] Shovene. - ||pI'I'W\tATV\\. 1deal "

A Y‘ckc)\\'c.o\\ ot o p\riw\ax/ ('M\ 15 QA
Prl'me, LY

Praaf: oY T be p\riw\avy anh ab T Then

(ab)" =" I For sawe e N .

Vi —

) . ‘ - W
S)\we. T PYI\M(N?’I we gz.‘(' a'eT oy K"” zh €]

| 11 7
For some w. ey be YT



A primary 1deal  which W radical s o
prime 1dea) |

XeA' is an rreducible vavieFy & I(K) ¥¢
a prime ideal.

Progf: &) Asswme X g jrvedualole omd et F%GI(X\.
Define X3:XaV(P)] amh ¥, = XaV(q). Then Xa,%eX
D KLuX e X.

LeraeX, foeT(X)] <n ‘F(m]s(c\) =0 sn f(a)-O ar
o\s(u\ff) SaeVFl or aeV(q) = X=XuX, -

qu)(}_ Gy ¢ C_\o'z&lk,bo kf iwe)uu\o'\lib of X one of then
s equal +o X

WLAGL: ¥a=~ X (K= X aV(F)

D ¥ ev(E)] D Veex. fuy=o = feT(x]

@) Acsume TIX) 58 o prime ideal. Letr KX,uX,
FQY‘ SHme X«,KL& X VOfl.Q‘\'\C\ av\o)\ Svppow '}Inv‘\‘ K;,#K_
We will show Tt Tix| = T(%2) -

X, € X = Tx] =T
For Ahe other indusin Yalke 4eT(X,).

X2 < X = ID() < I(Xﬂ >3 FeT (X\\T (X

Led AaeX be Qr\oi‘\'rolrr,ThQV\ ocXq Or aex'l., S0
Fal=0 or glal<d. So we have FCﬂ\atuPO Fow
eachh aeX. = Fael(X).
TX) s pr\'wu. an\ ‘FG‘I(K\, co 6&]?0()

D TR\ TK) =D Tk =T

 V(Ta)| = VKD = Xis ivedcible.
X % Z



A \\fpemw'f:ac_& VQ('-\ wheye ‘F iSq%l\Vo\vc-'FVﬂ’
polmamial i ieduible & T s wreducible }

fF= 94" 1”;‘*, 9; wredoaole =5 b =4 V¢
AN vedveible

Proaf: T(A")=10) & & prime ideal. N

V O\W)\ T_ Qve \mv+va\\ )/ ynvevse B\jeo\'\b\ng
) ) T .
o "7) Z— iprime \Ae«\\g-

Rewmarle: a\gelova Sleome Yry
(s, X0 A
muxwa\  18eqly ponts
vadiea\  deals affve oyt
prime tdeals rredvel o€t ive \avietiey
L A—
< T

Eoon affine va\vif:\-y X can be d.ZCOW\posecl
ay & uman X=X4U - U Xy, Wheve me Ny and Ko, Xim
ove Y\O\r\-cw\p\-y rveduahle  Voveties .
\"\m(cover' F X ¢X; whewever (¥, then Yhe
d\ﬂcompfm\-ior\ is Uv\fta\»e. vp ) pevmu-}q"r'\qn.

£ X=XV -UXm where Xa. X ave
wredvdlole varietiey aw\ X ¢ )("\ , whewever '\1-‘3 , thewn
Xy Ky ONR celled oF X.

chvewe: WNevozcepne  kompgnent



Proof: 1f X#£@, then the olwmpou‘r\fm eXisks
(o w=n)  omk s unigye

Assvme. wow +hat X £ @ .

Exitance of_the_campusiion:

Asstmg $hd 1o ckﬂ_mvm\o’h\.k'hh K=Xau- U Xm where
iy X ove Wredwelole exisyy . Then X iy redueible
(as aYherwise, X=X iy swon  dueompantian For =),
X = Xsu¥XQ ‘for sl \avigher  X; and 1(4" on o+
\eatt grne OF Alew s not & unim of jrr. varehey,
\KLOL - iy 8 X, ;X ey Yo e veducihls K’F‘G}/’Q
Fov yome wr. X'),)ﬁ‘ evdk at leuyk o of Flhew, 1y

0t avnian of v, Vaviatey .

We 3&4 oA sk—ioﬂ)« docreasmg  Chun 0F venahiey

X2XK, 23X %~ }f
L&) & T & T0) &---

This 1« a "o{-\rl'bjr\)/ \'“wea&.\wj R v of \eals
in K WKy Xvﬂ, which  contvedicks dwa waetherian pv'ndaeﬂr.
DX wn e do.mm\oq e W o umian  OF wredoble

varieties
U!h% ness - )< = K-\ U"'Ux\r = Xq\ U Vv K; W here
X.’.,){L\ Qre \vvétlbb;.\otll )(\'lé)()' }(,(;4_-._7(1‘ whanewey CFy
Tak &fb"“fu\:/ Le {’I,...m]s_

K= XonX = % 0 () U U Xs )

= GOen ), Ko iredaible

Tharefare X.:‘X(,ﬂXg\ for s § D X.:‘-Xi\
The Same ().v\ wert aws  tThat e exists Lelt.n
e ek Xie Ky ~D K e X X



E)f asbt/vmprm Q=¢ =D X; = XL.
=D We g,d‘ unigness (s ot lew | T =5\.

Emy;\g T\ﬂt ceudal parw‘- Wa ) 5\'9 5\'\qw -\-WL 'Fad‘
ot Feve dotd et exisY ow wFaude Sey.ven. ol
clowd svhets | eacn propely  cowhind v Fra previaws
one | X%X'\%K'La‘.

We YA hat  yarieHes 4avre

Remarl: In commytative a\gtbm An \'m‘mrhvw theqeun
sors that each ideal n a noether v \rfv\j cuw
be writlen e an wiXersechan ofF primavy Aeals .
US'\’V\‘j -\-\«\i; 'Fa.c.‘\ We QOV\c)\ pYD\M Jl theavew,
oy falaws -

1) T QA Q A A Qe | Op wary [V

X=V(IE) =V@Qia-- N Q)

SRV(CH RVRSVRVATIN

To Svw that  V(Q) dre rredvible apply T
Tv(a)) = '\)QT;,‘ = pviwe  tdeal V(9 redualbole
pYIM“(r ) .
£ we uw only wimimal  Prim%  (deals  over T(x)

Than we a\s9 %er- I ur\\g_uewcsg sdetewmeny |

AF. oktober 20725




1 PROVECTIVE VARIETIES

A.Projctive space and projective variehiy

L6+ \[ bt A F'lv{\\'b —-()\'\vvw/\s'mna\ Vc,cjror 5potcc,
over k(¥ alg. closed). On V) 10y we define a
velavion w~rr @ INekM{0) wen that Ar=hw.
Ths & a equvivalence relafFn . The &Vodr'\evﬂ' et
\//,\, iy cdewnated \3)/ PV ank  colled, the p\mjec—\-ive,
Spate associared Yo V. |4 clements ot egunalence,
Adases in V. sq \ines \rhmus\r\ the ovigin.

Dimension of PV:=dimV -1

The. wosY camman Si"rva\‘iqn 18 when V= “’\“M far
some nelN. W this case dimV=nt1, o dimPV=y
nstead of PE™ we write lﬂ: or waove svally BP0
We call B" +he s
elements (whiel, ave ines Ywrough Q) dve called

B s
R L

\Kﬂ\e,v\ we WOYL " FP“, we ;\qln.x coovA{ma\“u '\n
K™ fram Q Yo Wi (g% -, Xu).
T e Q&uivmlencc closs qf the Pt (Xo,)(q,.-.lxv\ 14
&\BV\Q\'U}\ \:)7/ ()lo'-Kf'--"- Xn\. W Videvadvie there ¢ also
notation [xotXq: )(.\—& Qv [K,,\X,“...\ K..:}.
So (Ko:Xq:e:Xa) is Yhe live 1w adk J,\mrwnh (Ko,x.,.-._lx,\\
Ow\()\ +he Or'vd\'v\" Koy Kay-eey X4 WL callech

of the point (Xo:Xq:: Xy} P Xo).on\ X

ave nat all zig.



The ponts (Ko i xXam X)) and (yaryar ot ya) ave
egual & FhekM0y (k. y; =hxg Viz01..n

\Xfe Cawn QW\\)&K A“ \V\'\‘O @ FQr eqo\'\ C=0,1.- N,
We c)mcme, Ui {(xe: Kyt k) PPy xg 70V
\F (xo Hatemt Xal = Yo s 2 V), +hewn y _)\X VJ 0, v
ok wo, Sa X ¥0 & y;¥0 = dhe s Uy
are, well deFned .
We define o up N
(Xagemy Xa) —> (Xa 12X 22 At Kgaat 1 Xy),
Thiy is o bijechion  with dhe jnverse
U — A"
N AP P

T\'\(; W\up is wel\ dQF\V\U)\I be-U-LUJQ. %s;‘;-- ’jfc.'

DWe can denkify AY with Up | (wost  commanly
with Us) and  consier 1+ as a subscape of P"

Us Vap. U ote uqu\\)f called of P,

PNV comsiske of 4l ponts  (XgiXa:: Xa) with x; =0
Put XoyXa, -+ -y XKi=aKan, o ku v e wat all Tevg, S99 WE have
W“\Vl: N Wn-‘\
K’(o' LKLt Q Xpar B Ka) (Xo'-'-"- Xi-at Kiaa: Kv\\
This g Qa b i e(.'\‘\QY\ Awp\w\ wiiaw

We Yave W“'A“ _\_W n

A Lines i xy-plant

EKQW\_Q‘L: WL / ,/ / / 251 ove in Wrjectinn

__V_.' S -7 - with points 1n |\




n This s vyvally called
A \‘\'@j e

We want to study zem loci of palymowiials i P°
ln P" we have hamogeneavs  coovdumatey
(y’-.)q et xv\ < kk’(‘a‘. ) N FLRLL ‘.)\Kn\\ 'For' X'# 0

80 FXaxa--i ¥a) i¢ wot  wel defined \We restvict
+o hfom'aﬂem.ow polyvamials .

Defnitign: A po\y nowial T € ki Kapry xa) s
s

FA o, Axa ... .X)(u\ '-'-)\AHXQ-X«----'Kn\
For each hekilny.

Stnce fk i whinde | +nis 3 eguivalent Yo that al)
ywonomials o F ave of oleﬂvce A.

—

Xomgle: X X4+ X% = XuXs¥Xe 15 owogeneons of chegree 3
X3Xa K" 18 not  howogeneons

d:;?) '&d%L

M\mm Let Sf‘-lki’(o."m---. Xml be a &&* ot hOMOazheous

polywamials . The se
V(S): = § (Ka%aio: Xa) 6™ 1 Florm?al =6 Far all Fes)

1y called +we of 5. At
XER™ & a iF X= V() Far some gef
S of hamor«m&ovs po\yv\om\&\ls ]

W S Faefu) We wrte Vi, Ful iwskad of AN



PY’Q&QC\‘WQ. T<Yo \o <.\ ave well dz{'inec\‘-

\F FeS (e Nowegamequy  of o\ﬂ.ﬂvce A, Fhen
B oy Aka, ooy NKa) = x‘}OFLx-,,...,(,\\ For all NelRQ10),
SO0 we %&’t‘ FlXz, o AK) =0 &> Clko, .y x0)2 0.

Re.wka'- VIS) cn wean affine 2Zero Yovs or pm)ective
2en Yoers. When dnerk tan W Cm\'lcvs\'ov\, we will wrile
Va.(S\ or Vp(&\.

l:xum,@!g; g'F' p ;'c.c;\-'me. yvarie \-\'e;_

(1) P =\ (9)

() 2=V(1), but alse @ =V (K. .

OV V is a0 veckar svbspace of K™ dhen BV @

]omje_c:\-ive. Variery W PN, becane vesdor svbspuces ave

NeFined by Nowogemeous linear eguatians . PVis called $he
of P

(4) Each point & o projective vaviety AP o (doraqs- - a),

then V[ aix-agx; | Q&i,yen= fal. Pranf: hw

October 24, 2025

We Winy dafﬁnb Variehes a\sd v pmluc} of  offime and
pm}u.—\-iu syaces, For exuw.pk' N Vav‘\e:\y n Am" ﬁm (s a
Zelo ows of o w¥ of plynamialy in K(Xy .o, X ghpeee, 3
Thed ave Nowogeneovs 1a IR ~arehly Yy Ly,
Exanpe:  V(xyd - kayay,t) € A< P

A\Iaf\!.‘\'y n Prx P" o 2o cvs of a et of qu)mqm'lqls
In W [ox -, Xm Yo ¥l AW ane hQMo%ZMoub M Xgje Xom
and  (wmaye oF o Aiffernt «.-hjvee] " Yo, Yn
Eblﬁw“)\v.i \/(%5')‘1‘/1_2" )‘1_3)/074)&“’""‘\?1

ATk P« x P i s'lw\'\lav\y



2. Connection petween <ffine  and _raroézc'kve_ variehey

Detinition: (1) An affine vapiety X 3 AT (stozec)

T OeX and For each aeX and eadh Aek we hayve
Mo €X .

(2) \f XeA™ 4 a cone dhen Yhe
of X 15 detived by

PX = ‘s_ (Gq"'"’-ch\ e p" ) (q,lu,,'___‘ %\&X\MS &‘Pn.
@) X<R™ s a pvo‘yo\"\ve. Varieky fhen Yhe
rs defined by  C(X):= 304 U {(vsran)e A™) (aor: e XY eA™

pquu;vam C '\ia\

\'F X is O Cone  awh (.U\o,u,,,..., o\..\eK oA ek,
Since, X s 4 cone, we have (J\q.,lxaql..., ka.,\ EX <)
PX s well-dafived

If X<A™ s o one, Thew PX i o ‘oméed-im
VaxieYy .

Proaf: X 15 an affine vaiety 50 X< Vi (S) for some
Sﬁlk[a(g,-..| x“l.\)(/e Cann O.\vwL '\-\r\q'\' $= Tq,(x\. Let
FeToK) s a\rb'\‘\'\m\wry. Wride - %-Fd, whene  euch £
Is h'\w\o‘xz\qmvs of almjve,c. L_T&Let'oorbi\-rav;f o€ X qnt)\

o«‘ol*mvf Aelk. Siee X is a comz , we hawe AaeX 3y
Flal =0,

A
oE FOW\\ - £q¥;(Xa\ = é_q)d- Fi(a\

This holks for each Xelk, k wFimte DHal<0 ¥
This holdks For each AEX, w0 F.',el"q(X] Fov each

We dnowed Hut Ta(x) can be cdqu*ed by Mmogene



parmomly . Le —-\-—u\‘(\‘ (S‘\ whtre ¢ 15 a zef of
hom'xazweovb pg\)rmm\'m\s. Twew

v(s'\

Wx; %(a\,,-_ CM\\ C-[P‘\\ (“°I"'|““‘\&>£\{O1)S
* 3t ) P | flan)x O ¥FES

;—' Vp(S\\

S v a ;9.4- Ve how\vacw.m._s Po ')’“"“'\“\\s @
WQ pTQV'G.(k +WQ wore "'\(“’“as'.

\{' S \y & B-'\_ O‘F hom%mtws PO\ynoVV{\o\\& “'\\em
WVQ LS\ = Vp (.S\

X cone = To(X) %,vaa&co\ by hom. polynomicds .
The cone aver o progehive veriety s o cone.

Emt)f-' \F X# 9" Inen C\X\ = {0\ which, iy & (one,
ASS\;W\!L '\-\I\q'\' X “\P“ W\ 4 mvveu.r;'\‘/ Pm}?.c:l'\'\&. \/mlé."l*y.
Thea X2\G(8) for  same >X S of nwon-cowitant
polynwamials \F FeS s hom. of Aoyvee A Then
PO =X (o) fhelk onA Y ac X =>F(0\=N.

C.(X\ = XO\ \V) {(“vl---- o'\\C‘-'A“M | [”\o'-""-“v\\ 6'5(!\
= {(‘\M‘\a,---, U\V\\GAWM\ {:(C“hfu.-u.av\\ =9 V'Fbslj
=Va ()

We knaw Q) gu) +hat if  aclf (), A €k Y
FOa\ =M@ =0 |, sa Aa=Vals). @



We praved alga:

IFf S isa ot of howogeneouy  palywamels +hen
CVp ) =V, (S).

The maps
X— PX
X)e— X
f-%i\v& bigckive corre.spm\dav\w betueen e comey W
Gl and pna'u-*ivﬁ vayietes o P”

PYOQF‘I50+h covollaries +ell dmat PX (s o prdaw*\-ive.
voriery [F X & o me gk That (X)) 1§ o comt
W X s a p\ro&zd-\{rc \rorl'?:"y. Wre ZWwee Yo prone
biyectiviky,
SUPPQ&L Xep™ ¢ o cne. Then we lbagw feom anc
of YW corallanes above +wul X =\g(8] for a wt of
hom. paly. S & Kklx. . vy By the otrer e cargllov:
CUPK| = CRVAY = C(Vp(s)) = Vals) =X,
Sl |y RLCxN =X F X ic a pr'ndzc"\'w variety., @&

Eacw pm"}cd’\\l& Va.r('c:\‘)r C A ®ero \octy of o
Finde et of nawngeazous POy womials .

Pront: X'=V?(3) for same &+ S of Tom palynowmialy
Then  C(X\ = V(X)) . LeY 3> Tu(CK)). TWwn we know
That & s F\'v(\’re\y %cum-\re»l (ki%,.., ) wedheriun)
3= (Fa,-.. Fu). We Yroved befove  thad hv""\'%movs

pas Ve §; amd deay Qbviewly  gemeatt (S

we MuQ o finte vwr S of o Po])/“gw\i&-ls



Fhat %zw»\’rt J.
= X= PN = R (Vald)) = P(Vals')) = Vi(s)

As i the offine cur | we con vie Fhiy corallavy to prave:

()15 1S;4jey KD, K) 18 & Fomily of nby of
hawngencors  pPalymomialy, +hen
Vp(j\e/ssj\ : J.QSVP(S,'\-
() \F Fa Fs, Aay o 4 ¢ S KD, - X ave \mmoa.evu(oub
pq\}/nom(q\s ’ $hen

A1 A LURTAAC Y 3¢) Vr (‘Eiﬁj 1 ?'L:S&‘-‘,‘)-

(1) & and P ve \qua,ec,"-;ve, vayictiey
(2) The WYeryectun of oy Fom \y of pmako-l-l've varichies
O pmjacﬂ'\'ve, variety.
(5) The unan of 'Fivf\'\-e-\/ nowny prra'zd"\\'/u \favie:l','q §
o prajective vaviety.

Proéac;\'ive. Vo ictiey Qve -\\Qv&ﬂm e)éau\‘\y e ¢ lowd
s on som. Yopology on B -

As in W abfin caxr, d\L Zonidi -\-opa\ajy o
sty of B s dhe velative dopology

LeY XQ“PY\A&'\' <X (y Zovh-clogA f theve
eXistys A prej. var. VeP™ st. Z=XaY \f X s a ).
var., thn e cloeh  sveehy are exactly $he
.SU\OVOch“'\l\.



As n the affwe ey | We alen define d’:s*iv\jdfsh:)\
open Svlasety i DUF) = PM\Vplt) where £ s o how. paly.

I oa simlar  way we can dofine W Zowaghi -\omhy
M awy prodoet AT xP™ < x P

Definition: Let X <P X s WF X=X, v¥X,
For sawg PYOF&V‘ Q‘;\kﬁ‘k- Sulox'l‘g X'h )('L < X I
oherwee

\‘F K a Pfoj. Vav., 'H/\ X s veheable &0 X 5 a
v of two praper  subvarnidhes

Eacn Proj. vay. XeP" can be wntten ac
X=><’\UX‘LV'"UX\M where, wmeINg ('l"\(k >41.---. Xw ave
iveedusible, proj. ‘v, Mawaver; i X & X whonavey Hj'
Then Fhis duomposﬁ\bn 'S UV\'\‘j_ue, vp 10 aw avder.
In Ty R X Xew are called
of X,

[PV\:A'\ Lwn-'\

Recall: Vi { (.Y.,-.---:x.,'\ «fP" s # 0)) =D (XL\

We denhifed V. with A"

Li= D(xi) e apen W Larigli Topolgy , woreover,
i\lg‘_“‘ U,\g s an gpew cover of P"

D We can consider A" as an open ovbset of P
We havwe 2. N I\(«.{ '\"DPO\%{CS ow A“ . ONL JQ'F\V‘-LJ b}’
Af€in  varicties omd O as & relntue “&'Dp’d\ﬂj}/ m P

Ave They eg\w\ 1



We will dentify A" with Vs.

Defivitign: Let+ felklx,.. ) he o Nowwgenevs  polwomial
of ¥ s the polynomual

P2 F (A Xo) € b D ),

De\‘\Q\rV\oaev\'\%a'{-fW\ ({ evaluecttim Xa=1, W Xy 1> a r;nﬂ
howamovphigim | S0 G 3\““ - f g,

({-*3\““: fe gl

Ddhmm LQ+ ‘Fe“([’(q\...‘ ’(.\] bt A V\IN-FeYyo rJQ\)N\OVV\loﬂ
ot cltu&re,e d. Then

'Fm": XOO\.F(-,%"J'.“' é:al\
5 a pm\ymmia\\, called Y of F.

EM&Q\L'- 'F(Xﬂy?.l "b) = 3(1% - Yoo * 7—x1.q-
o{u‘\f‘ﬂ-t => 'Fl“\‘x'h’("l"‘t.’(‘&\ = X ¥Xg2- %oty Xax 2>‘1t|'

\X/L MUL ('FQB ) - .F(h]ath\‘ l'.\l/'\‘ (F*ﬁu\) 7_; {_-(h\ .‘_3(“‘

\-{:m\qow\iml
may not bR
Womoyeneavs

Each affine voriety KeA"= Vg ch” @ of
the fom X=2aUp For same projretive. Vaviety Z.
Move greusely, i€ X =\ (Fp fu), We Way Yale
2'—‘ Vp ('qu o F,,\lh\) :

Proof: Let Fi be of cko.csme A For each u.
2 U, « VS L) A U



B, ot

= \[ao-on-.----.m)em“ | @924 Vi fe (‘,,...,u..\zol)

= {01 % G el | 4?0 WA R 0|
4 - ‘1

= {0 B B | A Owas R T % 0

= {(’l: '5;‘-‘:-'-'. Un c\P |a.,#f)’Viﬁﬁ.("l?.""'?,\“-og

x '1,(‘01.--. bn) € A" \ Wo. Fe Coape o) 101\
= Va (-F.\,.-.\-Fn\ =X

&

Both Zariski Topologies qn A" coincide.

We often stvdy apen svbsehs of propchive vavietie .
Sveh sety  ane called Varie hes |
Imporfunt excmpes of guasiprojective  vonichies ave  roj.
vavietes anh affime  vavicticy,

finition: Le 4 XcA" é_ﬁ)“ be on affine variety, The
af X s ¥ swmallest pm}w\ive.
vaviety That cantaing X, Ngthian: X

In Aeevar| X+# Vp(ﬁmp--. wsh\) if X=Vc\(f'1....,fm\.

E&\&L‘Li X_‘V&U(ﬂ/z_\)(,ll\: {(O‘O)l!_ X alss Wy Yo he
oONnNL ‘)Q'\v\"f v X = 1"(4;0..0-3])| but
Vi (X4, XoXo -5t} = {[1:0:0], Eo:o:ﬂ—& = X.

2V
let X<A® be o an afFine vanety aqnd X <P s

projec,Hue. cowre . Then:
('1\ XnVUg= X (2) X wredvable =) X ivehwuble
(3\ No wredvible compament of X Vies w V‘,(;(g\ (= hyper plwe al \'v\ﬁm-b).
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Proof: (1) We knaw that X=Zna U, for some pros.:c.:\‘ive
Vo\’icx\'/ E. 2 s a pm'y.u\-ivc. \m.rw('y '\‘hﬂ\"‘ contang X, <o
¥ a0 contning X

@) Suppre thatr X =Z U2, For some projective vaviekes
2,21, By (1) we gqef

X= XN Vg = (24 aV0 V(Z‘LV'J\

ZaUo anh 2,AU, ave affiw Vbx\fle-h'ts, 30 wedeilit,
of X Wep) fes X=% NV, For some 711, Z( s a projecive
vargty that contamns X, so X €2 X wvedueible .

3) Lt X = .U VE W R e dq_uwp'a'sl'\'\"m b jrreducible
components, Suppee Yhat 24 & \Vplx) |
X=XnAUg=(Rav-vEm NVq
= (240 V(24 -~ u=a) A Vo)
%

- 4
= (v - vrW)NY,

Zauru R, is & projeckive Voriety Fhat contuims X, 5o
¥ cantuing Y anwd  Yheve Tore

22, £
2, i wiedwible, Yherefore 24 €2 for some =7, .m .
Thy cmfradicds Phg fact Pt 2, ave mponents . ?



3 PYojeo-‘rivc, q\c‘\‘e.\ero\ —agowmetry covvespondence.

LE‘Fin}hﬁn‘ A Y\'mjfa\%cbro\ R\ WF we can write
T as a direet svn of abelian 3'°UPS/ - vedkar spaces

R=§R¢)\ sueh +hal RRe € Ry, Torall geeNs.

slovene: s*opni?a\\'

|F 'FG'M anl 4t Qe then -(:% &R g e. kalobuyr

We sy that eewent of Ravi0) ave

EXcm\ﬁ\L'- R’-\k[_)(glqu...,xa 1S a O.SWAQA \k-o\\%ekm;\:
P~"" .S.)aR’\ \ wheve Ri' iO\ Vv }h-:m'azw.ous pq\rwwt'q\s of Aglvee a\g .

Jed Tl Then § can he Uni-j,ve-\\f d.ccam-pogeo\ as
‘F‘-'.%Q-F.\ where TaeRg Tor each A gwd My Fﬁnih\/ many
f1s ove wonzern. The decomposition €= é‘FA e called twe

of f.
If 70, +hen the of F is Ywe luvgecy A & £.#0.

&{:Xn‘\'\"\gn"‘..c.'\' R be o cﬁVaM \’ling/ ulaﬁbYu\. An e\ TaR g
if it con be <d-tmw\-e3\ by homa«mcm e\ewonts |

awmgle: T=00, % -x2) = Tlxq, %) is o homogeneaws ideal.

Exomple: \F X is o cqne, then we ShoweX fwat L(x) i

\\QW\%&V\!QU&



let R-= éoll,\ be q3mhdx \rin3 and\ AR NS
Then the 'Follo\nims halds *
(M Jw WJYV\Oﬂcneovs & Lor cam fe) with h‘avm%mﬁ.ov\ docrmpnzile
F-‘?;H we e fa€y for eachd,

(q'\ \3| 54,.\1 \'\QWQ%!M“U ‘3 \);\'\' &1_ | 54’\ 3-“ J.‘\lq, . —ﬁ\ th\lW)

) A homoscncw3' Fhen R/y i @ %VMNA 'r\'ng with dhe
hmmaemmus okn.c-om‘:'a Siran®

R/s = @ Rafany).

1K l'wmrlo\\ism 4 hearewn

(Ro\'*l)/\‘

(W 1F R is woetherian ank § it & homogemears 1danl, then
d con be fa&mva‘rec)\ 1% F'm'\\-c,\y Mawy homocazv\m»s e |eweut.

Proaf: Exercise.

Definitin: (1) For o homageneaws  ideal 34k [x5,xa,.., %] we
MFML. V(\“ = VP(J\ P = {‘5(@“)“ H(K) Y hgmo%zm»ws 'F&J‘S

(2) Far X =" we define the as
I TP(X\ r= {Fe kL, .., %\ homogeneors | €(x]=Q ¥xex?,

(/I)V(n 18 well d(‘Fiw)\' becwue 1t is dafined owly
Vsing Namogeneon  Polymamials. If S 15 o homogeneov set of
Se,nﬂ‘ad'favs of J, +hen Vp(\)\= Vp[&\. VP[J) 1S QA pvo:)eoﬁ've.
vaviety.

(?—\ Th6 SQ+ QF all hOMO%e,neovs POVv\om'\q\_\ \/av\\'sk\iqj an X 1y
ot on ideal. To get IplX), we must dake the ideal geneted
by them.



(M) IF Xey <, then Tply) < LplX).
(2) For homoraeneovs 1deals T1¢1, We have Vp(fz) ¢ Vp(La).

October 27, 2029

led X<P" e an V\on~6w\p-\~)r )ovrq\)'ec:"\ve,
v iety. Then '[pbq = Tu(C(X)).

Croaf: (£):let Fe «Jok| and F-= i‘fa be Yhe homegeaeous
dl!-Compoa\'\"% of F.

W& ‘LV\OW +hat I\‘)(X\ 15 A hamo%cmotfs jdea), S0 'Fd !—Ipl)(\ 'FQY
eack o

D Al g%l 20 V(K. xu)e ¥
D fA (x.,.,,.| s(,,\\=g tor eclh pow\’t m  +he cone
2 fA € TulC(¥)) Forwdh A f eLy( (X)),

(2): We proved +hwat Tall(X) & a howngeneors  jdeal, w0
it % %thua\'\‘ed \OY homotazmow e\euw.n']'s.

= let I. (X)) = (g; 1i€)). q; eTa(Ux)

= Qi (X0, %o, K) =0 ¥ (¥o, %,..., %) € C(X]

D i (£, Kqr e Ka) =20V (it x) € X

D a; € Tp(X) Yied =@ IQKC(X“ cTp)

o) i always o radcal ideal.

€ X s a projectve  variety, +hen VilTpl)| = X

Prasf: 1 X= @, then Tpl¥|= |k)._>(g,x.,,...,x:3 and Vp(Iplx))'-ﬂ'
H: )(’f@’, ‘l’heV\ pte nov> prop'lsr"-r\n
VpTolx)) = PVa (Tplx) = PV (Tulc D)

= P(Cx)) = X



As in the offine ca, we have -
X =P is any set, then Z=\/p\]'_pb<)).

A‘F‘F\V\Q.. Weck\( Nd\\ssrdcv\sdl‘\‘t |f‘ji‘(1) 15 a Pro.oer |Jaq\
Fhen VL) #D
)V\ pv%ec.‘\’n& wose” VP (x.,,x,.,...,x.,\\= @'

Dei ) ) 1on T\'\'{ -\&Qa\ Io = (x0|x4|,---, Kv\\ < k[_x‘h’/‘l,-u. Y»:S
Called, Fhe

For a PV opRy
homayenexs idea\ 34 klxo %a .., % we have Vi) =B & ¥ = I,

Praof: (&): Suppose 43=T1,= (Xo, %m0y Xa).
=) ey For each L DVC.I N s. ¢, X; Nee .
SUPPOBQ 'H\O\Jf CYY PR O(n\ € \/p (3.
DY, =0 =D a;=0 Vi =) (0:0::0) e Vpl)DVp )= 2

(not & pro)eo'\'\ve pont)
3 Syppose. et V()= V= (1) = Vall) # %
d is a homogeneavs ideal | s0 3=(8) wheve 1 is a of
\n‘aw\nazm vs polymawnaly We hmw Vp(38) = Vp(s), Va4 = Vuts),
A= PVals) =S V) = PVLL)

0— mn-(,w‘ﬁ/ cone.

The only posaibi ||4‘y is V()= {(9,0,. )(|.
ﬁ)L(Vak_”\ -3 = (’(o ¥1. .xn\

N

For a homogmeovs 1deal

$4kt‘<o,x4,...,x§§ with 1[3'11., we. howve Ip\Vp(“)"'(/:\_'.

Praof: 1F Vpld) =2, then 3=(1) by +he propchive weak Nulslelens,
Thew U3 =(1) = Tp (Va(d)) =T pl9).



Assome now that Vpl) 79 J i a howogeneons  idedl , vo J=(s)
For  sawme et C of  homageneas  polynomiials.
LolVo () = TplVipls)) = Lal CWP (M) = Ta (C(MVal )

= TalVa(s)) =TalVa(d)) = 2
= ('J(["F\v\c, Nullylensats

The maps 1‘, v\ VP have simlar propertes as Ty owd Va.
In some cages we weed ko assume Yhat some jAedl s
not  irye\evant,

(1) We Wave « bijechon

rapchive o \ homgeneaws vadhical Vodeuls
{%“3{%‘-‘9\ d— n k[X,..., Xv‘] A-feven 'Emw.
W Vﬂ 10 = (x,“_"' "4

(1\ W& have a \)l o“floh
ckvc.\k he W ey
‘;:s : v‘ég I, { v et e Z&

VC-V'IO"'R-': Tvam Io ('Icol ,X-.\

DCFiV\'\'\'fQV\? Le} Ja \KT_)C.,...,)(.J. The of 3 iv dne
1Aea) %gmw«-\c& by YW homoguizations of all efements From ):

= (§"] Fed) @ klxomnen x)

Let XeA" be an affine varety, AU, <P"
Lot 3= Ta (XY™ 4 Kl x] . Then Tp ) =) ank R=Vpla)=Vp(Lix)™).

Zaviski <losvre

B\’ﬂﬂ:i BT Q“Ous\\ ta prove Phat  )=1,(x).
L€ iy enough Yo show tht F™ e Lpbd Ve Talx). Let £
be orbidrary. TX)ak[Xa,..., Xa\ € K%, .., X0). Let aeX,
& (ag:@qt - i0a). Sine X &Uy, we wmay ossume dhut 04=1.
= F (A, 04y.-, @) =0 [f eTuly] ac¥)

™ (0, v, ) = w~ &) 20> el



(2): 1+ s e\nou@\ o shaw That F e for each \r\owa—lne%s
f tnat vanighes on X.

let Felplx), |F F=x°'°§- then alse gqeTy(X), becaws
XUy, and X,#0 on X, Sp we assume that £ iy pet

Avistble by Xo. Let a=(as,a4,.., aeX be arbitrory.
We can assvme ag=1.

‘F&Ipb() =) F(4| Qa‘.--,q“\ '-"0

D The poly namie) T () %40 ’“‘\ vaishes on X,
= £, 1., k)T ()
f = 'F('\'V.h...,fn\ (wy =) F & 3

‘Q(V\O'\‘ d\'\its\'k\\e \'J)f )‘a)

Exaw\p\e." X=V(x,, X1.“>(11\

The kel (X4, -5 = (%, %) s homogenean,
J

S JW = (¢, %) 9 k[ xal D X = Volxas) = §1:0:01Y

let XEP" be o prajective vaviety ol
Yie Ta (X n W) For T=0,.. w Y Kkix
T\'\U\ IP \X‘ = Jom nj«u\ A== N Anm-

||||| x'-"“lxl'- 1 l"-lx"\_s .

Proot: X = L(:)o X n Vi) /Tp

proposition

a n i w
1) = Tl b)) = ALlav) < ALa)" o



III.MAPS BETWEEN VARIETIES

/. po\ynow\ia\ maps and caordivate vin a

In +hmis  Sectim e.ve!ry"rh{v\s will he ciffive.

Definition: Let X €A" be an offine vaviety and Fekla )

a Polynowial. The wmap X —3k, o+ Fl) iy called o
on X.

The 2t of alt po\yv\owu'a\ Fonctiony gn X is o \r'inj

far po\'n‘\"w'\se. addition  and Mu\"';p).tq‘hbn. We cqll 0T

The of X. Notation:

et X <A be an affine variety. Then
KX T k.., xa JUX)-

Mi let &:k(Xa,.. x,,:& — kX ve 4l g Jatined
by f—(a—F@). i q ring  homomorphism and,
It c\ea\-\y Swiective, £ KIX) = kla,-. "‘:l/kerE-
Fekerd & $a] =0 Ve X @F() € T(X).

= klx)= k Doy x"-S/I(;q-

KA = K fxy . x2) L (A") =(o)
(1) kIXT is withvt nilpotents. We say it s
Q) K[X] b & dowmain &> X s wwedudible.
Proof: (1) Sowe power of o Fumction 18 Q1 the Fundim s O

(.7—\ I‘k[X\_S X k[’("-----";l/ ]_(X\ IS O AQMa'm &5 Ib{\ wQ pn'w. ke
& X 13 '\V\reclvd‘o\e._ %



I+ X=xu v X & Yhe dszc.ompos'r"ffah of X mio
irvedviible c.ovv\p'o\wl\*s‘ Fhen kIX\= SEATTENNFNY
Commututive Uglva s Chive Rewawmdey Thegrew

RDefimtign: let+ X< A" be o \IOlY'fQ'\';/_

() A of X & any svbwt of +he Form
Vi (9):= faex | £la)=0 ¥fes)

where, S<kIX].

(2) For any svbset VeX we defime the "
kOA by L) = 1Fek(x) | $la) =0 Yaer) oKX,

The m«ps Ix omA V,( awe the %\\0w§n5 lompex-l-ies .
() IF SekIX) awk §oki(X] s twe doal gguerated by S,

Fhen  VeCS) = Vi (). |
(W) k[x) is a gquoetiont of a vorthevion nny | 5o I+ 1y
noethavien = SVavawiehey of X awve of v Form Vc(S) fo

finte S
(3) Svbverietries of- X ave preciely +h vonefes that aw

contaimed i X.
(Ll.\ H: )/ s QA S\Ibvarie,“'f of X | ‘\'\'\QV\ omavphism +heone wa

l
= ey X __-:’: k (o, ~
(5) Vi (Le(YN=Y if Y is a suvbveriety of X.

(6) -
IF 3aKIX3, +ven TViela)) =7

('-?\ Versions of properties From i mopaé.\’riqn with 16
progerties For V anwd T Ywld.

(B) There is & Yorjeckve conespondance loetween svbwarieties
of X and vadical (deals of KIX],




Ociober 2¢, 2015
Definition' Let X <A™ and YeA™ be affine vorietes. A wiap
P:x —) s o if +here exist PO lywamials
Yo Tm € kxa, . X0\ such that d(al = (f,(@),..., Finla)) For each
o€ X,

PQ\)/V\OW\'\a\ mayps are continvows in the Zardsk '|‘1rn\ojy

M: et KsA“, V7« A" ond ¢:X—Y a pO\ymw\'\o\\ Wy
Then dhere exist polywomals §ap €k {xa-x) 5.t
'KC\-\:(F'\LU\ (R f\n("\\\ Vo\é X. lex 2&Y be a C\OS&}\ Sv\ys{‘t‘,
We have to prove thwat - 4(2) is closed., Z is cbrd w
Y, which i closed in A 0 £ iy closed v A so £y
on offime varieky, Therefare there exist g, ,csteka,, '

S{' E V(SH cﬁl)

07(2) = YaeX]| Q(a\clg
= {aexX( q;(¥a) =0 va=1,...,x\
= {aeX| aitfil, . Fulal) = 0 ¥2

Obsexve that Qi Fal%aiey Xia) foey Frl Ky %)) 15 A po\\/naw{.u] far
each . So ¢-4(2-) iy an affFn Vﬂr}c‘\‘yl 50 o in X, 7

If X2 s a palynomicl wmap amd S 4 X any
30\):::.‘\‘ +hen Q(S) q’(&\

£ X s an wredwable variety and $-X — Y i
a \oo\yv\qm(m\ way, then 1K) is  {rreducible.

Proof: Assume that 8= 2,02, For two clsed subsets
24,2, < 6TX]. IFaeX is avbory, Yhew Hole dX) = Zauy,

$0 Qta\Ez?(.;,\ For some ie {424, We Showed that X< (zdu i),
aed (2




Since $ s Continvas, §7(Z,) and §°(22) are closed, and
edwibility of X wmplies K‘Q"'(Zq\ For some (e %A2).

= PX\ = Q(¢(i)) =2,

EL_ (1N c,\ose.c)\l S0 XY €ZL = 2 is not o proper subxet of
P)=D BUX) is  rneduwible

IF & A"—>X iy « polynawmiel  Waap then
P s irveducible

T\\C ]mwf. of a Po‘)fVYaW\'\u\ map 1S no"r V\eCQSSO\fil)’ c\ow\.

Excngle: X=V(xy-1), &: X —A" projection

n

B¢ = A0}

The '\w\wac of a polynomial mag is alsg not necessavily gpen,

Examgle: A" — A

(xl)’) = an xr)

What i $IN)?

\F X#0, we Cun X ol pars of T farm (x,2), zeh’

If x=0, we gt only (00). //
= (A = (A" x K vi0,9) . —

s
This is not open in A ? -




Definition: AFFime vanekies Xank ¥ ave i there
exist polynomial maps 9 K=Y aw M7V —K s.t. bovei),
onh Yo d=1dx.

Bifeetie polynamial maps are net necessorlly  isomarphisms.

EXsmgk.'- X=V(x1-75) , P A'— X
£ (124
‘NA") mdeed lies o X @) -(¢Y2=0Q
¢ 15 a PO\Y“M\G‘ W\(Ap (Nl\lx Vs inje(_-\.'we_ :
I @5¢5) = (wb ul ] awh $#0, then ::1;:::\ R

The wap § s als 3wjeojr'we.'- Ly (ab) € X awh Swpfose.
a,b#0. o -
A8 - (%% = (T %) = (e

(@hex = a*=Y?
= d iy a bigehive polywomial wmap, bu-\- it is nat an

isomorphism  (prasf lu’ter)
X Yy a cvsp wa (0,9), /—\
v A4 1Y SYhQ0+h

Compasition of polymowial wups is a polynomial map.

Proof: 9:)(-—))” T y—z, )(c_._ﬁ\n' Y Q_A\M’ E&-A‘Q}
Y P‘ﬂyv\om\m‘ waps .
=3+, Fm E"k[\(o,....,)(“l s.t . 4la) = Fala),. -, 'Fm((a)\ \Va&eX
344, 4 € Klxan ] ok M0l =(qlo),-~ 440 Veae /.
Yaex : (7o) = P10, Fwla)
= (Al ey Buldl), <oy Ay (Frga), . Fimlal|
Companents ave po Jymamials, as they o camposibans of polywmicd;,



led xe AY, V€™, XK= « mayp ank T 7—A*
he +h= prb&ec:l‘ion 1o Yhe (-th compovent. § 5 a pfl\yv\mu'.l
mop (=D ail\\ comp%nhons T 9% are rota\ymw\w\\ funchane .

Proof: D) Follows From Yhe previy lemwmy .

(&) Svppose that o P 1> A polynawial fumetion For each &, Thew e
Afie ke, ) 4. T sla) '-‘-'[-(,(0\\ Na€X.

= q>la\=—(£,(a),._.,+‘m(a\\\ => ¢ s a polywmial wap.

let P:X—Y \oe. o pq\ymw\\u\ wap ok 3e\k[7’3
Then a0p ek[X]. X —sy——k

DeFiivyign' Let ¢ and, Y R as in Ywe cornllav/, The elewment
?Qelk[x] \s Colled\ +he (slovene: pov\e,\c) of o wder P.
W will denete it by #%(a),

et #:X2Y be o polymomial map . Then we have a wmyp
o* kYY) — kiIX],

& a \nowmephism ot \k-a\q%ras

IF 9:X=27 ond t:¥2 2 ore polyromial maps,
thew (1o4)% = 0%e

The ay o — P* gives o \oi'sec.'l'\'an between the set
of polymowial wmaps X227 and dhe et of k-algebra
howmawarphisms (Y] — Kk [x].

Proof: ¢MklY) = kI (s an algelora howamavphism by the
lomwa . We howe, o prave byretivity



IniecYivity: Svppor P, ¥:X=) are polynominl maps s .
Mo * K[y k(x]. pely P
O¥(g) = 4l e ki¥]
3P =0T - Vyekly]
bla)) =g lv@)  Yaek[r), Vex

Let ¥apFo € () %) S:4. B(a)= (F3(0), -\ Fwla)) VaeX
b W ¢ KL%, 0] sk Fle) 2 (@), Mlal] YaeX

= 3('F4(U\|---- ‘FMU\“ = 3(\\1(‘\]..-., hm(ﬂln chelk[ﬂ [ XD

For o we Yake pragotion 4o $he i-3h Componnt
Filal= hila] VacXye
=>U:1(,b\\'..-| 'Fw\(.”‘“ > (‘M("\I"'lﬁw(ﬂ\\ VYaecK ) ® =V

Swy&\’\v'ﬁz'- Letx F: kly)— k[xl be ‘an\ownovr)\'\ism of
k~algeloras, We have to shiw hat theve g ct palywomial Wiup
DM:X—=Y 5.t F=9%
XA T «A"
Then k[)’j = k [¥a,.-, Km-_\/]:(ﬂ ,
FQ‘ L=y Mgt Xo = Xo+ I(Y] é“k[Yl.A; Q 'HIY\(-"'I‘OV\ o
yl Xy s Yh prn}Qc“\"Jh Yo +we \-th companent .
Define  ai= FIZ) ekIK) for A m . Comyider o oy
pq\ymw{\a\ Fometiony on X

4 X— Ik

A — q; (CA)
Define $: X — A"
a +—r (q(a))..- %m(ﬂ\\

R kR
et neT(Y) cmhaeX qv'b{\'varf. We have Yo show +hyt
h(®Hlal} =0.



h(el) = Wiq ). ., Amla)) = (o, qum) @) =0

h (‘5»\,.... ‘ﬁw\\ < h“:b'ﬁ),---; PL?;_))

F Wawawerphon ofF 5 - F — —
u\%e\gu.;\ ‘;\ l‘:\ o v - r (h (xd 1 x\h\\

P alymowases) = F (n(xq..., X\ .,.'_\'_(yn =0
——

e1lY) j
N~—

=0 W Wt 6] /g (g = KD
F=9' & FiR)= o4F) VFek[7].

-— -y,

Fanh 8% are  alylonn omomorphgms | Fhrerefore (1 emuh
Fo chieck the eguality FE)= 4*(f) on Yhe ganetors o k(¥],

Le. on X4, X ..., Xiw-

Flx) = 9" (%)
For cathh aeX we have &%) (a) = X: (b("\\)
D X (qala) -\ ela)) = Qi) = FOY (.
'me‘;zo’rmn +» EN ‘b* (%) = FKF‘,\ |

i*y c'awmmm"t

There is a ontravariant Fumcray
{q}f'(nc vow'\'e’r(cs‘g — iFin‘.\e\/ gewerated reduced “(-u‘adow\s‘g
worphisms © oo |)'mw\\'u.\ maps
O o\oélu‘s" K— kIX)
On wavphivms © (9:X=7) — (9™ kY] —> k(x]) .
Moveowr, Ty Fn\\ow'\m\ version of Sw&ed'wﬂy holds® 1F A
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