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let+ X be a qua pm\'scc\"\vc variety anh ¥ a clased
subse..‘l‘ of X. Then dimY = dmX.

Proof: IF @=2,$2,%2,S %2 Y s o tham of imoluble
clowd svoeds of Y, Then Fhy s old w chain of iwedocible
C\sS&x Sll\ast.‘\s Q'F X.

If X is &« LY prq_\eu\ﬁve variety and X=Xqu v Xe 1t
the decampsition Wte irredvdible componenty, then
dimX= max iokim ) T olimxr‘g,

Proof: duppose DFZy922,5-22,SX is o chain af nedble
closed ghseh of X. Then we can write

Zn (ZanXa\V (Ran X\ -~ U (Zh aX) .
Zn s '\rmlutl\‘o\z, 80 ZneX; Twr some L. But then
D#£2,92,% -4 2n is a chom of irredwcible clowd gvhels
of Xi. = AimX €dimX; For some L.



The neguality dimX; £dim¥X Yo holds by the previ'avs |emms,
L0 we \ave e.g_\.a‘\']'y for some L. 2

Eggm‘;]v An veducible Vor\'t.‘\‘;' of dimensin 0 v a po]m‘l“,
and each powmt is an rredvalle variety of dimensin O
Suppose Xis medudble and wot & pomt, then {63 S X 15 a
o\m;m 0{' wredvable  Svbhveariedes ‘For some. de = dm X 21.

If X={al, ¥hen it is clear that dmX=0.

By the lewma, it Follows dhat o  varidy Was chimension 0 &
¥ 1s . Finte union of \oo'm"rs_

Definitign: A quasiprojective  variety s of ol
if each ofF 15 Irredvcible cqvnpone,rﬂ-g hay HKimension A,
clovene raonaterasy Ciste d'\menige,

Examgle: X = V(x)v V(y,z) ¢A”
T

[ : :
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Definition: Le+ X be o g\bagsipm)‘eojrivc voriety ond aeX. The

of X o¥ oo v the maximum af chimensions
of Yhose Ivedvable companents of X that contuin a. We
dewote it by

E Xownp\g :
A;‘"‘A X =-Z

)
A . dimg X =7

C A X =1



Definition’ (1) The of o ring R (commituctive
and with identity) s
= Svp 5_“\ R&Prs-sPiSR 1y o chuin of prime \dady 5f RS

(7—\ Let ToR be & prime. deal. The or of
L ShET = sup | PosPagrr SPaeT s P
(3)IF I9R is an arbitrary ideal, then +he o

of I iy defined ag = ~ Minih“'? ) T<P P prime ides].

EXOW\p\cs‘ ) The dimewsion of o Field is 0,
?_\Principu\ (A2l Aomains ave of dimenuam 4.

let X be an affine variery and Y an wredveible
Sbvariety of X, Thew
(1) dimX = dim k[X]
[2) codimy X = c_od'\mw[x-\_fx(ﬂ.

t in of
Proof: () dimX = sup 0| #2652+ & - G Zn € X 3 BN Huiis )

irrechycible .
P sup L0 IkDet)= PovPa 23Rl o)

il ps > & o chuin o prime
e A7 Svp [ “I lt[(‘ll"‘lx"l/l(‘\iQo 704 Z -2 Qp rkealy in k[ﬁ ]

ﬁmalt’#m = him Hl[K-S

(1) Y is inmeducible = Iuly) is o prime Weal  wm K[X].
C.Odim,(Y = SUp ihl FeYoola S - SYneX e A" Vi iredvaible vanehes = AH‘S
= sup L0 |10V 2 P3P, 2-27,2I0) P prime. deals o kx4, )
geethient "< qup Il TH)/T0) 2 Q42 Qa2 +2Q0; O; prime idheals in KX} Y
= codim real A Ikl 7

A similar  Eroaf shows:
dimax = Aim OJXI“"



1.1. A!gglgm'm resu[ts on dimensign and thein geomelric comwguences
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If Ris a wveetherian ving, then dimRIx1=dmR+1

clim“([qu....)(“ =n.
dimA = n
E[OQ‘F" di\m »\“ = o‘im Ik[A“] = O\‘W\ I‘\: [x1|.--| Xn\=N.

The dimengsion of each affine variety is finide . If Xis on
oaFfine vaviety in A", then dimX =n.

DQF'\ni-\-ion-' let FSE be a field extension.

(1) Elements a,...,un €E  ure over F f
Hrere. exists no  nonzero polymawnal FeFDe . x.] such Yhat
Flag...,an) = 0.

(2) The oF E aver F 1y the maximul
possible number of elements of E +hat are alyebmically indepenclent
over F. We denote 1} % . transendencna s’mpv“'u

let R be o Fin’r\e\y genemfed domain  over k. Then
Am = TrclecikF whee Fois P Feld of fractins af R

Let X be an wedvable affine variety Then
dhimX = Trdea, KiX).

Emgf‘- dimX = d\'mk[)(l
X1 nedvoble KXY is a domain. 1+ is also Finitely geveweted.
Aprﬂy -H\e_ PvtvaUb +heorem.



Birod‘iom")' eg\\,ivalev\‘l’ wveducible  varedies
have Yhe some dimension.

Le+ K bQ [} 'FIV\\"‘C\/ %CV\E'&A{‘CJ\ ckiwwt'm Aer lk T"\QV\ Every
maximal (with respect do inclusion) chain oF prime ideals in R has
|eh3+\r\ dirvk (it hay diR+1 prime deals  anh AimR  inchsiong |

The Yheorem doey wol hald For genevul noe Therion rings. I+
T8 \'Vnpmrhm‘\' thet R s Fiv{t’te\y gzv\cro&e.rk dawmain  over o feld

et X e an ivredviihle olfine or projective variety
and Y#Q i+s ‘ivedugble SV\ovCarfe+7_ Then Aim X =dimY +codin, Y.
In parcl(cular" if aeX, Yhen dimX=cdim, 1a3.

Proof: We prove the stutement for affine X. The pron‘F in +he
pmjed'\'ve. cane iy S\mi\ar, we huve t vse SIXT mikad of K [x].
Lot n=dimY anh w=codimy”. Then Yrere exist chains of iwvedueible
affine variekies @# X, &X, g G Xa (94

SeYo &Y% S MmeX
Xond 7 ave iv\fcduc:lue.‘ so waximality mplies XnzY>Yy and YmzX.
So. we have a chain of irreducible aFfine vaneties
FELGX T e XY s Y18 & V=X,
which iy maximal with respect 4o melvsion, We apply the wap
Lk Yo Q)e,-\- a chain of prime ideals
KIXY =T, () 2T eloa) 2 2 Te(Xnl ¥ Tu(¥a) 3+ % Lx(¥a] = Lelx): (9),
whith ¢ maximal  with respect Yo inclisan .
By the alaebruic thearem we gt dimk [K]=nem DdimX=nn,

I+ 15 I'vnporhw\- that X ¢ ivedveible,



/_,,,co\d}.‘b\{
Exomple: X=V(x\v Viyz) €A =dimX=2.
Y=V(rz) =>dimY=1
Y is an jvreduirble compom.w\- of X, 50 there is o wreduaible
variety between Y and X = c,o:limx)/ =0.
D dimX F dim 7 + codimy Y

If X i an irredveible oFfine or ]Om‘]ec.-Hve variety aud
Y is its proper ivredviible svbvariety, fhen dim Y <tua X

Progf= Y':'l X N a c,\'\qin o‘f‘ llweddoiut Vc.u.rle:‘-ics ’5cod\'vv\xy 7,4.
Now appl/ the +heovew.

IF X i vetlvci‘oh., +hen we can have dim 7 =dhimX F ¥ ¢ an
ivveducible cnmmncn'} of X qof lorﬂes'\‘ Awenn.

If X <P s a pm:)ec.'FNe. variety, then dim(C(x)=1+dmX,

Proof: We can assume  that X i iredvale . Let n=dimX. Then I o
chon af iwedvable  variehey: & FXa 96X & ¥m £X.

Then 27301 S () S & CLXm) £C(X) Ts « chain of wredueible
offine variehes . =§o\im<()(\ Z Avdim X

We do T some for e cadimensin o ae:‘r cadm Ama"l‘&cdim an-
By The thewem we get ne+4 ~AimC(x) 2 N ~di X &> Jiml (K] & 1+dinX
= diim Cx) ~ 1+ dim X. 2

What we praved for affine vaviehes alsa Wldy for pl".y.Cc.‘HVC
vanehes .

diw" = 1



let X be an ofFine or prjjective voniely irredvaible, gud
let V be o nonempty open subset of X. Then dmV=dimX.

Proof: Assume that wn=dimU Then there existy o chain of
iredvalle  <loted sulosers of V: 27z 2.4 -2, U

For each & let 2 be the closwre of Zi m X. Then

0F 20 $ 245 SEnEX is o haw of irredvable subvariehies of
X= AdimX 2 n,

COV\verse,\y, assume AimX =y and let¥ «eU. Thew codimdad=n
and trere exiske o chum of wedvable  svlovarie e

F#lal= Ko e X --eX, € X. Then Feie) $XV G -S Yaal € V i3

o ain of wreducible closeh subsets of U

If XinVU= Xiegn U = X, 0V = X.nU

(vsing iveduiilidy of X)) X # Fian

D jnclusiony are girict D dmUz n )

let X e an affie oy projczr.%:e. voviety aud U a
dense. open cvbsel. Then dimV< dhim X.

IF X is an affe  voriety and X twe pm\)'eu\-'we
closwie, Yhew dimX = dim¥X.

dim (P"<P™) = vim
Praof: P"xP" conduwms the open sery A'XA”

The lavt corallary  holds wnove 3enevu\ly. \F Xoanh X
e any vaviches | Yhewn Aim X% Y = dim K+ dim V.

The proof of +he vewmark 15 lef+ as an eserciie.



The magye of the Seyre  embedd g

d‘m',\" ﬂ)th)h 3 Ww'\\&-\ﬂ\--\

(CRESPRY (Yovaery) =2 1Ky, * Kol # X2 Xonhh)
has dimension mtn,

Proof: Gran is 0w isomorphism, 1o g maye.

The Veyonese vaviety ValP") hae dwmension w.
Ya : P" > PN Veranee wap
A=2,n22: (% Xq: Xq) 3 (4! Xa¥s " Mo, ¢ Ko}t x“x'l.:x‘l‘\
A=5n2 « (Ko:xai ) =3 (Ke® : X, ¥t Xaoity %o Xyt oo )
dim Gy (2;n) = 2(n-2)
. @x(n-0)
Proaf: We covered Gr (2in)  with open Subseds isoworphic }, A [n-t

Recall: IF F:R—>S & a \\ow.\vnovph'usw ¢ vings then S becomes an
R-module For the agetion vo= F(r)s.

In par'\"lwhr, i R oa subring ot S, then S is an R-woddle.

D@Fini‘h’ng‘ Le_+ V\ bo_ a 3\,\ort'v13 g‘(‘ S. Av\ e,\evnev\’r SES o Y

(celosien) qver R 1f dhere exist nelN aud
Qn\a’lr"lah"le p‘ SV"‘\ '\'l'\bd' &h"‘ ah_ﬂsh'd-‘-....} A, *0‘10.

E s o rootof a wwwic polynamwial with coeffiverh W R,

[e¥ S be a F’\v‘u'\'ely %enevc:hol Rﬂ\azbm. Then g
]n’re«Am\ ovey R LL.e.e.vcry Jdewent of S i '\n'}c“ra\ over R)
&S i Fivi\'\t.\;/ ojenem'\-cd 0y an  R-wadule.



et PK—Y he a Aominani reglar wop  between offine
variehes  Then ¢f '-Ik[Y} %Ik[)(] s an \'n'se_d\'ue hawawarpha.
of ings.

= We Moy View \k[Y} Ay a subrinj of k(x}. Ao, ”:[Kl g
o wodvle over kU/].

Defimition: (1) Let $:X—Y be o dowmimant fﬂju\m wiap  betwen
offime voriees X andk Y. 9 s a or

0\ kb(l S a 'F\'v(\"fe.\y %mem-{-ed\ IV~ modve (@ every eleedt
oF KIX) is integral over kYY)

() Let $: X=Y be a dominant Y‘e%ulwf‘ wuap  between
%ws'\pm;\e.c:\"wc. verieties, iy a £ for each
a€Y there exisk am affme oOpen V\e{%kbfowhw& V of
sven Ywat U= ’b-‘(\/\ ic aleg atfFine o N, U=V i a
Tinite wmap atavding Yo (1),

Finite mofp\r\ism has Finde  Filbers.

ProoF: 1+ is emv:j\'\ +o check Fthic m the offine case. Let
&:X—Y be a Finte marphism, XeA" Y eA” offine wmehes,
omdh let yeY be arkitraery anh xe $7(y).
ey Ma, T be the coofdinate p}oj-ch?\m X —k; (uq,..., 0= 0; .
let (e n e arkifrary, TILERDXY $ is o Finte map, So s
ih-\ecéra\ over k[Y]. =3F, 4, Fmea C—.H:[Y:S c. +.

S A (Fm )T O EN T ¢ 4 () =0,
We evalate this i x:
Q=T 0™ * 6 F ST 0™ - 4 #1(6) 6AT, ) A (Fo) (<)

F0A™ 4 Fa L (VT G e+ F (0T « £ (01)

= T ¥ Fiea () Te™ " eme Saly)Mile) vl
D) 1 o voor of « polywowia) o dusvee. wi Dfiwdely many



poscibikdies. TWs Wolhy Tor each i = we have only Findely many

Poss'\\i\\'rl—\'es for x.
Jdanwary @, 12026




