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L AFFINE VARIETIES (Afie vuznoterosti)
/I.Re,cap of bayic nohong
A po\ymm'\al over o \;'“'3 R 1s a Tarmal expYession
Pbx)= Aax™ + QyaX™ 1+ Qa, Where ag (-_?.I y\=¢Aecire< of P
(if a0l . The =¥ o all pOI/mv;n\q\\ m X over ¥ 1y denoted
RT_KS An ‘l‘iv\gs will be commuiative and with 1. R[X} §
O Yo Far vwval additior and Wu""l'p\-lcfd“bh of pOIynom[mls.
SVprsQ Lo SU‘OYIinﬂ ()F VY rivs S and a6l . Then we cam
compute A" Yo,.0 4+ 0, €S . We denote thiy clement
P(O\\ andk call 1f the valve of p at a. If p(O\\"’D, +hen a
s O YQ'\'\'/?-CVD of P WE, have a pQ\)’mw{\a\ 'Fuho'}'mn
S>3, a +— plal,
Pﬁ\)’mvn'm\ m Fwo vaviabley x ow\g\ X with coefficenk W g
ring R i an exprcss;on p(xy) = y2 .éqcsx.‘y% w here og€R.
The expression aijx*y* iy called of “Wanamial . The deqree
of & manamial s("-)/.l 1S f.”', The deqree of 4he Po[y\..,mé\
p(X|7\ = WX i&*‘j l Qi,ji‘O‘S. The Q,Q‘\' of Al FO\)’V\OW\\::&\S n
twa  vaciables s o ring. We denate i oy Rx, ).
RIx7S = RLALA = REALE
')'m(\\uv\y we defne g\)mnw'\\qls in more variables
R4,y k0 = ?\D(n.--- , Kna [’(*\-S :
IFf R s a Su\ov'mo) Q'F S awl p&R[_Xa.,.--.)(..] awd
aE(ar..,Qn)es", we can comprle p(ag.- an ES.
We %z’\‘ A Funckian — 3, A .

e} R be o T‘\V‘\A. An Wdeal of R v o whet TR <.t




L\IF xy €1, then xiyel

W )f aek omd\ xel | then axeT.

LaR

If on Veal T contams om wwertible element | +hew I=R.
if MeR |s some et then

(M\-- i éq.,)f,_ lV\GN a; ek, ¥ er’\\ N aw dea |

We call it +\\e % P azmwd‘e(’\ by M. T M= Lmamal), we
write (X, A ngYead\ s;f (7., %43 )

I"P\\; Fmr\'e!y %Qqu“CC,\ of 1= (M\ where M W & F;m'-l-e
tet. L s a principa) ided\, i L=(a) For yome aeR.
A damain wheve every weal i< pT]V\ufp\\ s called a
privecpal 1400\ doman (PN).

FLAQ & a PO if Fisa fekd. A payvomial riwy in

wmore vavinbley iy wmt a P,

led R be oo Jowmin. An clement Q7a R c frredveible 1F
it iy mY invertille  amd & canmot ke writhen as @ prodct
of wan-mverthie elements. R s @ um?*u {:ac.*‘m'tﬁ'\'-"\“
Ao (UFD-)

ﬂ Eacw O#acR can he wrtten w4 Form A Upspn
whese W is wvertiole  and py,..py are  irreducible .

iﬂ | £ A= 41"3\1---9\,,\ s  OwaYwty svcl Qx‘)resslﬁn| +hev\
Mm=n and tThre exisk o perMu-\ro\‘\\on T of elements
Wa,.c0y Wa sX. d: *Wi Yna 'For wach 0, WLSO\}« 9. o\m.K
ht\ ove assqcinted.

PQ\;’V\'.!W\\G\\ Y‘V\')S W Oy nuwber of vaviables mver o ficld ave VFD,

PID = UFD
&



Far a V\V\cﬁ R +the 'an’.)\n?mj ave egiva leat
O Each '\_cha\ 1S F'm'\’re\/ %ﬁhem¥<d_

(i) Eacw INCYEaLing Seguence of daaly T1&IL €T, <---
Termwodes, ie. T =Desq= I,,: - Tor some wm.
Wi\ Eacly -Faw(\\)r ofF dealy in B Wey 4 wmaxima| elewent

(Far inclvsion).
P,_Y_@_f: Camwutrchve ul‘j&brm.

Defivi Yign: A Y‘ivw\ SCI*‘ISf'}fI;Mj +we above pmper¥ne3 I8 ex|led
7N V\Qe‘\'\\ﬁf{uv\ V‘\'\r\% (md-hcrski ko‘q\aar\.

’l\ Eacw PID is woetheriun.
FIx) ' noetherian if F s o Reld
'2_\ Each q\vn'\‘\'ev\\' R/ T of o v\f)t-\'\\e\nbw ring R

15 MQ.'\‘\'\QV'\'W\ .

F q"-"\' FV‘QW\ commytadive all(je‘ora'-

I R mdhe.v'\cm' Fhew
RV_’(—S W nge-\rheﬂan,

REW;{\Q?(F R s !l\()o."\'\r\ev'.'cml thew The Power geriey r"ms

RIXN s noeYnerion .

\F F s a 'F\'c\A‘ +hen F[xq,...,x.,} 'y noetheriim .

l:':-vevr -\:\'ni\c\f %gnem-\-cc\ a\g,o.‘ofq over a {:ie[o\

1S naeYherian.



7. Affine varietes awh FEarnk i ')'on\oﬂy

ofine. razwngtevroshH

QOctober 6, 2029

We will qlwqys work oQver om a\gehraically closeh Feld k

Defintin: The over ks

= {(CM, - \ l a;ek for cach 67).
Ay a se.'\' A = K, bot K Was an additiona| strecture
of a Vﬁf-‘h'r‘ space, SO W uR & &fﬁ,rcn\‘ nojro.*'l-m,

[A'FFl.V\C. space ~ ""VQV\S\W\C(\ Vec. Sp‘\CQ
= v} egortant  where the origih s

n=1: A offine |wie
n=2: A affire plane

Definitian: Let Sek[x,.., ‘X be o &t of po\/mvmuls
T"\Q (u‘f'F\V\L\ of_ S iy the SQ'\—
V() = § (anmaa) €& ) VEES, F(ats,a0) =0 ).

This g cantuing the =Y o€ all comman 2eroey
of po\ymwi\q\\ wm S, \E S 2"‘:1,...,;-'»\\ | +hnen we wnte
V(a fa) inskead of  N(36,..6.0).

Deffnﬁit\h‘ JAN ;Q_‘\‘ XQAV\ (& an F
X=V($\ fTor same. set S sk[xap-q <],
some adthry  alsy 444&\(%0\\\7 ASIUWME \'weduci&\ﬁy

Excwgles:d @ = V(1)
i) A =V(0)
U-L\ Each pO\V\\‘ s aw q-f-fhe. Vqr.le‘\'y"
S {CI AL V(¥1-aa,..., Xia- )




i,v} All affine Spacey (am\ W™ pqﬁ'\cu\o\r all  veckor qu(es)
aye ad:‘f'mc. S\mce\l Q3 '\-\r\ky or m\tf“\fms of St/y\ms
ot \iv\eur/ eg\w‘tim\s_

V‘ P (av\t. Q'F'Flne. a\ﬂe‘ov«ic, CcvrVvey dre a{‘ﬁm Vqrie+|'e S
They ave dafined as Uﬂ\h\&Al | \O(m\b) =0} wheve
pﬁlk[’ﬂy] : =VLP]

Vi) IF p ke %], then V(p) = (anad € & ) plan-ay)
s called o .

£ S, 29,8 klxn X, Hhen V(s,) € V(sy).
Proaf: Obves.

led Seklky.xy] and T tue idual
SU\Q.VU'\&:* by $. Thew V(T) = V(&)

Proaf: ST, s0 V(T) €V(§) Followy fvam the Lemma

(2): Assume. we have Q&V\S\\\{(I\_Than Yheve s
Fel svdh thaat F(a)# 0. T is ranv\&va*tl\ 10)’ 3, So
There exist Aqp- 1 YmE ('h[xq..-,)(,\:\ and  h1,.hm € S s.t.
F*ﬁ,\'\ £t q

OF £a)= 34(@ha(a]+-+ Bulo) hula) =0 ><
O, becane. acV(s)

We %z‘\‘ V(s) =V(T).

Variebes A“ ove emc,'\'\y wh of +he torm
V(T), where Tallx,.., X



|4 myy hqppa\r\ +hat -.[11]:7_\ but  VI(1,) =V(T.-z_),

Examgle: in A VIx*) - {‘35 = V(’()

e [xaume X} i ntheran, sq all deals  ave -ﬁ’nik\7
Se.vxe\ra\td. £ T =(f, ..., F) ;| e (e Fa) = V (T)-

AfFine vanetiey i N ave exactly the b
V(S) where S iy a Finte set

() For any 'Faw'\\\)f ESJ‘)) jeo of sty of | N8N
we have, \f(_xs,j\ S ARA SN

LLRY
U-\ Far any po\\/mw;\u‘s fa,..., ¥, 1, Qg € k Crapeee Xn) We
have VU F)UV(anoag) =V(fiay) 12 a5 12594,

Prasfracvu((s,) & vfel Sq. Fa) =0
{D Yy ¢d ¥feS;. fa)0
& gy, ae VIS))
£ ae HVIL)

(i) Assome o €V(£2,,85) UV (g4 q¢). Then

a G\[(ﬁl I...|{5\ Qv Q € \/(“J’ln---.ﬁt)‘
D Vi, fi@l=0 oy ¥ 3j(a)=0

n botw  ages, filalgi(al =0 iy



=) g ¢ \[(hm\ds.(.e.gl 45:86-[:),
Cor\ve,vxe\y, assume a ¢\ (F,.. ,{s\UV("LQI..-, AP

Ji. v, £ ()40 qud 3 st Qj(a\]#O‘)ﬁ(qlaj(m)#q

= ag V(fiqy|1eces 1eged) ?

(1) B, A are affine  variehes
W \F Xy jey | QWY ‘FCAM;\\\)! ot Vc\r‘\e'h'u, } hewn (e\ X;
s alsy an gf€wme vqric+7. D
() \F XY A" are affme  vorehey | Ywen Xu Y i
an offme  variet Y.

(1)-(3) are axiomg of cloed sohy of somg '\'op’JI'JJy
. /

so affine  variehes ave exockly the clowd gty

of sowe -\-op'\\faij on A" This -\-opo\'ojy s called

The on M

On svhseky of A" we define Yhe ki fapelogy
as> a reative -\-fapo\o\cj\/.‘ leyY XeA" bhe an av‘o.\'\mv/
set. A svhset 22 X (v Zmviski cloyed w X if
+here €x lS'\‘s an affme vﬂur'\ej\'y YQA“ s.t. ZFX/\Y,
\Y\ pa,r‘\'igulqu 'IF )( (s Qw Q‘F‘FW\L VQVI'C'("}" *\\*'\ A
se¥ 22X iy closed € iF iy an affiwe \eriety.

IF +he Fopalayy is vot weationed  expliitly | we will
a\WufS mean The  Zaridy +0p0\0¢3y.



EXc:mg\eS Zaviski ‘\-Q\Oo\ﬂﬁy Qn A4f

Zur(;lu‘ c\oRA I&“‘& OV, COMWIN  ZLvRY qﬁ Fruitel 7 wony
palywawials  Eaclh nowzeva I /) vaviable hey furitely
Mmawy Zeveey . = Al closed seds ave 'F\-hH%.
Converse iy clear: qiiven 4 Fake &+ n K07
1S easy Fo find @ po\)r\r\'.\w'\\a\ whose =Zzemey ave
precisely Ihe elemente of 4he %\i/eu, SR,

= O\r\ A1 4+ we Zewrulei '\"opo\qjy 'ts C?\vat\ Yo { e
-\-opfe\oy oF FTinke c.om‘olew*eln'lS.

The exomple  shows dhat twe Zarili ’rvpo"ﬁ‘/ s
NQOY WHacvydaorff every +wa Mpen el of A mkersedt
(and  The Sawe Walds for 0pew swheh i A ).

EXaw\‘;\e.'- Zarisk, clo se.d\ Se.:\‘s n Al ave AL| g,
Finite unians of powks awnd  affime algeloraic
curves.

OPQV\ 5&3 in The Znmd ‘\'opo\oay ave cowp\emn‘\\
of vavietes.

_De'f'(ni\-'\ovx'- Le & pE k[x,,...,.x;\, The = /.'\"\V(M

= iqs/?‘\“ \\oLoq 103 Is called a

(odli kovawa  odpria W\V\Qi-'(cq\ of p in N\ /SSvbset
/podwnazico

Examyle: Digti V\sv\'s\\cd Open s K ore complewenty

ot u\ﬁt\o\rd\c curves.

F|%C-‘“'\[x1|"'l 5('\1
DEY A DIg) = faek) Fa)4Q A qla) # Q)



= D) -
D The Infersection of Aishnguishedh open Svbsets g

a O\issti\v\%uis\'\&d opewn svhset.

D\'d’\\r\sris\\td open  svbseds Tarm a bosis of the
Zaviski -’ropo\oc‘v - QVeYy Qpew swhaeh s a finite
union of 0\1‘5'\'\“3\1(5\\&)\ opewn whsers.

let U2A be aw open svbset Then Z2= ANV iy closed,
50 an offve \fﬁr\éf\“y_ Themfm{ Iveve exist pol)mow;ql s
Fagfu st Z= V. fu) = daek™ Ve fila-0) -
= Q4V(‘Fd\ = U= cg' D(F).
3. V-1 corrc.\ponclemce, and  Nullstellensert =
. e '\‘Cad ne W\P\J&SQ v Ol"\s\c‘:'sa\ml v v dwenslivg
he Yowo

Defimition: Far each svbseh X A" we define
T(X):= tF e k¥ ) | YoeX. fa)=0). Tha i e Joul
in W ltq, xa) called dwe ooy Exewie)

i\fan't tes In Xg < VI > 2'\10:&5 w k(% X“]\

There twa wapy ave wot jverse Yo each alher.
For exawple,  we knaw ot V(K")v\[(x] =>
T(VOH) = T (VX))

Detmhian: Let ToIT,9R The praduct of ideals 1., Tp ic
L= {Lady |meN a;eT, biel,).




Product st ideals is an ideal

Proof: exercse

Definitian: Le+ TR The Iy
= lacR | e T for same me N|. The ideal TR i
i€ T=4T.

Redical oF on deal s am  ideal.
Exerise: Shaw that it a*€l qud b" el |, Ahew

m4in-1

(a + &) eT.

Exemgle £ T=((x-a)" (x-aa)* (x-ar)'"), +hen
JT = ((x=a,) (x-aq) -+ (X ~a,)). Praafl: exeruse,.

(1) I(2) - k.[x4,..., Xu\.
Q) TN = (Q)
(3) \F T,e I, Yhen V(L) =V (T).
W) IF X, e Xp, dwen LX) €T (XA
(B) X < V(I(X)} Far each X & A"
©) S TWV(SY) For eaech Selkxq.., ).
() V(S) = VIT(VISY)) ¥ S & k[xq,..., Xa}.
(3) \f XeA" v a vovfe.'\‘/, +wewn )("‘-VU:(X“-
Q) \f XA is awny st | then V(LK) =X (Zuvisk
closwe of K|, Tlx) = L(X).
(4()) T(x) s q\wq7g . valieal ideal .
(1) T\ =Tv(Ex)) ¥ xeA”
1) V(I)\= V(4T Far each ideal.
(1) V(T u VL) = V(T4 T2) = VITIL) for ol dealy IaT,.
(1) V(L) nV(I‘L\ = V(T,41.) For all idealq I, T,

Q9) TIXuY) =LxVATIl) ¥ vaneNes XY
@) T(X)+ TW) € TLXAY) ¥V vavehey X7



Praof: (2)  is clear That O vanighey Qverywhere

We wve to grove that iFis Yie oly Svch polymmia)

We pYove 'l\' Wl‘\'\l\ \'V\Llw:“l'mn o W.

n=1:ler £ e O\\M\)rvmmio-\ m 4 yavinble Awat
\Iu\l\l'&\ﬂﬂ.& &\N—U‘yw\'\%ﬂ, o 3\4, dince “’\ \S
a\az\omicm“y closed, iF s mPwle and the
0\1\\7 po\yw')w\\‘q\ Fhat \/cAV\\'s]r\Ls evav'/rwherc
it 1> the zevo polywamial.

hin+: e Fek tX1,...,Xh+41 vawish evevy where, gn ’N‘M_
Wiride  £(xq, 20 = :iw A (KC ey 2) Kes
Take Wy (Aqetn) e A Then  Flan ey Oy Xaaa 18 4
Po\ymmiu\ i A vavidhle ywat vanishes Cvery wherd b b4
the assamption. Py carve n=1, all  coeffizienk
ot Flea, - an, 5‘“\‘1\ awe Tevq,

= Ve Qi(dgman) =0 ¥ (ay. as) e A"

=) g; > YW ey polyvemial Ve
id . assmplian

=2 F s the zeng polywawial. %
(41): exercise clasy Qctober A0, 2026

(7)) Similer proaf
B) - +we 3ame o8 F
@): X=V(Iwx)
Clear * X < (T(x\|
Swper Id T iy a vanet . Svel hal KceZ l[‘
IR) =T W
V(E(2)) e V(I(2)) =2
‘2o veriety

DVITXN 16 $he smalleyt cloged el et contuingy X



(13} vi1a\y VT2l =V (TanIa] = V(1aT2)
SVPP‘D)Q Iq° (FM---lF\\ and T, T (‘34,---,SeJ-
Then: T4, =gy o 140, 145 < t),
We know +hat VEGZEYV Vg, g,) =

TV [ece 1450

Talq
If aeVv(I,) UV(I’L) , then TA) <O V£ el or 3(“)'-0 Yeel,
I both coges hla) =0 ¥heTaIq =dDaeV (Toalq) =7
D V(1. v V(T € V (T,nT,).
T4z $TanT, = V(1414 € V(I,Th)
Qiner parky: exerase . 2)

VITX)) = X For a varety X
Lv(N) # J far deal

in 3¢v\eml

We will vse +he 'Fonowimj regvlt from commutudiie dlydim,
Ley F he o flelh aud let E be o findely
wevateck F'allaebm which 18 alsg a Field . Then E 5 «
inite alaebraic extensian of F.

L&'\‘ A be a -Fin'ﬂ-e\ 5@V\eva"ru}\ ctaw\mu']w\-'n,(,
daglora Dver k(K alg-olowﬁ A |ef M be Sowmx
maximal dgal i AL Then Ap =k

M: /'\/M ‘\3 'F'\n'\')fely SQV\GTCd'ﬁ(L O\V\tx [\ ‘Flew\, (BN M
is o maximal jdeal. By prapesitian A/M gy o Fuite
a\czq}ovoic extensqn of K. [k i Qh&eloraimly closed =>
A/nm = k. 2)



(1) Maximu ideals n dhe palynomial ring are Qqu..'H)/
the \cled,\g Qf‘ the FQY’W\ (J(q-a.‘.__., x“-q“\ ‘;-or $Ame

R1y--+\, Oy e kK.
(D)\F Y iy «a proper dea| of ‘k[sq,...,x.:s twen V) #9.

|+ IS Crecinl +6 have i Qlt«QlOTaiCall/ CloM FrelA'-

aver |- Vixten) = @
(‘XL.(./\\ f\ a qu\w\o\‘ 10\3%\ .lh W\[X]

Praof (1) Let o, anck. We want to prove That
M=(1-0q o, Xu-an] s & maxival deal .
DeFine a ring homamarphism
'Q:H([’(n--- |xv\] —k
Xy — U
F (s ) —— Flaay.c, )

4 s bur'&ao\-f»e. . eac Al ik tomphunt pol,vmwuq]
A WMaps +0 a

= kT klxap, %] fker

n =kerd s & maximal 1deal

FielA
I+ is enogh +o show That ker? = (x1-oa,..., X-a,).

Db\}mvs\/ ("’1‘04 1= ) )(u-ou\) ¢ ler?.
Far the other mclvsim take, Fekerd.
We chvde € by sq-a, ond The rominde belamgs +
by, 00} We divide the remainder by %, wp caud
} dwe vemawmdev i \k(’(":.---, Xal, ...
= f= ‘.‘%4 Jdilxi-a;)th  for some ;€ “:[’(,;,x,;ﬁ,.. | Ka]
and elk

Fekerdt o,
D= \?('F\ ':cf; £ ('),,\ \Q((t;-a.;\f .Q(b\= y => )= /)



= 'FG‘ (/4‘“4...., )’h"a-\\
(\WQO\(AV\“\‘ VR alaﬂbmlc clc?é"TQ; \/‘l ~a,..- )('-\‘C'tu) ly a
muxawmn)  1deal  n F[S(—...--lxnj far any el F)
We have Ta prove thee ame ho other  wasximal jdeuls
et M4 I.k[_K.l'..., X-\_l =R o Lwlo'\\'my/ ma xwmanl 1l
k< c«\'ﬁ- cloxed | Ik 15 fl‘n.auamkﬂ\ lk-a\az.hm $0
\L["'n---.‘;\/M = k b)f' previovs  Corelluyx.

o)
DQ'HV\G -\-he, W\“p\ T["-\t(:"---.:t:] Mk[*’h---.fnl/p« ='C
Denate a; = TT(x )&tk For eqch ( .
Tis & ving homamqr phisw ->TEE] = £ (T (xa), .., Wixa))

~ 'F(‘t*l.---. Qh\
We G\va lorqwuk Ker (I = (xq-a4 R Xwo\.,.\ . B)r
The anglr\fuoh'qy\ kerlT= M.

(2):1F J s o praper sl in lva- 3], T is conhined
in Some maximal ideal M.

By 1y, M B aF tne Form (x1-04,.. ., Xvu.,\\ For same

04,---,Qv\f=|k.

V(M\ c V(X"‘o"\ ") y'\‘“w\ ~ {_Cuql...|q\‘\77 7'(/@/
=g V(M) = V(). 7

We have Vhﬁval]y .\V\vevs(, \0'1;51(}(0“5
ipf)\;\h l-"\ A“S + imv‘?\k f:"{l{‘q ..‘-{.}.Q:::‘\s g

(lq‘.-.“‘\'\\ —> (x.,‘uq Ve Y‘q'ahl

I\\/U)\C‘\Dﬂ fqr each 54“&[’(4,-...5(“]_



M‘ One nclusn 15 Cusy .
1= FG\YT1 thew ¢y for s wm,
£ o~6\/(3\' e fa) =0 =) fla)=0 =>f¢ I(V(J)).
(&) :let FeT(vay).
We comsider the V‘{V\a helxriey %, Y\ (with o variable
020\ ) A Yhe (deul
’:Y: (\\\ "'A(.ﬁ"/l\ 4 \k[’(’ll--q Yv.)/_s
o deneratoy iy adM 4a )

Firek we show  that V(Y) is empty.
Suppase (@4 dmand€ (T -

Vg6 T Ahg,, Qny anar) =0
\F 9€ J o u[“«.---.\ y o we %’f qaq--an = 0.

D (@0 & V)

£e(TOVYY) => Flan, an) =0

(0\4|---|U\V\|am-'\‘ € V('F)(-/'\ = f(a.,,...la.\) ‘Aneq =1
D Fla,. ) #0 ... contrakickim D V(T) =9

—

By weall Nulslelensake we 39;\' Tat U i wot praper,
s0 1e 7.

KD, X is noetherion = theve exist qu,..,q k[, xa\
sve That 3 = (o, Q) -
/,[: (‘ﬁﬁl"'l%'\fn F}’-’\\ ':)3- PJ“___\PM‘Q‘\ L‘k[)(ql--.'xhly—‘s_

1= Praq+ TP, + 1_”‘)/ ""\ (¢)

ey N e the |avgest nuwber sveh +Hhat )/” agpears "
eatn Py . \)(?: W\U\‘\"\p\/ (8) with FY and vearrange
the Yeymy in Such o \M\}/ Yhat eadn Y appeory
+q%ej—\m.v wity ¥ ay ‘Fy. V(3 Se,'\'

f N‘-"- Pq (Kﬂ.-.. ) Xwy f)’) (51\ t--- 4 Pm (’(1..-~|)(h| 'F?’\%M* Q(K'r"""{.”) '&7_4)



We look at +hy E.g\ua{"mn wodvl (FY "/\\:
"= Py (X X Fr )2 -+ Ponne K)o

= f‘l U("l"'lx‘"l "‘ 34 tot Pm (x,,...,x.,.ﬂ)%,,\ (wvatk (‘r'f-’l“
D Y- 2P WK X A) 9 € Br1) o KDy = (0)

__~

We don't e v here

S éqpi'tx’l\-" K\M'l\ A €N D ’F&‘JT
& Kk (xa.., ’G:S N—‘
\V and \ ave wuf\-uu\\y Yeveyye bﬁéc”\'u}ms

Y,
‘LY'O\J\(U\\ l'(kfw.\s?) & > }_O\F’HV\Q Vc\rl'd-fes’g-
J

L\XaY) = ‘\ﬁ.b(\’f]'.()’)‘ T X,y are offine
of Fine vavieties,

Proafs T(XaY) = T V(I A V(T())
= T(V(T)+ TO)))

Nollselmsotzs —,
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T+ IO = (7-x y) = [yix?)

ThWs eal is not redicul , &y 1T Contoins Xt bt ma Y x
= 1T\ # Lxay).

TXay) = (000 = Ky = it 7]
’]:(X\+ 1(7\ (S neY Mic,a\, \D(_Cuwy\ )( and )/ have
O comman T %U\'\' o O\0).

Y. lrreduybility QF vaviehes

A ‘\'QPQ\Oﬂica\ 5‘0&(& X s diSCm\v\ec:\'e:k T iF s a
dgnay ot two d(s;ém‘\ closed  Svbsels. 1+ is connected
oY herwite .

DQ'F(V\'\‘\:tQY\:A +qm\03\'m\ Space X \$ N8
Theve exizt proper cloved subsels XX, € X swch
That X=XjuX, . X g otherwise.

DeFiniton: An affive variery X iy T there
exisy varietes Xy Xy & X svch Pt X=X uX,. X
s otherwise.

Exgm‘;(e.'- V(X)/\ B V(X) v V()/) \s YeAuc\b\e.
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l'F' X s o\ (rreo\uci\o\L Var]e,'\'yl +han +he
Fra\\'aw'wj Nods .
A\ Eada nQn-ewply Qpen Svbyet of X is dene. 1w X.
(in Y Zovishi '\-o\oo\ijy\
’L\ Every two V\m-cw‘ﬁ‘y Qpen gv\ag.e:\"\ Q'E' x
intersects

P\’f}f}fi (4\ H: v 1S (ape,v\ QV\‘K V':Xl +\f\Q-V\ YW have
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@): \F U/,IUL ave opew non-empty  and Uyl =g,
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A primary 1deal  which W radical s o
prime 1dea) |

XeA' is an rreducible vavieFy & I(K) ¥¢
a prime ideal.

Progf: &) Asswme X g jrvedualole omd et F%GI(X\.
Define X3:XaV(P)] amh ¥, = XaV(q). Then Xa,%eX
D KLuX e X.

LeraeX, foeT(X)] <n ‘F(m]s(c\) =0 sn f(a)-O ar
o\s(u\ff) SaeVFl or aeV(q) = X=XuX, -

qu)(}_ Gy ¢ C_\o'z&lk,bo kf iwe)uu\o'\lib of X one of then
s equal +o X

WLAGL: ¥a=~ X (K= X aV(F)

D ¥ ev(E)] D Veex. fuy=o = feT(x]

@) Acsume TIX) 58 o prime ideal. Letr KX,uX,
FQY‘ SHme X«,KL& X VOfl.Q‘\'\C\ av\o)\ Svppow '}Inv‘\‘ K;,#K_
We will show Tt Tix| = T(%2) -

X, € X = Tx] =T
For Ahe other indusin Yalke 4eT(X,).

X2 < X = ID() < I(Xﬂ >3 FeT (X\\T (X

Led AaeX be Qr\oi‘\'rolrr,ThQV\ ocXq Or aex'l., S0
Fal=0 or glal<d. So we have FCﬂ\atuPO Fow
eachh aeX. = Fael(X).
TX) s pr\'wu. an\ ‘FG‘I(K\, co 6&]?0()

D TR\ TK) =D Tk =T

 V(Ta)| = VKD = Xis ivedcible.
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Eoon affine va\vif:\-y X can be d.ZCOW\posecl
ay & uman X=X4U - U Xy, Wheve me Ny and Ko, Xim
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\"\m(cover' F X ¢X; whewever (¥, then Yhe
d\ﬂcompfm\-ior\ is Uv\fta\»e. vp ) pevmu-}q"r'\qn.

£ X=XV -UXm where Xa. X ave
wredvdlole varietiey aw\ X ¢ )("\ , whewever '\1-‘3 , thewn
Xy Ky ONR celled oF X.
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Proof: 1f X#£@, then the olwmpou‘r\fm eXisks
(o w=n)  omk s unigye

Assvme. wow +hat X £ @ .

Exitance of_the_campusiion:

Asstmg $hd 1o ckﬂ_mvm\o’h\.k'hh K=Xau- U Xm where
iy X ove Wredwelole exisyy . Then X iy redueible
(as aYherwise, X=X iy swon  dueompantian For =),
X = Xsu¥XQ ‘for sl \avigher  X; and 1(4" on o+
\eatt grne OF Alew s not & unim of jrr. varehey,
\KLOL - iy 8 X, ;X ey Yo e veducihls K’F‘G}/’Q
Fov yome wr. X'),)ﬁ‘ evdk at leuyk o of Flhew, 1y

0t avnian of v, Vaviatey .

We 3&4 oA sk—ioﬂ)« docreasmg  Chun 0F venahiey
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DX wn e do.mm\oq e W o umian  OF wredoble

varieties
U!h% ness - )< = K-\ U"'Ux\r = Xq\ U Vv K; W here
X.’.,){L\ Qre \vvétlbb;.\otll )(\'lé)()' }(,(;4_-._7(1‘ whanewey CFy
Tak &fb"“fu\:/ Le {’I,...m]s_

K= XonX = % 0 () U U Xs )

= GOen ), Ko iredaible

Tharefare X.:‘X(,ﬂXg\ for s § D X.:‘-Xi\
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E)// aswwpom Q=¢ =D X; = XL.
=D\We. %Q.’l‘ unigness (mvv\ " pv"{u, \ou,-l r =5\.

Emy;\g The crwial paH- Wa ) 5\'9 5\'\qw -\-WL Toct
ot Feve dotd et exisY ow wFaude Sey.ven. ol
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Remark : In commutative a\gtbm An \'Wt‘mr ent theormn
Wb -\-\,\._.-\ e,ac.\t\ icha\\ N nod‘l&.v;o\w \rl“Y\j cuw
be writlen e an wiXersechan ofF primavy Aeals .
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pYIM(Af7 ) .
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