1 PROVECTIVE VARIETIES

A.Projctive space and projective variehey
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L6+ \[ bt A F'lv{\\'b —()\iNﬂS\Qna\ Vc,c’ror 5potc<,
over k (Sill alg. closed). On VM 0Y) we define o
velabion urr @ IN ek {0 wen that Ar=Aw.
Ths & a eqvivalene relubin . The &VQ(,J:-.\QVW et
\//,\, iy cdewnated \3)/ PV ank  colled, the p\mjec—\-ive,
Spate associared Yo V. |4 clements ot egunalence,
Adases in V. sq \ines *hrqus\r\ the ovigin.
Dimension of PV:=dimV -1

The wiosY camman Si"rva\‘iqn 15 when V= \kvm far
some welN. In dhg case dj‘m\/'-vﬁ’l. 30 dimPV=y .
nsteah of PE™ we wrile P“‘ Qr MQre usml\f Ph

We call B" the s
elemente (Whitl, ave. (ines Ywrough Q) dve called
'\'P:_ is

R

\Kﬂ\e,v\ we WOYL " H’“, we ;'v\kn_x coovA{ma\“u '\n
K™ frawn QO Yo e (g, %900, Xa).
The e_gyiva\lence, closs of the Pt (x.,,x,,,..._x.,\ [
aevoted b;r (%o:Xy 2 Xa). W Videvadvre theve 3¢ alsd
natatian [xo‘-)(a,'- )(.\—& A\ [K,,\X,“...\ K..:}.
SQ (Xot’('\ ‘-""xh\ 15 '*\f\Q fine, " k“ﬂ J("W'Wah (’{‘-‘s“‘l-"w’(v\\
Ow\()\ +he Or'vd\'v\'| Koy Kay-eey X4 WL callech

ofF the point (Xo:Xq: -t Xy} &P Xepoeoy X
ave not all 2.



The ponts (Ko i xXam X)) and (yaryar ot ya) ave
egual & FhekM0y (k. y; =hxg Viz01..n

\Xfe Cawn QW\\)&K A“ \V\'\‘O @ FQr eqo\'\ C=0,1.- N,
We c)mcme, Ui {(xe: Kyt k) PPy xg 70V
\F (xo Hatemt Xal = Yo s 2 V), +hewn y _)\X VJ 0, v
ok wo, Sa X ¥0 & y;¥0 = dhe s Uy
are, well deFned .
We define o up N
(Xagemy Xa) —> (Xa 12X 22 At Kgaat 1 Xy),
Thiy is o bijechion  with dhe jnverse
U — A"
N AP P

T\'\(; W\up is wel\ dQF\V\U)\I be-U-LUJQ. %s;‘;-- ’jfc.'

DWe can denkify AY with Up | (wost  commanly
with Us) and  consier 1+ as a subscape of P"

Us Vap. U ote uqu\\)f called of P,

PNV comsiske of 4l ponts  (XgiXa:: Xa) with x; =0
Put XoyXa, -+ -y XKi=aKan, o ku v e wat all Tevg, S99 WE have
W“\Vl: N Wn-‘\
K’(o' LKLt Q Xpar B Ka) (Xo'-'-"- Xi-at Kiaa: Kv\\
This g Qa b i e(.'\‘\QY\ Awp\w\ wiiaw

We Yave W“'A“ _\_W n

A Lines i xy-plant

EKQW\_Q‘L: WL / ,/ / / 251 ove in Wrjectinn

__V_.' S -7 - with points 1n |\




n This s vyvally called
A \‘\'@j e

We want to study zem loci of palymowiials i P°
ln P" we have hamogeneavs  coovdumatey
(y’-.)q et xv\ < kk’(‘a‘. ) N FLRLL ‘.)\Kn\\ 'For' X'# 0

80 FXaxa--i ¥a) i¢ wot  wel defined \We restvict
+o hfom'aﬂem.ow polyvamials .

Defnitign: A po\y nowial T € ki Kapry xa) s
s

FA o, Axa ... .X)(u\ '-'-)\AHXQ-X«----'Kn\
For each hekilny.

Stnce fk i whinde | +nis 3 eguivalent Yo that al)
ywonomials o F ave of oleﬂvce A.

—

Xomgle: X X4+ X% = XuXs¥Xe 15 owogeneons of chegree 3
X3Xa K" 18 not  howogeneons

d:;?) '&d%L

M\mm Let Sf‘-lki’(o."m---. Xml be a &&* ot hOMOazheous

polywamials . The se
V(S): = § (Ka%aio: Xa) 6™ 1 Florm?al =6 Far all Fes)

1y called +we of 5. At
XER™ & a iF X= V() Far some gef
S of hamor«m&ovs po\yv\om\&\ls ]

W S Faefu) We wrte Vi, Ful iwskad of AN



PY’Q&QC\‘WQ. T<Yo \o <.\ ave well dz{'inec\‘-

\F FeS (e Nowegamequy  of o\ﬂ.ﬂvce A, Fhen
B oy Aka, ooy NKa) = x‘}OFLx-,,...,(,\\ For all NelRQ10),
SO0 we %&’t‘ FlXz, o AK) =0 &> Clko, .y x0)2 0.

Re.wka'- VIS) cn wean affine 2Zero Yovs or pm)ective
2en Yoers. When dnerk tan W Cm\'lcvs\'ov\, we will wrile
Va.(S\ or Vp(&\.

l:xum,@!g; g'F' p ;'c.c;\-'me. yvarie \-\'e;_

(1) P =\ (9)

() 2=V(1), but alse @ =V (K. .

OV V is a0 veckar svbspace of K™ dhen BV @

]omje_c:\-ive. Variery W PN, becane vesdor svbspuces ave

NeFined by Nowogemeous linear eguatians . PVis called $he
of P

(4) Each point & o projective vaviety AP o (doraqs- - a),

then V[ aix-agx; | Q&i,yen= fal. Pranf: hw
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We Winy dafﬁnb Variehes a\sd v pmluc} of  offime and
pm}u.—\-iu syaces, For exuw.pk' N Vav‘\e:\y n Am" ﬁm (s a
Zelo ows of o w¥ of plynamialy in K(Xy .o, X ghpeee, 3
Thed ave Nowogeneovs 1a IR ~arehly Yy Ly,
Exanpe:  V(xyd - kayay,t) € A< P

A\Iaf\!.‘\'y n Prx P" o 2o cvs of a et of qu)mqm'lqls
In W [ox -, Xm Yo ¥l AW ane hQMo%ZMoub M Xgje Xom
and  (wmaye oF o Aiffernt «.-hjvee] " Yo, Yn
Eblﬁw“)\v.i \/(%5')‘1‘/1_2" )‘1_3)/074)&“’""‘\?1

ATk P« x P i s'lw\'\lav\y



2. Connection petween <ffine  and _raroézc'kve_ variehey

Detinition: (1) An affine vapiety X 3 AT (stozec)

T OeX and For each aeX and eadh Aek we hayve
Mo €X .

(2) \f XeA™ 4 a cone dhen Yhe
of X 15 detived by

PX = ‘s_ (Gq"'"’-ch\ e p" ) (q,lu,,'___‘ %\&X\MS &‘Pn.
@) X<R™ s a pvo‘yo\"\ve. Varieky fhen Yhe
rs defined by  C(X):= 304 U {(vsran)e A™) (aor: e XY eA™

pquu;vam C '\ia\

\'F X is O Cone  awh (.U\o,u,,,..., o\..\eK oA ek,
Since, X s 4 cone, we have (J\q.,lxaql..., ka.,\ EX <)
PX s well-dafived

If X<A™ s o one, Thew PX i o ‘oméed-im
VaxieYy .

Proaf: X 15 an affine vaiety 50 X< Vi (S) for some
Sﬁlk[a(g,-..| x“l.\)(/e Cann O.\vwL '\-\r\q'\' $= Tq,(x\. Let
FeToK) s a\rb'\‘\'\m\wry. Wride - %-Fd, whene  euch £
Is h'\w\o‘xz\qmvs of almjve,c. L_T&Let'oorbi\-rav;f o€ X qnt)\

o«‘ol*mvf Aelk. Siee X is a comz , we hawe AaeX 3y
Flal =0,

A
oE FOW\\ - £q¥;(Xa\ = é_q)d- Fi(a\

This holks for each Xelk, k wFimte DHal<0 ¥
This holdks For each AEX, w0 F.',el"q(X] Fov each

We dnowed Hut Ta(x) can be cdqu*ed by Mmogene



parmomly . Le —-\-—u\‘(\‘ (S‘\ whtre ¢ 15 a zef of
hom'xazweovb pg\)rmm\'m\s. Twew

v(s'\

Wx; %(a\,,-_ CM\\ C-[P‘\\ (“°I"'|““‘\&>£\{O1)S
* 3t ) P | flan)x O ¥FES

;—' Vp(S\\

S v a ;9.4- Ve how\vacw.m._s Po ')’“"“'\“\\s @
WQ pTQV'G.(k +WQ wore "'\(“’“as'.

\{' S \y & B-'\_ O‘F hom%mtws PO\ynoVV{\o\\& “'\\em
WVQ LS\ = Vp (.S\

X cone = To(X) %,vaa&co\ by hom. polynomicds .
The cone aver o progehive veriety s o cone.

Emt)f-' \F X# 9" Inen C\X\ = {0\ which, iy & (one,
ASS\;W\!L '\-\I\q'\' X “\P“ W\ 4 mvveu.r;'\‘/ Pm}?.c:l'\'\&. \/mlé."l*y.
Thea X2\G(8) for  same >X S of nwon-cowitant
polynwamials \F FeS s hom. of Aoyvee A Then
PO =X (o) fhelk onA Y ac X =>F(0\=N.

C.(X\ = XO\ \V) {(“vl---- o'\\C‘-'A“M | [”\o'-""-“v\\ 6'5(!\
= {(‘\M‘\a,---, U\V\\GAWM\ {:(C“hfu.-u.av\\ =9 V'Fbslj
=Va ()

We knaw Q) gu) +hat if  aclf (), A €k Y
FOa\ =M@ =0 |, sa Aa=Vals). @



We praved alga:

IFf S isa ot of howogeneouy  palywamels +hen
CVp ) =V, (S).

The maps
X— PX
X)e— X
f-%i\v& bigckive corre.spm\dav\w betueen e comey W
Gl and pna'u-*ivﬁ vayietes o P”

PYOQF‘I50+h covollaries +ell dmat PX (s o prdaw*\-ive.
voriery [F X & o me gk That (X)) 1§ o comt
W X s a p\ro&zd-\{rc \rorl'?:"y. Wre ZWwee Yo prone
biyectiviky,
SUPPQ&L Xep™ ¢ o cne. Then we lbagw feom anc
of YW corallanes above +wul X =\g(8] for a wt of
hom. paly. S & Kklx. . vy By the otrer e cargllov:
CUPK| = CRVAY = C(Vp(s)) = Vals) =X,
Sl |y RLCxN =X F X ic a pr'ndzc"\'w variety., @&

Eacw pm"}cd’\\l& Va.r('c:\‘)r C A ®ero \octy of o
Finde et of nawngeazous POy womials .

Pront: X'=V?(3) for same &+ S of Tom palynowmialy
Then  C(X\ = V(X)) . LeY 3> Tu(CK)). TWwn we know
That & s F\'v(\’re\y %cum-\re»l (ki%,.., ) wedheriun)
3= (Fa,-.. Fu). We Yroved befove  thad hv""\'%movs

pas Ve §; amd deay Qbviewly  gemeatt (S

we MuQ o finte vwr S of o Po])/“gw\i&-ls



Fhat %zw»\’rt J.
= X= PN = R (Vald)) = P(Vals')) = Vi(s)

As i the offine cur | we con vie Fhiy corallavy to prave:

()15 1S;4jey KD, K) 18 & Fomily of nby of
hawngencors  pPalymomialy, +hen
Vp(j\e/ssj\ : J.QSVP(S,'\-
() \F Fa Fs, Aay o 4 ¢ S KD, - X ave \mmoa.evu(oub
pq\}/nom(q\s ’ $hen

A1 A LURTAAC Y 3¢) Vr (‘Eiﬁj 1 ?'L:S&‘-‘,‘)-

(1) & and P ve \qua,ec,"-;ve, vayictiey
(2) The WYeryectun of oy Fom \y of pmako-l-l've varichies
O pmjacﬂ'\'ve, variety.
(5) The unan of 'Fivf\'\-e-\/ nowny prra'zd"\\'/u \favie:l','q §
o prajective vaviety.

Proéac;\'ive. Vo ictiey Qve -\\Qv&ﬂm e)éau\‘\y e ¢ lowd
s on som. Yopology on B -

As in W abfin caxr, d\L Zonidi -\-opa\ajy o
sty of B s dhe velative dopology

LeY XQ“PY\A&'\' <X (y Zovh-clogA f theve
eXistys A prej. var. VeP™ st. Z=XaY \f X s a ).
var., thn e cloeh  sveehy are exactly $he
.SU\OVOch“'\l\.



As n the affwe ey | We alen define d’:s*iv\jdfsh:)\
open Svlasety i DUF) = PM\Vplt) where £ s o how. paly.

I oa simlar  way we can dofine W Zowaghi -\omhy
M awy prodoet AT xP™ < x P

Definition: Let X <P X s WF X=X, v¥X,
For sawg PYOF&V‘ Q‘;\kﬁ‘k- Sulox'l‘g X'h )('L < X I
oherwee

\‘F K a Pfoj. Vav., 'H/\ X s veheable &0 X 5 a
v of two praper  subvarnidhes

Eacn Proj. vay. XeP" can be wntten ac
X=><’\UX‘LV'"UX\M where, wmeINg ('l"\(k >41.---. Xw ave
iveedusible, proj. ‘v, Mawaver; i X & X whonavey Hj'
Then Fhis duomposﬁ\bn 'S UV\'\‘j_ue, vp 10 aw avder.
In Ty R X Xew are called
of X,

[PV\:A'\ Lwn-'\

Recall: Vi { (.Y.,-.---:x.,'\ «fP" s # 0)) =D (XL\

We denhifed V. with A"

Li= D(xi) e apen W Larigli Topolgy , woreover,
i\lg‘_“‘ U,\g s an gpew cover of P"

D We can consider A" as an open ovbset of P
We havwe 2. N I\(«.{ '\"DPO\%{CS ow A“ . ONL JQ'F\V‘-LJ b}’
Af€in  varicties omd O as & relntue “&'Dp’d\ﬂj}/ m P

Ave They eg\w\ 1



We will dentify A" with Vs.

Defivitign: Let+ felklx,.. ) he o Nowwgenevs  polwomial
of ¥ s the polynomual

P2 F (A Xo) € b D ),

De\‘\Q\rV\oaev\'\%a'{-fW\ ({ evaluecttim Xa=1, W Xy 1> a r;nﬂ
howamovphigim | S0 G 3\““ - f g,

({-*3\““: fe gl

Ddhmm LQ+ ‘Fe“([’(q\...‘ ’(.\] bt A V\IN-FeYyo rJQ\)N\OVV\loﬂ
ot cltu&re,e d. Then

'Fm": XOO\.F(-,%"J'.“' é:al\
5 a pm\ymmia\\, called Y of F.

EM&Q\L'- 'F(Xﬂy?.l "b) = 3(1% - Yoo * 7—x1.q-
o{u‘\f‘ﬂ-t => 'Fl“\‘x'h’("l"‘t.’(‘&\ = X ¥Xg2- %oty Xax 2>‘1t|'

\X/L MUL ('FQB ) - .F(h]ath\‘ l'.\l/'\‘ (F*ﬁu\) 7_; {_-(h\ .‘_3(“‘

\-{:m\qow\iml
may not bR
Womoyeneavs

Each affine voriety KeA"= Vg ch” @ of
the fom X=2aUp For same projretive. Vaviety Z.
Move greusely, i€ X =\ (Fp fu), We Way Yale
2'—‘ Vp ('qu o F,,\lh\) :

Proof: Let Fi be of cko.csme A For each u.
2 U, « VS L) A U



B, ot

= \[ao-on-.----.m)em“ | @924 Vi fe (‘,,...,u..\zol)

= {01 % G el | 4?0 WA R 0|
4 - ‘1

= {0 B B | A Owas R T % 0

= {(’l: '5;‘-‘:-'-'. Un c\P |a.,#f)’Viﬁﬁ.("l?.""'?,\“-og

x '1,(‘01.--. bn) € A" \ Wo. Fe Coape o) 101\
= Va (-F.\,.-.\-Fn\ =X

&

Both Zariski Topologies qn A" coincide.

We often stvdy apen svbsehs of propchive vavietie .
Sveh sety  ane called Varie hes |
Imporfunt excmpes of guasiprojective  vonichies ave  roj.
vavietes anh affime  vavicticy,

finition: Le 4 XcA" é_ﬁ)“ be on affine variety, The
af X s ¥ swmallest pm}w\ive.
vaviety That cantaing X, Ngthian: X

In Aeevar| X+# Vp(ﬁmp--. wsh\) if X=Vc\(f'1....,fm\.

E&\&L‘Li X_‘V&U(ﬂ/z_\)(,ll\: {(O‘O)l!_ X alss Wy Yo he
oONnNL ‘)Q'\v\"f v X = 1"(4;0..0-3])| but
Vi (X4, XoXo -5t} = {[1:0:0], Eo:o:ﬂ—& = X.

2V
let X<A® be o an afFine vanety aqnd X <P s

projec,Hue. cowre . Then:
('1\ XnVUg= X (2) X wredvable =) X ivehwuble
(3\ No wredvible compament of X Vies w V‘,(;(g\ (= hyper plwe al \'v\ﬁm-b).
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Proof: (1) We knaw that X=Zna U, for some pros.:c.:\‘ive
Vo\’icx\'/ E. 2 s a pm'y.u\-ivc. \m.rw('y '\‘hﬂ\"‘ contang X, <o
¥ a0 contning X

@) Suppre thatr X =Z U2, For some projective vaviekes
2,21, By (1) we gqef

X= XN Vg = (24 aV0 V(Z‘LV'J\

ZaUo anh 2,AU, ave affiw Vbx\fle-h'ts, 30 wedeilit,
of X Wep) fes X=% NV, For some 711, Z( s a projecive
vargty that contamns X, so X €2 X wvedueible .

3) Lt X = .U VE W R e dq_uwp'a'sl'\'\"m b jrreducible
components, Suppee Yhat 24 & \Vplx) |
X=XnAUg=(Rav-vEm NVq
= (240 V(24 -~ u=a) A Vo)
%

- 4
= (v - vrW)NY,

Zauru R, is & projeckive Voriety Fhat contuims X, 5o
¥ cantuing Y anwd  Yheve Tore

22, £
2, i wiedwible, Yherefore 24 €2 for some =7, .m .
Thy cmfradicds Phg fact Pt 2, ave mponents . ?



3 PYojeo-‘rivc, q\c‘\‘e.\ero\ —agowmetry covvespondence.

LE‘Fin}hﬁn‘ A Y\'mjfa\%cbro\ R\ WF we can write
T as a direet svn of abelian 3'°UPS/ - vedkar spaces

R=§R¢)\ sueh +hal RRe € Ry, Torall geeNs.

slovene: s*opni?a\\'

|F 'FG'M anl 4t Qe then -(:% &R g e. kalobuyr

We sy that eewent of Ravi0) ave

EXcm\ﬁ\L'- R’-\k[_)(glqu...,xa 1S a O.SWAQA \k-o\\%ekm;\:
P~"" .S.)aR’\ \ wheve Ri' iO\ Vv }h-:m'azw.ous pq\rwwt'q\s of Aglvee a\g .

Jed Tl Then § can he Uni-j,ve-\\f d.ccam-pogeo\ as
‘F‘-'.%Q-F.\ where TaeRg Tor each A gwd My Fﬁnih\/ many
f1s ove wonzern. The decomposition €= é‘FA e called twe

of f.
If 70, +hen the of F is Ywe luvgecy A & £.#0.

&{:Xn‘\'\"\gn"‘..c.'\' R be o cﬁVaM \’ling/ ulaﬁbYu\. An e\ TaR g
if it con be <d-tmw\-e3\ by homa«mcm e\ewonts |

awmgle: T=00, % -x2) = Tlxq, %) is o homogeneaws ideal.

Exomple: \F X is o cqne, then we ShoweX fwat L(x) i

\\QW\%&V\!QU&



let R-= éoll,\ be q3mhdx \rin3 and\ AR NS
Then the 'Follo\nims halds *
(M Jw WJYV\Oﬂcneovs & Lor cam fe) with h‘avm%mﬁ.ov\ docrmpnzile
F-‘?;H we e fa€y for eachd,

(q'\ \3| 54,.\1 \'\QWQ%!M“U ‘3 \);\'\' &1_ | 54’\ 3-“ J.‘\lq, . —ﬁ\ th\lW)

) A homoscncw3' Fhen R/y i @ %VMNA 'r\'ng with dhe
hmmaemmus okn.c-om‘:'a Siran®

R/s = @ Rafany).

1K l'wmrlo\\ism 4 hearewn

(Ro\'*l)/\‘

(W 1F R is woetherian ank § it & homogemears 1danl, then
d con be fa&mva‘rec)\ 1% F'm'\\-c,\y Mawy homocazv\m»s e |eweut.

Proaf: Exercise.

Definitin: (1) For o homageneaws  ideal 34k [x5,xa,.., %] we
MFML. V(\“ = VP(J\ P = {‘5(@“)“ H(K) Y hgmo%zm»ws 'F&J‘S

(2) Far X =" we define the as
I TP(X\ r= {Fe kL, .., %\ homogeneors | €(x]=Q ¥xex?,

(/I)V(n 18 well d(‘Fiw)\' becwue 1t is dafined owly
Vsing Namogeneon  Polymamials. If S 15 o homogeneov set of
Se,nﬂ‘ad'favs of J, +hen Vp(\)\= Vp[&\. VP[J) 1S QA pvo:)eoﬁ've.
vaviety.

(?—\ Th6 SQ+ QF all hOMO%e,neovs POVv\om'\q\_\ \/av\\'sk\iqj an X 1y
ot on ideal. To get IplX), we must dake the ideal geneted
by them.



(M) IF Xey <, then Tply) < LplX).
(2) For homoraeneovs 1deals T1¢1, We have Vp(fz) ¢ Vp(La).
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led X<P" e an V\on~6w\p-\~)r )ovrq\)'ec:"\ve,
v iety. Then '[pbq = Tu(C(X)).

Croaf: (£):let Fe «Jok| and F-= i‘fa be Yhe homegeaeous
dl!-Compoa\'\"% of F.

W& ‘LV\OW +hat I\‘)(X\ 15 A hamo%cmotfs jdea), S0 'Fd !—Ipl)(\ 'FQY
eack o

D Al g%l 20 V(K. xu)e ¥
D fA (x.,.,,.| s(,,\\=g tor eclh pow\’t m  +he cone
2 fA € TulC(¥)) Forwdh A f eLy( (X)),

(2): We proved +hwat Tall(X) & a howngeneors  jdeal, w0
it % %thua\'\‘ed \OY homotazmow e\euw.n']'s.

= let I. (X)) = (g; 1i€)). q; eTa(Ux)

= Qi (X0, %o, K) =0 ¥ (¥o, %,..., %) € C(X]

D i (£, Kqr e Ka) =20V (it x) € X

D a; € Tp(X) Yied =@ IQKC(X“ cTp)

o) i always o radcal ideal.

€ X s a projectve  variety, +hen VilTpl)| = X

Prasf: 1 X= @, then Tpl¥|= |k)._>(g,x.,,...,x:3 and Vp(Iplx))'-ﬂ'
H: )(’f@’, ‘l’heV\ pte nov> prop'lsr"-r\n
VpTolx)) = PVa (Tplx) = PV (Tulc D)

= P(Cx)) = X



As in the offine ca, we have -
X =P is any set, then Z=\/p\]'_pb<)).

A‘F‘F\V\Q.. Weck\( Nd\\ssrdcv\sdl‘\‘t |f‘ji‘(1) 15 a Pro.oer |Jaq\
Fhen VL) #D
)V\ pv%ec.‘\’n& wose” VP (x.,,x,.,...,x.,\\= @'

Dei ) ) 1on T\'\'{ -\&Qa\ Io = (x0|x4|,---, Kv\\ < k[_x‘h’/‘l,-u. Y»:S
Called, Fhe

For a PV opRy
homayenexs idea\ 34 klxo %a .., % we have Vi) =B & ¥ = I,

Praof: (&): Suppose 43=T1,= (Xo, %m0y Xa).
=) ey For each L DVC.I N s. ¢, X; Nee .
SUPPOBQ 'H\O\Jf CYY PR O(n\ € \/p (3.
DY, =0 =D a;=0 Vi =) (0:0::0) e Vpl)DVp )= 2

(not & pro)eo'\'\ve pont)
3 Syppose. et V()= V= (1) = Vall) # %
d is a homogeneavs ideal | s0 3=(8) wheve 1 is a of
\n‘aw\nazm vs polymawnaly We hmw Vp(38) = Vp(s), Va4 = Vuts),
A= PVals) =S V) = PVLL)

0— mn-(,w‘ﬁ/ cone.

The only posaibi ||4‘y is V()= {(9,0,. )(|.
ﬁ)L(Vak_”\ -3 = (’(o ¥1. .xn\

N

For a homogmeovs 1deal

$4kt‘<o,x4,...,x§§ with 1[3'11., we. howve Ip\Vp(“)"'(/:\_'.

Praof: 1F Vpld) =2, then 3=(1) by +he propchive weak Nulslelens,
Thew U3 =(1) = Tp (Va(d)) =T pl9).



Assome now that Vpl) 79 J i a howogeneons  idedl , vo J=(s)
For  sawme et C of  homageneas  polynomiials.
LolVo () = TplVipls)) = Lal CWP (M) = Ta (C(MVal )

= TalVa(s)) =TalVa(d)) = 2
= ('J(["F\v\c, Nullylensats

The maps 1‘, v\ VP have simlar propertes as Ty owd Va.
In some cages we weed ko assume Yhat some jAedl s
not  irye\evant,

(1) We Wave « bijechon

rapchive o \ homgeneaws vadhical Vodeuls
{%“3{%‘-‘9\ d— n k[X,..., Xv‘] A-feven 'Emw.
W Vﬂ 10 = (x,“_"' "4

(1\ W& have a \)l o“floh
ckvc.\k he W ey
‘;:s : v‘ég I, { v et e Z&

VC-V'IO"'R-': Tvam Io ('Icol ,X-.\

DCFiV\'\'\'fQV\? Le} Ja \KT_)C.,...,)(.J. The of 3 iv dne
1Aea) %gmw«-\c& by YW homoguizations of all efements From ):

= (§"] Fed) @ klxomnen x)

Let XeA" be an affine varety, AU, <P"
Lot 3= Ta (XY™ 4 Kl x] . Then Tp ) =) ank R=Vpla)=Vp(Lix)™).

Zaviski <losvre

B\’ﬂﬂ:i BT Q“Ous\\ ta prove Phat  )=1,(x).
L€ iy enough Yo show tht F™ e Lpbd Ve Talx). Let £
be orbidrary. TX)ak[Xa,..., Xa\ € K%, .., X0). Let aeX,
& (ag:@qt - i0a). Sine X &Uy, we wmay ossume dhut 04=1.
= F (A, 04y.-, @) =0 [f eTuly] ac¥)

™ (0, v, ) = w~ &) 20> el



(2): 1+ s e\nou@\ o shaw That F e for each \r\owa—lne%s
f tnat vanighes on X.

let Felplx), |F F=x°'°§- then alse gqeTy(X), becaws
XUy, and X,#0 on X, Sp we assume that £ iy pet

Avistble by Xo. Let a=(as,a4,.., aeX be arbitrory.
We can assvme ag=1.

‘F&Ipb() =) F(4| Qa‘.--,q“\ '-"0

D The poly namie) T () %40 ’“‘\ vaishes on X,
= £, 1., k)T ()
f = 'F('\'V.h...,fn\ (wy =) F & 3

‘Q(V\O'\‘ d\'\its\'k\\e \'J)f )‘a)

Exaw\p\e." X=V(x,, X1.“>(11\

The kel (X4, -5 = (%, %) s homogenean,
J

S JW = (¢, %) 9 k[ xal D X = Volxas) = §1:0:01Y

let XEP" be o prajective vaviety ol
Yie Ta (X n W) For T=0,.. w Y Kkix
T\'\U\ IP \X‘ = Jom nj«u\ A== N Anm-

||||| x'-"“lxl'- 1 l"-lx"\_s .

Proot: X = L(:)o X n Vi) /Tp

proposition

a n i w
1) = Tl b)) = ALlav) < ALa)" o



