III.MAPS BETWEEN VARIETIES

/. po\ynow\ia\ maps and caordivate vin a

In +hmis  Sectim e.ve!ry"rh{v\s will he ciffive.

Definition: Let X €A" be an offine vaviety and Fekla )

a Polynowial. The wmap X —3k, o+ Fl) iy called o
on X.

The 2t of alt po\yv\owu'a\ Fonctiony gn X is o \r'inj

far po\'n‘\"w'\se. addition  and Mu\"';p).tq‘hbn. We cqll 0T

The of X. Notation:

et X <A be an affine variety. Then
KX T k.., xa JUX)-

Mi let &:k(Xa,.. x,,:& — kX ve 4l g Jatined
by f—(a—F@). i q ring  homomorphism and,
It c\ea\-\y Swiective, £ KIX) = kla,-. "‘:l/kerE-
Fekerd & $a] =0 Ve X @F() € T(X).

= klx)= k Doy x"-S/I(;q-

KA = K fxy . x2) L (A") =(o)
(1) kIXT is withvt nilpotents. We say it s
Q) K[X] b & dowmain &> X s wwedudible.
Proof: (1) Sowe power of o Fumction 18 Q1 the Fundim s O

(.7—\ I‘k[X\_S X k[’("-----";l/ ]_(X\ IS O AQMa'm &5 Ib{\ wQ pn'w. ke
& X 13 '\V\reclvd‘o\e._ %



I+ X=xu v X & Yhe dszc.ompos'r"ffah of X mio
irvedviible c.ovv\p'o\wl\*s‘ Fhen kIX\= SEATTENNFNY
Commututive Uglva s Chive Rewawmdey Thegrew

RDefimtign: let+ X< A" be o \IOlY'fQ'\';/_

() A of X & any svbwt of +he Form
Vi (9):= faex | £la)=0 ¥fes)

where, S<kIX].

(2) For any svbset VeX we defime the "
kOA by L) = 1Fek(x) | $la) =0 Yaer) oKX,

The m«ps Ix omA V,( awe the %\\0w§n5 lompex-l-ies .
() IF SekIX) awk §oki(X] s twe doal gguerated by S,

Fhen  VeCS) = Vi (). |
(W) k[x) is a gquoetiont of a vorthevion nny | 5o I+ 1y
noethavien = SVavawiehey of X awve of v Form Vc(S) fo

finte S
(3) Svbverietries of- X ave preciely +h vonefes that aw

contaimed i X.
(Ll.\ H: )/ s QA S\Ibvarie,“'f of X | ‘\'\'\QV\ omavphism +heone wa

l
= ey X __-:’: k (o, ~
(5) Vi (Le(YN=Y if Y is a suvbveriety of X.

(6) -
IF 3aKIX3, +ven TViela)) =7

('-?\ Versions of properties From i mopaé.\’riqn with 16
progerties For V anwd T Ywld.

(B) There is & Yorjeckve conespondance loetween svbwarieties
of X and vadical (deals of KIX],
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Definition' Let X <A™ and YeA™ be affine vorietes. A wiap
P:x —) s o if +here exist PO lywamials
Yo Tm € kxa, . X0\ such that d(al = (f,(@),..., Finla)) For each
o€ X,

PQ\)/V\OW\'\a\ mayps are continvows in the Zardsk '|‘1rn\ojy

M: et KsA“, V7« A" ond ¢:X—Y a pO\ymw\'\o\\ Wy
Then dhere exist polywomals §ap €k {xa-x) 5.t
'KC\-\:(F'\LU\ (R f\n("\\\ Vo\é X. lex 2&Y be a C\OS&}\ Sv\ys{‘t‘,
We have to prove thwat - 4(2) is closed., Z is cbrd w
Y, which i closed in A 0 £ iy closed v A so £y
on offime varieky, Therefare there exist g, ,csteka,, '

S{' E V(SH cﬁl)

07(2) = YaeX]| Q(a\clg
= {aexX( q;(¥a) =0 va=1,...,x\
= {aeX| aitfil, . Fulal) = 0 ¥2

Obsexve that Qi Fal%aiey Xia) foey Frl Ky %)) 15 A po\\/naw{.u] far
each . So ¢-4(2-) iy an affFn Vﬂr}c‘\‘yl 50 o in X, 7

If X2 s a palynomicl wmap amd S 4 X any
30\):::.‘\‘ +hen Q(S) q’(&\

£ X s an wredwable variety and $-X — Y i
a \oo\yv\qm(m\ way, then 1K) is  {rreducible.

Proof: Assume that 8= 2,02, For two clsed subsets
24,2, < 6TX]. IFaeX is avbory, Yhew Hole dX) = Zauy,

$0 Qta\Ez?(.;,\ For some ie {424, We Showed that X< (zdu i),
aed (2




Since $ s Continvas, §7(Z,) and §°(22) are closed, and
edwibility of X wmplies K‘Q"'(Zq\ For some (e %A2).

= PX\ = Q(¢(i)) =2,

EL_ (1N c,\ose.c)\l S0 XY €ZL = 2 is not o proper subxet of
P)=D BUX) is  rneduwible

IF & A"—>X iy « polynawmiel  Waap then
P s irveducible

T\\C ]mwf. of a Po‘)fVYaW\'\u\ map 1S no"r V\eCQSSO\fil)’ c\ow\.

Excngle: X=V(xy-1), &: X —A" projection

n

B¢ = A0}

The '\w\wac of a polynomial mag is alsg not necessavily gpen,

Examgle: A" — A

(xl)’) = an xr)

What i $IN)?

\F X#0, we Cun X ol pars of T farm (x,2), zeh’

If x=0, we gt only (00). //
= (A = (A" x K vi0,9) . —

s
This is not open in A ? -




Definition: AFFime vanekies Xank ¥ ave i there
exist polynomial maps 9 K=Y aw M7V —K s.t. bovei),
onh Yo d=1dx.

Bifeetie polynamial maps are net necessorlly  isomarphisms.

EXsmgk.'- X=V(x1-75) , P A'— X
£ (124
‘NA") mdeed lies o X @) -(¢Y2=0Q
¢ 15 a PO\Y“M\G‘ W\(Ap (Nl\lx Vs inje(_-\.'we_ :
I @5¢5) = (wb ul ] awh $#0, then ::1;:::\ R

The wap § s als 3wjeojr'we.'- Ly (ab) € X awh Swpfose.
a,b#0. o -
A8 - (%% = (T %) = (e

(@hex = a*=Y?
= d iy a bigehive polywomial wmap, bu-\- it is nat an

isomorphism  (prasf lu’ter)
X Yy a cvsp wa (0,9), /—\
v A4 1Y SYhQ0+h

Compasition of polymowial wups is a polynomial map.

Proof: 9:)(-—))” T y—z, )(c_._ﬁ\n' Y Q_A\M’ E&-A‘Q}
Y P‘ﬂyv\om\m‘ waps .
=3+, Fm E"k[\(o,....,)(“l s.t . 4la) = Fala),. -, 'Fm((a)\ \Va&eX
344, 4 € Klxan ] ok M0l =(qlo),-~ 440 Veae /.
Yaex : (7o) = P10, Fwla)
= (Al ey Buldl), <oy Ay (Frga), . Fimlal|
Companents ave po Jymamials, as they o camposibans of polywmicd;,



led xe AY, V€™, XK= « mayp ank T 7—A*
he +h= prb&ec:l‘ion 1o Yhe (-th compovent. § 5 a pfl\yv\mu'.l
mop (=D ail\\ comp%nhons T 9% are rota\ymw\w\\ funchane .

Proof: D) Follows From Yhe previy lemwmy .

(&) Svppose that o P 1> A polynawial fumetion For each &, Thew e
Afie ke, ) 4. T sla) '-‘-'[-(,(0\\ Na€X.

= q>la\=—(£,(a),._.,+‘m(a\\\ => ¢ s a polywmial wap.

let P:X—Y \oe. o pq\ymw\\u\ wap ok 3e\k[7’3
Then a0p ek[X]. X —sy——k

DeFiivyign' Let ¢ and, Y R as in Ywe cornllav/, The elewment
?Qelk[x] \s Colled\ +he (slovene: pov\e,\c) of o wder P.
W will denete it by #%(a),

et #:X2Y be o polymomial map . Then we have a wmyp
o* kYY) — kiIX],

* h a \nowmephism of \k-a\q&b\ms.

IF 9:X=27 ond t:¥2 2 ore polyromial maps,
thew (1o4)% = 0%e

The ay o — P* gives o \oi'sec.'l'\'an between the set
of polymowial wmaps X227 and dhe et of k-algebra
howmawarphisms (Y] — Kk [x].

Proof: ¢MklY) = kI (s an algelora howamavphism by the
lomwa . We howe, o prave byretivity



IniecYivity: Svppor P, ¥:X=) are polynominl maps s .
Mo * K[y k(x]. pely P
O¥(g) = 4l e ki¥]
3P =0T - Vyekly]
bla)) =g lv@)  Yaek[r), Vex

Let ¥apFo € () %) S:4. B(a)= (F3(0), -\ Fwla)) VaeX
b W ¢ KL%, 0] sk Fle) 2 (@), Mlal] YaeX

= 3('F4(U\|---- ‘FMU\“ = 3(\\1(‘\]..-., hm(ﬂln chelk[ﬂ [ XD

For o we Yake pragotion 4o $he i-3h Componnt
Filal= hila] VacXye
=>U:1(,b\\'..-| 'Fw\(.”‘“ > (‘M("\I"'lﬁw(ﬂ\\ VYaecK ) ® =V

Swy&\’\v'ﬁz'- Letx F: kly)— k[xl be ‘an\ownovr)\'\ism of
k~algeloras, We have to shiw hat theve g ct palywomial Wiup
DM:X—=Y 5.t F=9%
XA T «A"
Then k[)’j = k [¥a,.-, Km-_\/]:(ﬂ ,
FQ‘ L=y Mgt Xo = Xo+ I(Y] é“k[Yl.A; Q 'HIY\(-"'I‘OV\ o
yl Xy s Yh prn}Qc“\"Jh Yo +we \-th companent .
Define  ai= FIZ) ekIK) for A m . Comyider o oy
pq\ymw{\a\ Fometiony on X

4 X— Ik

A — q; (CA)
Define $: X — A"
a +—r (q(a))..- %m(ﬂ\\

R kR
et neT(Y) cmhaeX qv'b{\'varf. We have Yo show +hyt
h(®Hlal} =0.



h(el) = Wiq ). ., Amla)) = (o, qum) @) =0

h (‘5»\,.... ‘ﬁw\\ < h“:b'ﬁ),---; PL?;_))

F Wawawerphon ofF 5 - F — —
u\%e\gu.;\ ‘;\ l‘:\ o v - r (h (xd 1 x\h\\

P alymowases) = F (n(xq..., X\ .,.'_\'_(yn =0
——

e1lY) j
N~—

=0 W Wt 6] /g (g = KD
F=9' & FiR)= o4F) VFek[7].

-— -y,

Fanh 8% are  alylonn omomorphgms | Fhrerefore (1 emuh
Fo chieck the eguality FE)= 4*(f) on Yhe ganetors o k(¥],

Le. on X4, X ..., Xiw-

Flx) = 9" (%)
For cathh aeX we have &%) (a) = X: (b("\\)
D X (qala) -\ ela)) = Qi) = FOY (.
'me‘;zo’rmn +» EN ‘b* (%) = FKF‘,\ |

i*y c'awmmm"t

There is a ontravariant Fumcray
{q}f'(nc vow'\'e’r(cs‘g — iFin‘.\e\/ gewerated reduced “(-u‘adow\s‘g
worphisms © oo |)'mw\\'u.\ maps
O o\oélu‘s" K— kIX)
On wavphivms © (9:X=7) — (9™ kY] —> k(x]) .
Moveowr, Ty Fn\\ow'\m\ version of Sw&ed'wﬂy holds® 1F A

s awny 'F'\v\'\\e.\y agntvateoh Y?-txvc.eck \K-u\%&\om, Fhen Thewe exinke
av affine vaviety X. ¢4, KD = A

Proat: We all”wﬂ/ pvmvuk all \orr)per’r‘le.g oF twe Fumehon.
Let A Ve o Twikely spwuaked vedveed K-algcova. Let A he



gRpvated by oy Then we hase  an Algcbey
homomarphism ki, Wl — A, X —a; W,

DA }k[xn----x-‘:s/]: for same V! T

Ais vedwed DT & a vadiw ool

E)y twe Nullstelltn sate * I"'Iq(x\ faor saawme.  affwe \/q\(';d‘)f
X <A

var) =2 A= k[ %0} /1(x) = k(X)

The oloave Fumchoy  nducey o Tunctor:

nwarphi cls isoworphun  classes OF g
15 ;Wv\. $3e) - )
ifﬂ aHiwe varietHes : ﬂ;‘:’:&z‘ \gﬁm\'&l Yedvced

which iy lilective o objects,
Avotner corllavy of +he Hheovem:

ey X — be a m\ynowﬁu\ Wy, Then @ i

cn Wamay phism SeXall AR ad 3 PARK IS {Samarphisi.
of ofFine Wayiehe DF M.l'sbbfa,\
M:@»: SUW%Q. b is ay is‘avmrp\riusm. Then 3Ty —x
o lymomeal wap s . @Y = idy and Yo 9= 1Ay
By one of The lewwmgy before dhe theoem °
PRt = (Mo ) * = i = iAkp

The game o.vejuw\m-\- shows ¢~ ‘a9 = iAILD’J =% s an (sawarphie
ol a\gebray .

E):Assme, that ¥k — Kk [X] 15 an isowmorphism. Then 3
an alagbra, homomorphism F: kDA— KLY] s +

d*oF = iAgoy, Fo P = Ag .

By SVY'AE.C.JH'V\"‘\‘)( ih Yhe theorem A a po\)/mm\'a\\ map



f¥:y—aX st F=7"

(dot) =t e d*=Fo g™ = idk[y)
Also: iy =ik By the inpctivity of +he Theorem
oA =idy. The xawme erguww.w} cb'wcs Yod =ihx

=Dd 1y an 'lwmoYp\niwn of wvariehes,
7. november 2029

Example: X=V(x*-y3) ¢A*  &:A' —>X
t — 47

\X/e will show ‘\'\\w"f $ 1 Y\O’}' awn |:snmovp\n(sv\. b)/ '.)\’\Q\N.lln%
That 4% 5 wot an  \marphism.

& kX)) — k(A7) = k(4]
We will dhow +hat [+ is wot wigehve . The Wage of °
5 Se.ne.ro\“r‘ec\ by The images of sev\cm*ﬂrs of kIX].

KDY =KDyl 5 1s denemded by x+ix*-p)) and
y+ (X8,

What i % (x+ (- 7/5)) 4

(JEOMC'\fl(all)/, X + (x’--y‘*) IS a p\(f)y:.‘l‘\")ln +o Iwe 'Ffrs}‘
covv\?amn’r, SO D+ -y = 9*(T) - Myod

FD\' each aelk we have qu(?(q\\ = TT,,(o\3|c\1-) <a?
DM = ¢ (x+ (xP-p3)) = ¢

Swalur |y Py tlet-y3)| = t°

DThe 'lwwdk. of % iy a&wzmhc\ h)’ ) cnd “Cq, 3t
does mot contain L. = 0% js not .Sur\')gd'l'vc. D is mt an
isomts\rp\\'\sm



DefiniYin: A waap &: X—>Y" iy if the image
PIx) is dense n Y.
We can have O\QM'\m,r\'\‘ Pq\)mqwﬂul apd +hnt are not
5vréu¥\vc., For example , préjection Vle"l\ — A"

y 3
Vv

let #:X =) be o plynowial vnag. Then
(1) 0% s ]nju:-]-ivc, &> ¢ iy dommant
@ IF 9% i swrjective, then ¢ 1 inective,

The previoe example chaws +hot +he canverse of (2) dowy
nat holA.

Proof: (1) $* « a rivg owmomomorphitam | so0 i gecfine
Skerd™=0 .

a ¢ keed* = pH(a) =0 qodp = Q&> 3(4(*\\= O WxeX
&), =0
Spix

@ Suppose. that ¢ 13 demivant . Then $(x) =Y. So, if g s
2er0 on (), $hen it ik zevo Gloon HKI =X, becuur 9 1)
continvas =) ¢ =0, so ker 4%=0)

&) Svppsse. $ is ot domimunt. Then 8l<) iy a proger
Vovariety of Y so Wt an write 1T ay ¢k =V (... f)



FQYSQW\(, 'F’ll---\'Ff‘ Clk'[)’] T}lCV\ Fq VO.VilSl'\CS on ml $n .F"I’(:lo
ek ¢ D % [ wot maédm.

(2) Let s (o), @ =0, an) € X, ada', Then 3c. atal.
|F Tﬁ(, iy Fhe pYi)dcd‘l'Qn 1o Hae j~th Comloof\bn’l‘, Fhein

Mi:X —k, so Mck[x] ok Mo # Me(a\- By assumption,
f?* 15 surjcc,'\'ivg,, so There exwuls %G}k[ﬂ s.1. TT[,:‘P*[Q\‘*}"?
A (0= miCa) * Tela) =@ @) =D ol * #(a],

Defivition: Let K <P be e propctive  vaviety. The
Q'F X 1 &\X\ =|kL¥o.X4,.--,X;S/Ip\K\.

Two properties of S[X):

* KL%, %4, Xa\ Ts noe¥neran, $q S[_x] iy noeYherinn.

* K (%o, %4y .0 Xn) 15 @ %vao\u\ '(fvxﬂ ant\ IP(K\ IS @& homoamcovs
ideal | g0 S[XY is o qroded ring,

Defimtion let X<P” he a pmjauﬁua vewviety
A\ For a KOMo%zncws deal  JASTIXY we dafine
\/x(\\\ = L’( eX \'le\ =0 For eqcn ‘t\oww&ws +@3S
Ths iv & of X.
(2) For each svhset VsX  we define the of 7w S[x)

by L) < U‘ € S[)(—\ how\mau\ewa\ frl=0 ¥xev).

As i e affme caye,, we have -

1Y isa Svlovariety, hen VK(IAY“ =Y

IF ST s homogeners amd  the vadial of 3 1 ol The
ivrelevant 1deul of S[K')' +hen I:g\V:t(J“‘ﬂ



9. R_e_%y lae_Functions

Definition: Let X = A" be an affine varidty and U £X qn
open bt A on U is a wmap $U—k
such Pt For each acl Ynere exishe am open neighkorhood
Un of a n U andk there axish P«‘La <k[x) svch that
9,) 20 Tor xXelU, and ¢ix)= Rt 7-40‘\ for each xely.

i wlX) . : :
Th( %bo‘\-‘elr\'\' %%;\ s \f\ﬂ"’ mcgssan\y %\ohulr o\.CFlMc\ on V.

Exawm\e' X=V Xaxw=Xa%3) € A", This is om wreducible
hype-'&wfau m AL TWE o getr of all 272 smgvlm matrices .
Lot V=X 1V xe, %) = Lan,840m a0 € A" | X4Xu~ e, 01%0 ov v o]
be the =t of all S“"&"\“V watvics  with e seordh  colummn
NOWTZENQ .

O: U —>k a

2 0,40
UL I
(uq,a1\q3,u.,\ E— ay
ay . “{0
This i Il defincd b G - 2 \F (4
81y A wWe ne W\CAP' Lcavye Oq Ay | U, 1,'Ch,'f4|,)('x

ALt0  an\ ay 4(), |+ 'S a Y'Uéd\hr 'FVV\UFIQ'\, buv# nether 0%1

nov %2 v defined  everywhere an

November 11, 2019

Definition: Let X 5'—“)“ be o pro'dw'l'ﬁlc Variz;\'y ank V=X an
apen whse . A om V o map :V—k
5&‘\'\S‘Fyln3 the Following \oroper{y For each acly fhere exivhs
OW  Qpew hemnhbowkooo\ Ur of @ m U and there exist
Mw\qzaxv\eous po\ymvv\\qk Fa\h ek [4,%s,. -, {5 of' -an same 0%'«
svch hat Qu(x)*0 for eqo\'\ X< Ua\ Owl ¢(\<\ &L*\

Defimihon is well-defined - 1 o 9 are of o\aﬂrce A, thew for



A
gJ : rﬂ(hv,l.--‘x‘a\ - A 'F‘(K1| sy KA

X gfﬁ‘ is well defined .

Fach offine var]d'y XeA' s an open svbet of a prcﬂec;\'iv&
variety ¥ e ﬂ)“. Last +me we W a defimtim of a \ftﬂu\ov
fuonction on an (open subset of an) affine variety . s s

efiviyhan eg\u{valevr} 45 the abovel Yes.

SUFPOSQ. XQA“:—:UQ "'—'FI)“ IS an offine Vav'ld‘fl and UeY
an open sloet. Acsume Tt $:U—k  a reau‘ov wa P
accoding Fo the Aefmtion From s} +me For each ael/
there exels  an gpen V\eits\'\bourhmd Ua of a m Vsl
and  there existh pOIymmo\u\s 'F«.gq& K [Xgr X0l Such gt
Mﬂ{f&‘,‘ for each  XeUa. let A= wax | degtu, deq 3,3). Define
Fltne ) X3 Fa (2, 5 Oy i) = x 20 (%, -, ). Thew F
o G are. homageveos  polymomials of Hhe same degree oA und

Tor eadh x=(1: %121 x) we have

FlA, e, ) 'Fu(\/'l.o--‘wn\ -
6(4' ’q""x"\ h Ya (¥1-- \Xn\ = ‘bb{\

= b (g requ lcar acc.qro\\'vui Yo YThe wew cdeFinitign.
Thc converse. can be shown the AW wqy’ Us\wa
o\&how\o«a&wim"'\hn _

We will often Uye QV\\Y +he secqnd 0\0-'['.\\!\'\*\"\“ for
%\:{A\'\p\’o\je.c\-'we. \Imr'\e,‘\-\'&s (‘-‘ P& S\Ib}z_‘]'.'s of Pv'qa:e@’r\'ve.
Vurie:hi:s), this  wmcludey open  svhiets of affFie vavietes.

Sometimes we will aleo need reﬂu\w funchiony on open
whieds of vareMes i P"xP™ let X be a cloged sebel
of PMx P ond\ V an  OfRW whset ofF X A



U ig & wmap V=K svh twat For each a¢V
Theve exist on npen neighborhood Vg ofF oo m V and\ palymomuals
'FA\&\& Ikng,...,xmy,,,....yf_\ ’“ﬂq“' are homoﬂzﬂeovg of Yhe same
”\Qﬁme N o Yo G \f\omoawmw of the same vee W

x\
oo 5 Vo €Uy. 4,00%0 and Pl = 5L

let X be a Yuas proaao”"\vc varicky anwk U an
open bt of X. Then Ywe st ot all Yeﬁu\ur Tunchiong
on Vi a }k-c\\se\om For painYy -wise,  gpevations.

Progf: The only gyedion 3 why the sum ond Yhe praduct
of Kﬂv\ar Funchony |y a« \'eﬂvlq'r Fomhn, We ghow Thiy for
dne sum, let ®4,9,:U—k be +wq redv\u\‘ fonctiny. Let
acl be arbﬁ‘vory _Then Yhere exist open W\ (3\/\\00\;\«\/\44-\\
Va.Vz_ of A .m \V) am:}\ \r\omoae,v\mus po\)mow\\'uh af the Jume
desyee As, -F..‘$1 &lk[fo....,xa o\ V\omotazmeovs pe\ymwn'a‘x
of Yhe sawme Mﬂﬂ( dy , 1 ‘(‘316' ka0 5.1

_ Falx) - B
$(x) -@0Vxev4’ () fo\f»ce V..

Let Ua\ '-‘V4 I\Vq_ T hewn 5,,(x)31_b<\¢‘0 on Uq, \cm&
£al)  £2()  Faldaqlx) aF(x1340¢)
Q|l\<\ 1 9. k)= &Lx\ N 3:_0<\ = = 134431(&\ '

and the vwmerader ank dewomivator ave \f\owwg&v\zovs of
The same Mvc.e. Aq g .

Rewark: n the detimbians of Ye\fj\l\w waps  we allaw +hat
the nwwweratrqr s O,

D rdP ik a reau\w waup on U,
The sawme tor 9, d.



Rewar k. Oy W) 15 not necesganly Fimiey qeverated. The
‘F\va\' c_ouvr\'c'rexqmp\es weéx e covxs"lvud'td by Rees amA Nq%edu.

T\r\es'; covw\'erexump‘es Are.  awmony e few  voms npetherian
vings that we will consider

hole of O (V).

bvT we will never work with

Let X bea quusiprigetive varety and ¢ a

Y&:S\l\a\r Fnction on X, Thew Yhe et Vig): = {X&X \ (NK\’-()B
1S Cloved X,

Praof: For each o X fhere exish am open peighbanhaad Uy

O{_Ol " X A\AJ\ haMotd&Mnn po\ynom\h\\ Q'F +\f\Q ume ol.zqrc_e_
fayqn 3%, QU0 ¥xeUy and o= 5B xex

a ()

U\ V() = Va\V(Fa) = Va & (X A\V(al)

open opan " X
m X

D Ua\V(9) 16 open in X For each aeX
B‘yx(\/a\\f@“ = X\V(@) s open 1n X. V(8 iy cloed i X

le¥ X be an irvedwible quasiprapctive vaviety, U
an open bt of X owd &, Y:X—k veqular functions
That agree on U, Then 9= on X.

—

s ored i X, so U EV(®-T). X is wredoible, $o U=X ond
XV ([0=1), which weans 9\ = 41X\ ¥xeX,

Proof: ) = T(x) ¥xeU D U «V(4-1). By +he lewma V(4-+)

2

let X be o %_vu'lpvoécc,"-'we, variety awh UV be an gpen
Sjb&'l' OF X. For each ¢ O'KlV) dhe Y’e.s{"ﬁ-c,*‘l"]“ ,NV K Qa
re.tbu\mr ‘F\Md‘iﬁv\ o V, So ’P\U&O'x(u\. So we have g
restickion wmap  res, s O (W) — 0, (V)



$ — MU
This map so¥isbes +the following two prapechey:

‘Tesyv = iAgg (v)
I yeveW ave open whxle of X, then

r&sulvq re.\w‘v = Yc 5\\'/]\[

M‘F\'v\'ﬁ-(rm" Let X be a -"OPO\OG\'M\ Space. A
(slovene: predsmop) F on X consisks of the Followmy dect:
() For cach open svbsel | eX we have q ef G(U\ Its

dewents ave called on V. IF U=X, +hey owe
Co\\lerk .

(Q)For each pair of open svbseds U, VeX sutishying UV
Ye have o map resyy :F(W— T(V), called ,

which satisfies +he  Followmy Fws  properhies:
(a\ resyy= MT(U) for coch opaen ®Y U wn X,
(o) If VeV EW are open svhrts of X, +hen

YESpiu=Yeiviy °Yedw v,

We chowed +Hhat Oy is & presheaton X: For each open V
we AQ.'F\V\QCA 'H\Q 5&'\' O_,((U\ o‘F‘ T83V\ur 'F\M(;'\'\.',)"\s on U’ res 1
Ihe vwal restadtan ol (a), (0) are satisfied,

Dg;ﬁ'v\ihhn" Le.'\' X be a -\'opo(os\'wt\ spoxte. ) A [s\oveng'-
Smp\ is oA pre.;hea‘f: T an X saf rs‘Fy\'ni he
(lagsYnes \e\o\:)enjcx)3 Far each qpen SUbstt V< X and
cach open cover |V JeT) oF U and eoth callection of
sechigns O & (V) (e<T) soi sf'y\ir\g
resyituav; () = resyigayy Vi
Phere exists o wnigwe &e F(U) st resy @)= &y



led's check twat O, © « sheaf. Let UeX be aw open
sviet, {ui)ieI} open cover of UV and for cach ¢ let
% be a veglar Tunckin on Vi (% €05 (Vil), sveh that
"P;,\st = ‘»J\V&“”j Vi'.']. Be cane of Yhe last eg\w\H'r we have
& well defved  Funetin $:U—Kk | xeUg x——h. We
have *’) s how Hut $ i o TUAu\av' ‘FW\U\‘\'QV\_ LQ;\‘qEU be. o
ar\oﬁwr pOir\'\'."\'\CV\ a6Vl For samee L. ® s ¢ Nﬁulur
Funttion on Vi, 5o Yrare exists an open neighlorhond
U.L&-UL and how\na(w;ou; pfo\yv\aw(w.\s of e e vee
Fu e 5% 9070 For xela anh (= R2R Wxe U
Then Ua s ks open in U and Q(X\“-‘%“ELE\T W x eUq.
=% YO\-\V‘QT 'FWW"I"M N U VY b aln cleor ‘Mu;'—"pf Ve,
= Ok is a sheaf on X, We call 1t the of X.
Struktueni  omop
We can define. sheares anch pre sheaves M a Coc\-eﬂonba\ way.
ler X be @ '\'opo\oaicod space - Conpndar Yhe cakegory Y. of
all opem sviagets of X, [F U 2V ave open svbsers of X tpey,
Theve i UwWgue \mv\o\nism Fram U V- Ve V. IF V£V,
+hen the set of yworphimg  From U 49V (s empty. The
C.Qmposi“n:o\ns ave dafined W The obviow way .
Then . presheat on X is o contaviont Funckar fram T
fo St ovk o shwaf s a contavaviont functor sotishymg
anadditimd  (alving) praperty.
We cavld alsa ook at contavariant Fomctary From T 4o
c«’\'c.lqr(es of aravps, rings; madeles, ... We Sd' (pre) sheaves
of ANowps, rings, wokuley, ... TR weans daat F(U) & o
vav/v"\v\j /W\oal-l\(. {"OT (Ul.o\l\ Opev\ svb)g,‘]" U of‘ X and thut
e restvietjon maps o Nomowgyphesiug of e]fﬂla%l rimgs (
molves ...
We shaed +Hat O (V) & & vig for cach open subset



UofF « gquadipropetive  variety X. The yeshichions ave
Y‘ihﬁ “OW\OW\OYK}‘\\.SMS = 0% v & sheaf of v\'v\ss an e guesi-
pvndeb‘l'fve. Vanierys X,

This will ke ‘wipqrtum T \ad—evl when we will consider schemes,

Recall +hut= o a\Is‘\"\vujv'\sM open  svbaek oF an offFing
Vavicty XeAN &« set of Yhe fonn DIF):= {xex| Fra+0)
where Fel[x)

Let X be an affwme voviehy amd fek]X Then:
(1) Ox(x) =kIx]
(2) O;(LDH:» = {—%‘ | a<kl<), W\eNq\.
I parfiolar, regilee Fonetiony on o distinguished open set
an affine, Vanety are everywhere defned %uo%en\'s of-
two Po l y\nom{al Fuackiony.

Novemboer M4, 2025

Praof: (1) iy « special case of (2) if we fuke f:1. We
have. Yo prave omly (2).

@) If x D), +hen FW"#0, so Sok iy well defined, aud
X — ?% s clearly o Yesv\qv‘ functian on DF). This
proves the secamd part of (2): x+— ?(,% W everywhere
cdefined on D\‘F\

@ Let &:0lF) —>k be a regular functin. For each

ae D) ther exith on open neighborhoad Ua of a in
DIF) and there exist palynomial Fumctiony p, g ek(x)
sveh That Far eadh XelU, we have dalX) ¥ 0 and $l)= %ﬁﬂl.
We First make some redvchong so +hat we will 8&'\'
nicer Uy, Pa, %o

The aswmpteny do not chenge if we Yake « Swaller




he\s\r\bovr\r\ook Each open et is a union of (Nb’f'\v\au'\a\ﬂ“\

open 5('\":, 'H\(’.(Q‘FQYG_ we W\(A7/ asduwL 'H\cd‘ Va v «

distinpished - opew  sety  so of fhe Form Va=Dlra) for

e Y€ k[X].

On Dlta) we have vald#0, so ol = fad . Belslrd

Forall xeD(va). We can veplace Pa by peaircal and

g@) by galr(a) owh the aswmptiony sHil hold, 54 we

may assvme that pox1=9ax) =0 For x&Vi(ra)=X\ D(ra).

= Dlra) = Daa), Vi (ra) = V(9.

et abel; be Aifferent pomts. We decompose D) as o

umion D) = (D) A Dlre)) V (DL n Vs (\lrad AD (re) v
VAUTAPRUAPRVIN)

IT x D\ Dlri), +hen

Ol g = E2d = Pet) g\ = pul) duatey

The eguality altn holdy on Vilv) an\ an Vxlrn\, since
by the last vedudhim we have Palx) = %alx) =0 an Vi\¥a|
anh ppld) =95 (x\2 0 an Vx(re). So we Wove ) g 1)~ o 0 X
for each Xe D(f). For eaehh aeDWF), Ui=Dlva\ iy a0
he'ta\how\'\m:)\ of o D), =0 DKF)'- VAVIUA / ©

aeDif)

WA OVl = N W) =W LY 1) =dfsalaedelt)

A“Dle) O\
e app\y 1 x\ ) +o dh Qq\w\i'\'y ' B
L\V (F\\ = Tx (Vi gl D&\X\ ;—ﬂ 0 |ae DEY)

reltive Nollgkellensaty

FelulVc F)) => AmeN, fMe (%) ou:D(F“.
By the definrion of an  1deal ae“zm-\et)\ by sowe set dhere

exisy  Fundely many clevends g, and \\.kelk[x] suth +hat
™2 & hage. We dafime, o= % oy

Fintte aefy
aeA



SO we have \%k“’\%(&\ Puo(¥19., (x| For ek xe DIF). We hove
Yo shaw that ) =3 ). Le.+ be D) be
arbitrary. Forall xev, = D\rb\ we have, tb(x\- Bt =

QX 9 (x) = i h«kx\pth) 94K = é.h«lK\aal*\P»\K\=Fb<\“ Pox)

Qn D\rn\ we have a,(x)#¥0 ond F|#0, S0 %f%\j $(x)

foar all xeUy. dince be DF) was O.Y‘h\"fmfy, we 35\- $lx) = fﬂ'lt_)“"

For o\ xe DE).

Definition: Let B o (commututive)  Ying. let S be a st
that is wwltiplicatively closed  [a€S, bes => abes) and
confums 1. On RxS we dofme o velukion

(k) ~ (b,t) > Juel. wlot-bs)=0
This is oy e,r.‘\u'\vu}emc velakon, We demte the eguivalenc
cass [_CO\.S\‘S with &b‘ And we denste the CLUQ‘\'I.CV\T
wf (RxS), by S'R.
We define adition awd ww |+ p\[cfﬁlb\n on Sq\l by

0. b _ atths n. b, ab
STE T 3t T £° st

We com chede ot Yhese aperations ave well defined ond
ot SR i a ring for thew Qperationy .
We coll 11 e ot L

M‘ - R s Y\Be,‘\'\rﬂ.ritm, '\'\nev\ S-qk s V\oe.‘\'\\w'\uvx,

November 18 2029

Examgles'A) \F R iy a domain (witha} zevo-clivisers) and s21134)
Then SR is the Feld of Fractions of 1L

U Lot tR be om Slewsnt that iy mot wilpotent awd 3= {4043
Thevx PR mu\“'\\o\ica(\-'we Z 0\0894’\ And we Can dcFme S-nla_

S'R:=3 = | X e, neMy)

-



This \"11\3 s Usvally  chewated b)’ Qr - We wll
AR he. V\o\a-\-ifm 18 %\-_\

Coneredt exuwple: Q‘-‘-—El 0= 2 SR ave all Fractiony wheve e
devwminatar s a power of 2.

Rewwr: We ossme that a i wt  nilpotent, as otherwite
SR £ a trivig H"S'

AE PaR is & prime ideal | Then S=R\P is o mibiutiely
clased =t with 4. The ring of Frochone SR is in thiy cage
denated ‘07 and called,  the of R aft P-
Prime, ideds in R'P ave of the Form S‘\Q"i_%\O.GQ‘SGS&v")
where Q is o prime  ideal of R amd conkined w P.
2S7P is o wowiwma\ idea) .

The et of oll elements fram S are inverklde W S K
S377P = P'p I the unigue,  maxmal deal of Rp-

Definikion A ring is if ¥ hay o URGUL  maximal ideal .

Estgm‘]!e? Localizedions of R ot PYime deals ¢Ff R are local ring,

Let X be an offine variety and Fek[x]. Then
Ox (O\)) = KIX1[$].

Proof: We define o wup @k[)(][_ﬂ — G’K(DU—\)

a L 9k
f"‘|_)(.’(' '-FU(\"")

IF xeDIFY, then FXY"#0, so %%\n s defined, s0 X+~ fige
b a reavlar Tunctian on DUF) .

We have o shaw that & iy well defwed Suppose we have
%": _?—"\ n k[xlj.%“l S=inFfy

By deFmitvin then there existy keNy sveh that (gf“-hf")fk-o



in KIX] = () FoM - hix) £l))Fd =0 ¥xe X,
F xeDUF) | Then FEN#0 and we get
£ ()

QeI = = A8 - T yeenyy)

=P iy well defined.

Clearly & 18 a hromomorphism of k-~alogloves 14 iy swigchive by

the theaewr From last Tiwme.

\v\y_c,\-wﬂ'y of §

Assume thut fneker§ This  weans -F(x\"‘ =0 YxeDE =

D G)nN xeRF) =S 9Ly -Flx) =0 vxeX =D 9f =0 i k[x].
(3:1- 07V, =0 m \\:[x}.

By twe defwtion of Frockiony we @ =S k(L.

D The kee) is Yrivd 2 € wechve .

3. Reaylar maps

Definition1: let X o= o Quasiprojechve varity, Y <A™ an
afFme aviety ankh U €Y an open svbet, The wmaps ¢:X-U
is o if there exist vequlor Functiony 4y,..., 9
on X sveh +hat P)> (@), ... o, For each XeX

let X be a quasi pvoa'ec-'l'ive, variety, V¢ A" an qMine
variely ( U =Y cn apen sthet and 3:X 2V e vequlor wap.
Thea & is continuws in the Zariki Yopology.

The proof iy the same as in Yhe cose ofF a  polyviowmial, +he
anly difference is that we vie the fact Phat V[ P) ={xex i+
s chosed i X O T s a reau\m Fumetin on K.

In Ine cage when Y<eB®” iy a gLt \om;yzc,’rive VOLYI.C.‘]')! We Cemwol



Aefine o mﬁ"\‘” Wy X=2Y as an (we) ~+uvple  of re,:(ﬂor
‘Fuv\c,'\-\:ms, becunr we hawe -\-o be. mrd'u\\ aoav comwon
ZEYRS.,

DefiniYion: Let Xy  be quas prayective  Varieies, YeP" A map
&:X =) is calleh w iF for each o &X twe Fallowmg
holds: For some  fadex 1€ 10,4, n} sa‘r;s{-yiwﬁ d(a)ey; =" Wpik)
There exishs am open neighbarhoad V of a m X sveh Taat
(W €V and the regdviction |y VUV —V, is reglar
CILUZK(MV\& Yo the previovs deFinition.

Remark 4 Twe defimtian is '\mlapen&evd- of +he c(ipsan mdex i
L’v-‘- acX be suh that b(a\GV(,{\UJ. We wvie the alz":'mi‘h’on
Far (* There exists awm apen neigh barrhood of & w W sweh
'H\u,'\' q’l\’\'—‘Ul} cw«X "Nu"u_"’)ui, Q'A“ '13 amdf'\j +0 sz./l.
By the previevs ,eW\W\d\ e vestrichon is cont vy, SO

V' = U?\ul'q(UanU\,'\ (s open wn U, #lU') = (21)(W) V.

We want o show that 4|, U — U, TA" s & reqular wap
O&Coﬂ)\iv\g Yo  Definhan 1. q)\l/ \s Ye,&u\u\« o.wavdmﬂ Yo Definition 1,
20 theve esash regvlar Functons  Pore P on U aich that ¢;
cms‘mn'\'\y egual Yo N ank Pl =( Pype) :-o Mmix)) For each xeV.
$(v) Vi, so )20 VxeU, and For cach welU wehave

£\ ®n L)
b)) = (%;“—\ e g M\,
it

5 =1, 5o Q)\U.:U“—) UJ' = A" s Ycau\ovr according o OF 4.
DDFmition 2 &  imdopewdant oF ¢ .

Rework 20 1€ Y i an (open svowt of an) affine veviety,
+hen DefFimihion 2. i Qg‘\}\vale,vr\ 4o Defimtian 1.



Reavlar waps are continuevs in ¥he Zoviski topology.

Proof: Let X and Y2P" be Qs projectve variehiey QAA
DX =Y a vegular wap. Let Z bea cloed svbsl of V. We
have Yo show Aot 97(2) is closed in X,

By the definition of o regular wiap For cach weX dhere exihs
on wWax ¢ awh an Qpen ne(ah\mvr‘r\oqd Uk ofF ¥« i X gveh
that B U and #ly Uk — U AN is reavlr according
"\'o D&‘Fi\fi\\'i@n 4, FO\’ '\'\f\'\s res*ﬁohm We can UR ‘\‘\'\L Ye.suH' +hat
mveﬁu\ar wmap to an affine vaviety 1y conhinugus | 30
(Mu‘]-a((/& f\-‘a '-'U,(/\QJL%\ is closed in Ux,

D U2 s o oPtn in Uy, 20 also open W X.

SU (L 87@) = X\ 4(2) © open n X

¥eX

D H(2) 18 chsed in X, Y

Let X,Y beguupraective vavighes, V<R Then a
mop PX=>Y \’e,sv\ar D ¥ is Contiwavs omd YW veghrickion
PV — W FAY s reqular by Def1 for euch (=t 0.

Lety X € P™anh Y= be gyuipvdaeu\"\ve, wwiehes,
A waup P:X —) iy Ye.au\qv- & fFav each aeX there exusts qn
apom né\ﬁh\oqurhond\ Ua of & tn X awd polynm&ds for-fa ek ¥, ., yir)
Phat ave howvageneavs of the sowme degree  sych that For zach
Xelp we Ywve Fil|#0 for af least one ¢ and BKV=(Eylx): -Fubd),

Proaf: (=) Let ® be o requlue up ank a&X ar‘dlhory, Then
Theve exisre ¢ s.4. M) 6U;. By tne definition of a ‘(eﬂv\av map
There exishs an open neighbour haad, Un of & in X and reuulqr
funcXians ‘b.,,...,“, on U, with P CQV\S*’M'\J‘"Y A svch that
47(’(\:' (ﬁo(x\ Bialx) 21 Diaalx):on: ‘phl’(“ For eacth ¥ 6 U,.



By the Aefinitian of reavlor Functians Fhere exishs an open
hehbourhood U,' of a in Uy and dhere exist homageneaus

pn\ynown'u\s Ao ) A, No,rey iy €=\k[x.,,...,x,:_\ | O, and W of the same d?ﬁreg
¥ such that @ - %’%—f} Vx &k,

i W) Qi) . Tl Qe .
= @b(\ = k\\o\.‘(\ T el 1: himab) "~ 777 ) \‘/s((‘.—Ua.

ha)
We lear the demaminators andd %c'\' pq\)mow\{u\s o, Fnek,- %)\
such Pt €1x) = (Ralx) 1. Falk)) Ve Uy
One com also crede that F .., Fn don'+ Nave comman zeroes
on U, .

&: S’lmilu\‘\r.

let X<B" e o prgpetive  vadiely, fo..$neklo,- %,
U= X\WplFo, o, F2) amd 01 = (Fl) £ -+ Ful) Far xe V. Then
PDVUV=F N & v-e.céulqr map.

In sav\em\ we CaneT  assuwme. that pelynomials top... fu Fram

the pmpncitian  ave defined glokully on X; ven iF X 15 a
p\mézc'\"\ve. voviety,

Examge: X= {(y2) eF* | xmayrazry o
P: X —p”
8'—7—1\ WF (X'-y:%\f (0'—4:4‘

(X Y_'E\ — i(y-;z:x\ vF ('?".y-.%\ ¥ (0:1:-14)

The defFinitiang Qavee on the inrergdtion, 0 9 b a ye,gvlar
wop. Neither of Yhe expressions is defined an The eutwe X.
21. november 2025
AX<P™ kvomiprajektima  raendderact, :X —> PP b je

, C¢ T vsak 0eX dbostuja odprin
dkaVey U ok @ v X i mbs}anSo hamagen polinami iste
sYopnp  Fo,.., Fr Sk [Xop X} 0 Obstujofa  homgeni poslinom,




isYe s’ropv\")c O\ Ay--nr %Selk(xg..-..xﬂ, A 2o ywk xe Ug
velja P(x)= “Folx\'-...'-Fr(x\\,((5.,\&)-...:35[:(\\\ m f(x\20 za
vsaj €N ¢ in gi(X1F 0 2o vsa| en ).

2) Naj bo X odpria podwmnoica zaprte podwnozice

P %P W &X— A § 3e | Ce
Q\)&'\UAQSO YC‘OU\QTV\E 'Funku'\Sc "74,..-, fb,- noa X, oko\ T\ vaa ke
XeX velja 91<) = (@), (X)),

2) Naj bo X odpria prdwinosica zaprie psdwnozice v
PxP™ i &:X——F" O ie | (e 20
vsak aeX obstaj okolin Ug od a v X in obsh\m'a
polinom forrtr €D Xops Xa Yor, Yeud | Ki 50 homageni 1t
&‘\“bphXL Y Xop1Xn 0 homogeni iste S-\-ap\r\(.yt V Yo iYm, AA 3
vsake (xy)€Uq velja k)= (Fole) s Frlx y)) i

Fll 190 =4 vsay ew U

WNajbo X odpriu podewoica, v PU<P™ in $X-P"
O je , e velja ket v 4), pri {emer
SO Fapr Tr €klkor i X Yo,y Y | NoWageni (s ghapng v
Xoy--+1 Xn " \n‘)W\O\GU\'l e s\")pv(\e, v 7-”74'.--\}/\;“’ M evnako
velja Za (g Qs

Vse ¥ preslikave  so zvemme v Popologiji Zoriskeo.

Na Vojah’ < P> e 12oMmoYTna pmjzk\"\w'\ Yozwotevosti. &q
dokoz 4—?_%« potrebuemo Zaornie cid—-iv\\'c'l&c re,sv\mmih
presiikov. Te (‘ll‘Hﬂide bowo  rebavali vdki, ko bowo
Ohvovnaveli  preslihave | pove=ane & pragklyom Pep™— P



&_‘Emm\s‘a Nﬁ\j hostn X w Y \waz'lpméeLHW\i @ 2noterodi,
vaimo| da sta X jn Y , Ce Qbs‘ru\'\aﬂ‘o\
re%ulum'\ preslikavi X —y & V:Y —> X, da je
Rt =idy w Tof =1dx. V tem primevi  pyvim, ola
sfa ¥ wm Y

Enako ket pri polinomskih  preshikavaln Jahko defivivame
pov\e,k re.c\a\v\ame. \o\rc.gi\,mve.'-

(1) Naj bo #:X —>7 requlama preslikava  wmed
kvazi pm}tkjrivhimo\ rmzm\-ems\-\'mo\, Po-\'e,m o\as-\ru;\q
preslikawa $% 07 () = 0k (X)) 9 +—q0®, ki
homama rFizem a\%ﬂ.ber.

(1\Ceye 17V —2 % ena requlurna, preslikava, porem je
kompozitum Tod:X—Z Fudi veqularna presliava i velja
(o)t = 2% X

Ce, o P XY jzomerfizem kvazi wm'az\u\'ivn'\h
raznatevasti,  patem ie O OyY) — 07(X) izmanFiztm
a\tgzher.

Ce sta X Y 12omarfui projektivai raznaterosti
po*em njvho homo%e.nq koordinat na kolohur;\u Ny Nuyno
iZzomarfna (vorje).

Razéivimo PRyma afinih  jn  proektvnik razmwtrerest;:

!}gfjm‘q'!'g'- (1) Kwazi pragcHvag  raemtevasti| ki ¥ iZomorTne

ofini raznoternsti | redewmq



(1) Kvaz'\pmézk’ridni razwoteroshi, ki & jzomarfn  projektivni
razngleresti, redemo

Veaka odlibkovana odprfa psdwmozica ofine
rneEnotevasH g afing wenoTernst.
Podoben dakaz na vajsh. Doksz v sp\d-m uilwicr.

Nu'\ b X kwzi proa'e\«}(vm anoternst W xeX.
PoYew ima X afina odgrie okolics v X, £.§. okslio
izomarfaa  afini  vazmeterasti.

Primey: /9‘\4\’\0"\ \o oy Fen V(xy"l\ = X,
AL

T X — A\ pm'}qkdja’g Ye,au\aw\'\ prq‘{lwui [

2: A\ —— X Qb kewmpozitma

x— (%, %) str  Wanhtedi
i ¥ splonem D(F) €2 A" —s K™

(Q'\l'"la‘“\ _ ka"\---\“"ﬂl Tloa,. -, a.\\)

Kaj & clhka regvlovne preslikave ® Kokine weste wwozgica
\SQ.Z-VQW\Q, d.a\ \ SP\O:':.NW\ slike Wi ol)\p(-\'a\ W W
Zapﬂ'a.



Imeli swma primey AT — A
xy) — Xy, x)

Sirka jo  A(ANAY) U { (0, ).

SN/
VY

DQ'F\\ML\\Q Mnozica X v A" ak y l?“ \& , ce
\\o lawka zapilemo kot konlng  unif o X= UUI,,(\ 20 kjer
AQ’ U odpvﬁ\ Z{ Pa Eapr+a v A oziroma F"

(M Razred konstrukbibilnih  winozic Je V\a‘)mqn\\su
Yazred, Ki vbuje vse odprte wwngzice in je Zoprt za
konine, preseke in komplemente.

(1) Mnozica X je kanstry k Fibilna, &

X=2Z\ (2 (22\ - N (ZmA\Zw) - )
kier o 222,27 22w p(ulu\\oce mpore(ldz zaprhih wnezic
v A ozirama P

15. november 200y

No\\" be PX— ‘/ reau\wr\fw\ pft&\i\:wo\ meg)
kvazi proje ktvnima raznoteracing, Teda"s b slika konsdrhfibilne
mnoZice v konstukflilne, wwnozice

Ce aq, P:X —Y ru\;\u\oma preshlwvcx, pOHVh JL
Plx) leamstrhdi bilna mnozica.

Prajekaga TR P™ —R™ e 20prta predlitav.



Dokuz: Naj by 2 & 2apria mngzica. Radi bi dokezali,

dr \e PZ) zopria. 2 zopria v P <P wxto je oblike
""V(‘ﬂ,...,fr\: k\\e‘l‘ 80 pa\immi 'F.,,...‘&ek[x.,...‘x.‘,y,,...,y...'_\ \(\ow\o%o.v\i v

Xo - Xn W hOWRYEW v Yoy Yem. Razlitna palinowe £ Fj sha
lahka vazline s*o‘mjz. Za vk My o £ homagen S"'Opv“'t d; v

KowiXe i NOMgan  sTopnie i VYoo Yo Notj o

d=max &, dc | i 4 ). Potem e

z _ V(,(:-.O\’-y;l-el'l’-k l ; :0,.--.“.;\10\"‘1'"! L-'JII..-‘Y'S

Zatq luhke preo\pos}av'mo, dr q F, F \r\ow\oﬂeni iske, Stopnje
AV Lo....n W \r\omo%zv\'\ 1ste s-l-op\nje. d vV Yoy Y.

Naj bo ach” poljvona FoZka. Poiskeli loomo zaprt poge) 2a o)
o bo element M) a bo elowent neke vaenoterosti

F ikgmidmo h0m0<3eh€. koovdivate, tolke a: O =(ny:..:Qn). Za vaak ¢
dE'FlViWq;\MO polinom  9; (%,..., Xpn) = FL (Xoy.--y Xn, Aoy - yAm) € k[xs,. .., ¥a].
\ \& Namaegen shopre 4 v spremenliiviah x,,..,%n, 2o je 4
ilownseh polinem stopnie d.

Co bi 20 Yocko o Vel homegene kaordinate (Aao,... Aaw), bi
dobili po\inﬂw\ Fo (X)X, Nto e\ AR = >\d’r_g (X0 1oy X 1 Obgy O =
"";\d ;(x.,_..,x“\.

AETIZ) & ne dosloyu Xe” da jo  (X,0)€2 ~ V., £ ) € e
ohs‘\u;\a\ e Au 2o vasl 3P hr V%\Sm 'Fd-{x,,.-‘x.,‘l Qg,--) ) = 9 &
AxeP" do 2w vi& (= veljn 4 20DV(an,.8.) = F €
an9h = ) @i Viagmad = (6 20 (Propetin Nulsrelmate)

4;'?3 (X0 1. Xa) € 'l[C‘su---\ qp\'&)\’é‘-(),...lnakgéml. ’(i,h; 6‘(”31.---1%1’].
(N AN mahsiwmeley  (dea)

Dznatima s \k[,xq,...‘y.:kﬁ- prastor homagenih golinomov stopnje L.
.D_QFS%MQ V" 3 kl: C"N- ’(I‘-L" e(ﬂh-"lﬁn\ ) 32"Ik[.’(’l"‘l*'lk c‘(‘l“l"w%r\ :
&): Vazawgwmo L=kotbat+k . Elementi klx..,Xal, so linearne
kombinacije  monamov  Xofax,f - Xa'r Kige Je Por-tpn=L.



D2k le ew \
X e(diar) D X xmt e (94, 90)
"\ (94,49r) je idaul
(E): Za ki lahky vzameme L.
Dokazali smo : g T(2] &7, daje K%, Xadg € (94,0 30) -
Qo 80O howwdmi iste S'\'O]O"\Jﬂ A. C(. al |k["°|---\xhlp_(= (541---|ﬂr)/
po’rt’.vm’g~ 22d i v&\du L ESNAN EML
VAN homotd.w'\ (9 lmoway s-lq'vudt R Wi pf Iputlojo rewy 1healy
Vedny ve\ja (@1 4 )t & I [Kormxn)y.
Sledi = Q £TT(2) &> JL2d | duwjo K Ixo, -, Xadg = (34,4 9r)g
Po defiviciji ideala geeriranega T Gy, Qr J2
(2\'\.--'1 4r) = {h%{*"'* I""‘ir I Ny, heele [*w---a"*{\s -
= (g“..., q‘-\"_ = {hq%q‘"'"" ‘\r%r‘ h'll'"lhrelk (X‘J'---;xﬂll-(k\-

b&‘FlV\'lm;\m preslikova -

Eo" ("k[x.,,-..,x.\ -Q-d\ é“:[’(o.---.xn L

(\nq,...‘ hr) — h.,ch + -'--r\\.'g\,-
Otiten veljn: klxy - xdg= (34, a) e Fy jo sureh Hima
Jedi: a£T(2)e> IR=2d, da jo Fo yrjedivna.
=Y ® linearna, preshikava, »atQ ji ldbke privedimo modrike glede
ho weki Fiksni baz Pros’rorqv (k[0 Xa -:1\" in K[, 2
Matrikq bomo Yudi cenadii s Fy.
Aim K [4a).-, 3l g © ("il)
. nt-A ) n+L .

Sk ma T'( g-,,k) 34.0]pcev 3] (&9.) vrahie ¢
= F, i SRkt i & mn3F1= Ufe}f )@5 Yany Fe 2 (“}; )
Dokazali smo : agm(z) & leok,dub'z fony Fo " @3024d,da
e Vsai en winor  veda (2) watvike Fe newieln.
Matrikan Fp ima 2a dene koefigente polinamav g, ..., 4.
Koeticen}i polinamay 5., 0, S0 pPolinami ¥ homogenih koordinataly
Totke o, m o 0 homogeni o olinawi sboppe A v omogeih



koordivakan, Cleni matrike F 2 5o Torey howageni polinawi shm'e
d v howogewih koordinatah +ocke a. Nigwi minorji so Fore;
homogeni polinomi v homogenih  hoodinatad +ocke o . Pogoy,
dﬂ\.dz AR T 0, 6" 'Hwed pag)nj, du o le2] na V\Ql.('
rezwerast (= ). Poysj, oka Obs}a\iu nek mingr, ki
ni enak O, je :

Pokozali smo, don akTIE) &> obshapn L2d i plashua
minar vedo ("2) watthe Fo, ki m 0. Toy & ¢ NEI
O prippdh meki okl padwmozici v BT

D oeM\ a prpada neki zopri prmwozer v P™

2 T2\ R pmézH\vna\ mamternst v PM %

Roznoterssh, ki so podone =z wimarji neke matrike
polinamav )  Se Imenvje (o

|sti dekuz pokaie
Proje ko P A" — A" J2 zapria.

liu:‘ 52. d\wau&. v dokazy &

Cezz Zz ax\aw\'uv IP"*A“, g E'=V(F4.--1‘Fr), \c.gzr s4

Yie Klxayy X, yary Yom) homqam'\ Vo Yo X, N pa Vigm v
Yaperfa . Lahlo predpsitavimg ko g0 \I\OW\O%M\'! ¥ shopuse v
o1 Xa. Zn A= (ag,.., aw)& A" deFinimma  polinome. §; emalo
kol v m*:&in&zm doary . VU <0 S‘Opv\él . Nato J'e. dokaz
enak in ddoiimo A¥TM(R) (= 322 in obﬁu(}a mmor
Yedn ("2") matr ke F.gl ki ai Q. Edinn yuzlika & v +c_m,
dor Mm'av;‘i NisH homoaem po\inom'\, 2o e TT(2) afina
rarngternt v A™



AR Z=V(F;,.-, Fr) kot v Hokazu. Potem Je
)’ '-’(}’o'---.’-)’w\\ eTr( 2) o 5’( ’(’(3"--~'-xn\eﬁ)“| A‘laﬁl (.XIY) ¢ Z|
Tave Fil,..., xa Yo 1Y) = O 2 veal i . Sliks T(Z) torej doloimg
Foko, dun 1z endtl Tolk,y) =0 elimmiume Xopota. Bedg v Tadvnski
o.\c&v.\om\?,v\i %QQW\Q.\TI;\': emu \‘ereka obiZu\'sm Y&Z,e.J'L\

Nﬁj ho X atina vazwoterast in Y pm}k v,
tazwotevast, Potew Se projzkcgo\ V<X — X Zaprtu.

Dokaz: ¥'xX ie 20pr-a \om)wmoéic.a v P'xx, zato, & g
2 zaprim v Y*K| fe omagria b v PIRX 20 Y lahko
"roves brez Skadt, =m0 splognost  veamewo P Naj bo &

2opto v PP X, X je ofima razwteract, zte & X zuprin
v A" 2anek v D Z g0 zaprin v A"_ &ato énTI'(E)

Zoprin v AW zade hdi v X,

NO-A bo X kvaiipmjz\c\-ivna\ vazwterost m Y pmJ'Ql’rivm
raemteant. Pofem o proplciia T Y*X — X zyprin.
.,Pmykd&;\ vzdolz prajekhne raTnarevos % Zu?f"ﬂb\.“

Dok’ Kot v pregnyi Postedici lahko pwexlp 25 )'N\:(V\O, A« P
=P Eatlv“"\(: swo  pokatuli; e WMo vsaky tolka vslke
kvozi profg ke Hivi raenotevost  gholico, Wi & \2omorTn a
ofini  rqzwoterqsti. O\os#ud'q Yorej pokedie X< Viz Uz, kjer it
viak Up jzomorFen neli qfmi razmtevesti & SA™
Na&\a() X/ & P:';x X pe\j\,\oht& -:.-:apr\'m YWAoTICA € veek (el
s wotitey T, Faktoiziva kot

Py —>P 2 &0

”\"; \A“ L



Sredwia preslibon  je maprtm po preinli  pesledidi, oshl]

prestibav st zomovFizma, zato jr hom pomtum  zoprin

}Gfe-sllhkvo\. @3w XZ ?:dpifJW\ v Up 2o vaelki,
M) aly

'Zu\)ri‘ns\‘ & lokalwa laghmsr = T\ e 2pria v X
De‘ﬁn'\d\éui Kvaziprojehtivnn vazmterast ¥, =a katery Jrs
\pfokkda‘d I¥Kk—>X =a vwko lkug=i prrﬁxu-ivm yanattrost
K| R wenje razeeterast, (anglesto’ complete)

PQ\Ou?:o\i SW, a\cx s0 prgéz\l.ﬁvm mzm-\-ems‘\ﬁ }oo\m..

Drimec: A’ wi ol ymeaterost

1 V(xy-1) 2uprt
N 7

Opawga Oosteys jo pohne raenoterosh | ki wiw proghtive.
Novewber 28, 2025
DeFinition LeT X be a guasipmjective vaviety, The sed

= [U‘.K]F—-X"XX is celled  The of X.

The diwaw\ Ax is clied m XxX

Proof: Assume ¥rat X is an qpen  subsed of a closed
sosek of B Then Ay = A,p"\ N (XxX).
Since, the Zariki +0p0\03y an sbsedy of P xP" s the



relatve T opology, it ehov\c]"\ ¥o show that Apn is
closed jn PxP"

A[p“ \s '\Y\Ae.ecl o\oseA W H’"‘"F‘l as V\X.-,yj - Xy Xi |i.,j=n,...,n).
I¥ (an)= ((20:..2tw), (b.,=...=bn\\épq"ﬁ“ s weh Yhaat a,;laj= a;h; Vz,,j
and =D, then b;* A

Db = (oo la.\) = (q:% e (A;‘-’:. ) - %(%‘-...'-Gn\‘ (aai.in) =

= (uw) ¢ PP

Defimtign: Let XY be g\\,u,sipmjn.c‘fiv( varieties and
$X—>7 o vegular map. The of & s the
st T3 = Lk, aba) | xeX) & XxY,

The Srq‘a\\ of o re-sulor map $:X—Y s
closeh W XxY,
<l
Proaf: Define +he map V- Xxy —— ¥ xY
(xiy) > (o)),
Exevuise: This is o reau\cw Map.
D contivars & Yhe Zoviski Yopology.
Ta = Lk e xxv | 4=y}
= Lole X2 ) ey = (i)
= +7(b))
Ay is cloged i Y%7, ™ s continpans |, 0 Te W closed
m XxY.

let+ X be a pm‘}ec:\-'\vc. varicty, Y o guai-
progetive  voriety and X —Y a vegulor yup. Then
s o cloh wmap.



Proof: Cloed subgets of X are Ao projective  voricties,
SO it s e“w%“ to  shaw that HIX) s choted.

¢(x) < TT-L\T‘) where

/W\ ﬂ Xey — 7 i5 +he
\Lx el Pfﬂgtb*\qn 0 the secand
e Xxy

Factaqr.

Dy the propodihian, the araph T is closed w X¢7. T,
IS o prdau.‘l'l"\n a‘m\% a \omjcc\"\ve. vov\e'\y' o it (s closed
by a ftheovem Fram lost +ime. M) T(TY) iy cosed n V. &

let X be an ivveduible pm)e&\n varicky and
P a reqle Fonckin on K (9:X—Kk, § < Oc(x). Then
® iv cangtant.

Proof: We can view $ as o wap - X—"N We. can
alsn view Y as o W\qp 3: X —F The \w\cuée. of

T is mY the whele P° \57 The  theavem, Fhe wagl

of § is chomd i B The ‘W\age. s ot IP o iY hes
o he o Fimte sef X s imvedutible | sa -an iw\wae. s
one. paint,

LQ‘\' X be an '\vvulw.'\\o\(. pmjec\"\ve. Vaﬁe,*yl YGAM
an affine vavietty and X =Y a regular wap.
Then @ is canstunt.

EY‘QQI: ® is S'NCV\ b)f avy V\-‘I‘bple of Tct‘blur 'FJI\.U"I"MS,

whith are all  constant.



.. Gerwms of re%u\qv Functiony  (zoradk; Ytg"\“’“i\‘ 3;"““"‘3\

[kF\’nj‘\"ﬂh‘ L e+ X be a g\msi P‘mjed‘\be. varl e.‘\'y omd a€eX
a pawmt. Faor open V\e'la\\bowhwks s andh V. af & 1w X
ond Y%u\m’ Functians 9, € 0:((Uq\' ‘DLEO-;((UL] we define
(U,,| $a) ~(V, 'bt\ @ There exivys aw open neyhbarhasd
UVelUanVy of o0 sveh Yhab §qly =9, ),

This i an egvivalence  relatan  (exercise).

The &vqehew\- set
sL‘.\II o) | UV opew Y\Q.l-“hb'iw‘h‘ﬂ’\‘k o a, 43502(.“\\)/4,
iy dented by

The elementy of Ox o ave called
n The ‘oo'wﬁ' .

On 0';“,‘ we can CXQ{'iv\z. qdekih'r\n, wv 1+ p\ccwhhn\ and\
mv\’riphcq’fm\n with  Scalars. We chefine addition  and
woliplication  as Follows® IF Vg Uy are open neighbavhade
of o, @1 € 0% (Va), P¢ GX(U-.,\, then on UpnVUy we can
defie Ayt B and 9, %, and tmw are r‘esvlar Tmctans,
Define: [ (Ua, 03+ [(Un, 0} = [Wanvu, Qulypu * B y0)),

[(,Ulu ‘b«“ L(Uu‘h\.l = [(antl“ ‘b*‘u.w{ 'b'l-\vmu‘)-.\-
Exercise’ The operatins ave well elefined ond Oxa s o k-dlytra
For Yhese. operations.

Defimitign Oxa is called dhe of X in a or

the n aeX.



Decewber 2, 2025

Na\'\ by X ofina vaenolerost im  aeX.
po\'c.w\'az, Gx.a \-EomoYFnu |0ka\\iw1\") H:[X'Sm, kgz.r a&
Ma= {Fek[x) 1F@)=0] makimalen 1deal v Ik[X].

Dakaz: lmowmeo homemorfizew cx\%e\)er k [)(] E— }k fr— T(a)
Z sed'rom Ma. Ta hamomar fizem ye -Sw‘\z\d en, tﬂv}o » k=k/w, -
Ker g k polie, sledi; da jo Mau makiimelen 1rle.a-\
DeFiniramo thk‘*‘m F ktx}m - O_x.q. — L(Dl\H)], kg
.62 k)= 5((74 2a XE 0(3\ 3¢M“") q(a) ¥ 0 -Boxc-Dj D(g\dx
res okolicq Focke Q, 'l"dz ocitwo Yeaulama 'Funkcuo\ na D(q|.
= [(Dl), N je res e.\meni- Oy .
Dol d&f\mm\wos\‘ pfcbh\mvt F: pxec.\mq da ‘\e Je 9= E' v HX] .
To pomeni, cha de'ao\ }\elkD(]\Ma ()m h(Fy - f
3\\(x\ (019 ) ~fcx\e3kx\) =0 Yx &X
&My hlal70 => aeDlh) = DaDigla Dig) = V g odprta
okdce, Folke a, ki ¥ vebwveua v D(g) o D(gq).
Zo\er\; ’F(x\':)(x\ ?(K\glx\ 0 = Fgﬁf\ gf;}
= (D), “\ ~ (D(q}, {‘) =) F chobrg  Aefimivana
Preverimg lahkw, da L) F }\OMQW\M FIECVV\ O\\(J&\OEP |ON.
\h\se,khvvm\' sekecE = (D), %) ~(x,9).
To pomewi, Ao \os’radq odprty olalica U Yacke wu vD(9),
clua'& F)=0 =zo vie xeU. To enakest lahko gledumo na
poljvlni odprti pedwwnozicr v V, 2o Janko predpaghuvivan,
Aer Je V' od\ikovone adpr Yo \omlmnoiim v X, '\'0“3 U=D(h)
Zaowek NekIX), = W) Fl) =0 YxeX
NFE\1 - 0 oy(x))=0Q  ¥xex

Dh{fA-0gy| =0 v )k(sq

-)5 9‘ v \H;K}

<) F 6& w\é&.\\.'\'wm\
&Ur}k'\-(VnQS’r” Nul bo [(U 'I'ﬂ ¢ Ok pﬁ)\\jvbth. Pa cle(:\'\dug'{j‘.



reaolume  Funkeije obstajn odpria okolica Ua 2o e v U
(ki \'\e. Ot\pﬁu i v X) in Q\)S‘\'a&&*q Fo«.‘gq elk[x‘&, da za

X €\, velja A, (¥| # O in +(x\ = %:%',,ﬂ'
'Nm+\(mm.y->UUﬂ3F1x @
Vn Uﬂb(‘aﬂ\

Naj bo X ofina tazwdtergst in a €X. Potem je O
|okalen lkolober 7 edinim  maksimalwirn  (dealam

RIIVENE Y

Naj ba X kvaziprojektivna raznaterast m ae X
Porem Ox Jokulen kolober 7 edinim malnimalnim tde«lam
v

Myo= LLUV, )Y [ Hla) =R,

Dokae: Vemo, do ima & weko deY‘\'O okolico V) ki )¢

izomorfua afwmi vazwnoterasti. (e (v, H-S elevwvalencn|
raered v Oxa, pﬁﬁtW\a& (v,+) ’\'(UAV ‘}’\unvh(}; 0y,
Sedus vpos-\-emmo pVQA&“J'J pos\echm

Spomnime se, da mnoice O (V), kjrr je V odpia potkwnoicu
v X, Tvorijs Snep ko\oharjeu na X.

th\V\gu!M Na boe ¥ \prec\) SNOP  ha '\'apo\oskem pr%‘\‘om X

n aeX. Za\ odprti r.)tao\wmottu Va, U, €X, Ki vx,\oudd'u Q,

\n prereza F.= & (.U/\\ £, e &V, deFinivamo

(Uhh\ "'\U-,,{:-,\ ‘&= oh.s’mda ohprin mwgzica Uelsavy ki
vl &, du 6" res yaulha\ - Tes)y o (f,).

To y& ekvivalenina ne.\ac_'\dh na parih (U f), kier e U odpria

okoica za A v X in FeTF (V).

Kvocientna, mngzica S '\w\em{\a. (uv\c“. stalk) (predlsnopn



F v $ozki a. Qznaka
Ekvivalencwim vozvedom telewmn svopa F.

Lokalni kolobar Uy . ® -\—o\re_\'\ bilka strukturnega  sngpa
Ox.

CXJ @L \"J‘ .SWo Abe\owh Yvp dd:m\rqvno s\ru\:'\'vm A\oe \ove.
&r‘vp& na 3" Ce, b'\'(\ E% V4 'Fq\-x [(U-._;F'-,B é‘ful po'\-tw\ Je_
VanVqy odpria qlolica 2a A in luhko 1Zracvnamoe

YQSU..W v, Fa) + Y“Uuu SR
G:(V '\Ux\ a'(Uq'\V-l.\

DE'FM\m-MQ [(V“Fa\} 1 [_(.U'L|‘F1,\3 [(Ud"u‘l.\ r'eSU.IVMU-LG‘I\* '¢§u1|u"u1 1\].
To |\ |2 Akry Jefinivang ge.s\-evan_‘e n (3:}4, +) Je Abelova QY-
Podobng: CeJe. J shop kolobmtJev &e Fa lolohar.

S. Raconalne preshlkcave

])e‘;inicii"g'- Nuj basta X in Y kvazip\ro‘jek-\-\w\i razwdterost .

iz X v 7 J'Q. v'eauhrno\ pveg,\iko.w\
1>=qu| kjer ge¢ V adprqw in qestu podminozica v X i Vel
Ne. Qbs\-aju nobenan reatJ\urna\ preslikave na adpr+i  padwmagiici
v X, ki 5+m30 webvie U in je vueliriter . Pifemo $:X Y
(s Yem pwdarimo, da ® vnavda ni defwirana e vam ¥
Racionalna preshkava X —>k se menvye
MnoZico vacionalnih funkeij na X oznatima s IK(X).

Ce ¥ X nemzcepna) je v d&ﬁv\'\a"\i Aovalj  predpostavity,
da ye U odprtu in neprazna. Potem bo V fudi gasta.



Ekvivalentna det it racnalne  pre slikave : Naj bosta
Uq, Vs oclprﬁ g%’ri Podwmngzici v X in 9:U,— Y, oV =2 Y
Ye,%dlwm' preglikuui. Definivama 9,~ Orlyine. = $sl Vavve

M kersia Uy im

Ekvivulentnim rozvedom vecewma rucianne preslitae. O, v goshi

Primer [racionulnn preslikove, ki i veqularg)-

oo

(X\)’\ — (x:y)

$ Je regulavna va U=ANL00.0), V P oA ia gastn v AT
Preverima . da 6& ® res faciwnalng pvu\{kova, kw;'a v teun
primevw ckuivalentno tewmy, da 4 Wi w\o%oie vazsint na
cel A” Recimg, da 1@ A — P Ycav\umcn roziiritev Pzja,
Po definicyji potem obstuja odprtu okolicu U dodke (0.0) n
Dbb‘\'ud;)\"lh Yolinoma ﬁse [".)’]‘ a{udx 6(".7’\‘“(&)’\"‘3‘"’.)’)) A
vse (xy) €V. Na Un(A"V40,08) velju (§Lor) =yl = (x:y)
D xalxy) =y Flxy) Presek U n (A*\{0,0Y) je gost v A ¢
= xqley) =y FY] i evakost v klxyl. Ker yo Kkixy]
kokhar 2 enelidno -Fakhh%uc'g'q' obstuja hek(xy], du d&
Fle)=xhxy) oy iyl =y iyl = ey = (khiky = yhixy))
Vixy eV, §(00) = (0,0) »< prohs\ovd.'e

Racionalve, preslilea ve & poseen primer re.c\‘v\wm presikave,
za+o \'\e. 2vezna k&er Je deFinrana.

Ce J¢ X nerazcepra kvow p\rg&zkh'vvm ratnoterast n
$: X---->Y vacwpnalna pres\]\mm, petem je $(x) nevuzcepha.

Ce & E:A" - K racionalna preslikaea, 1e
P(AY) nerazcepny.




DQ‘F\'V\MSP‘ DOW\\V\M\'\ ni vocinaln Pres\ikuﬁ q)"ﬁ\“ ----a X pmv;mo
razwnaterosk X.

Raznoterosti, ki mayo racignalng param*riaqdu'q, 9 '\'orej
hevazcepne. (Pmaod' nacin A dokuzovanje nevazce pnaati.)

Primer: Racionalna - paramefrizocio  krazvice.
Ly ol.a) . A

/€7< . PLE) = (Mr} | A+t
J 7

Primer: Gladka kubitna  vavningka \<Y1\N\Ja nwa  Yacwunalne

parawe frviea cije. 0 /
/A S
—/ \ 4
Najko U odprta in gostu podwmoZica kvuziprojeltive

T&EV\Q\'QTQSH X in $-V —> k \’Csv\ovm pres\ikuvo\, Potewn
0ostujn natenko ena vadawdna pregliava X---->7 ki

Ya%'é'l\g'a $.

Dokoz: Racanalna vezgivitev &- J obs*«\&ox P Lormovi \emj
(natewen razwislek DN).
Enolitnost: Recimg, da st T Va—k i 1 Vua—k
ratnaln; pr\es\ihaui X‘“’“"\k, ki ra\zgirdh'\u . N V,‘ I\Vq_
lahka detinivamo requlavna Funkuije ¥,-4, 0 VaaVy —> k. Vewmo,
daie V(t,-1,) zapria v ViaV,,

Y XeVynYy ; Fixl = (<) \> g ot v ol

Tem M Lfazmaﬂu na UV D Uev(ty-1,) = UG.V(TV‘P.,_)



Uje qosda=> V(1= t) = VanV, =>m () 2 tlk) 20 xeVanl,
Dlahko defwmivome rociavulno 'orcslll«auo *:VyuVy >k
Mx) = iﬁ"‘“ yeVq

1"(_(*". Yely
Toye vwrsrvitey 1, w1V, L Zovaki maksimalnaghy je a V=V,

I.h 1’1"'1‘,1.

lsta lema velja o racionalne pwrc:;\]\taue. X---> ),

Nq \k(X\ deFinivamo mno’&e.vxéz s 5\<q\m'33 na odten  wnadin.
Seittvamge in  wnozenje: Naj bosta $r:Us —k 1n
P:VUp —>k  yadigmalng Fun\u.'\si X==2k Vym U, sk
adprti in csns‘i-i. Nivwn preu.lv.éz odpr'l' n cjosl‘ V X i Nq
preseky definvama P4t d:UsnVy =k m P8 “Upl, —7 k.
Po lew obs‘]hda‘\u ewlitn; vazlivitvi eh dveh Yeaularnih
'Fw\kc.is. Definivawa, Ao sta H A vazdritvi veata iw pvodik ¥
Yaciqnalwh 'FW\kC-\i q’a.‘bz,: X----3l,
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k(X) je k-algebra.

Nms bo X nerazcepna ofinen raznoterast. Potemn e HX)
polie, 1zomorfna poljv vlemkov kolobray  k[X].

M‘ F nq,j bo po\je u\omkov ko\o\oar&o\ \H_X—S De'FI'nIqumo
presikavg 3:F —>kIX) na neslednji nodin: Noj bo §eF.
Pafem je Dla) odpriv pudwmozica v X, ki jo hdi gosten v
X, ® X nevozcepna. Na D(4) lahko definvamn
regolurno Fuhkc'\jo X M%E‘\L To veyulurno funkediyo
enolitns raz&rmo deo vacionnlwe  Funkcir vwa X n definivam,
RN Yacignulna -Funkd\x« 'i(%\

To y¢ homomorfizem aloeber (DN).



Injek Yivngst Nay bo %ekeri. Potew je FiKI<0 za wie xeD(g).
D(ﬁ\ &L %oﬂu, +ofe3 c\" $)=0 2 Vi XEeX  oRroma =0
v \»‘-Q\obar\s'u KIx] =D kerd yo Frivialwo.

Sur}k’f'\vnos’f‘ N&J bo Tek(xX) po\;‘u‘ma, Potewm je. ™ VU—k
regulavra funkuijp za neke odprio in gosto p'adwmoi-ico V.
Naj bo aeV. Potem obstuyu 9dpr’m\“ okolica Vg 2aax v U
()b&‘\'ﬂk\')a-'\"’\ 'Fﬂq%o\e“:[,(—&' don 39. &tx\\ =4(x) 2 vee XC‘Vq. Uﬂ.éﬂ
dprte v X in tvdi st sy Je X nerazceyna. Predpostavime
lahko, da je Ua=Dlga), & o potem raciomalng -Fvnkcil'q\ ki ie
roz8vitev rcrauhmc funk Qe Dla.) —k, x '——’i{:‘&, Yore| je
r= § ().

Ce jQ. R cel kqlobo.h, M<4R yakswalen 1heel ‘™ F pq\&c viowloy
kolgbarp By potem jo Ry 1zowmorfen koldburjy vsen vlomhoy
v F, ki s0 oblke §, kier b#M.

To digtvo vporaimo za R=k[X], kir o X newzcepna
ofn  vazmnoterost, F=k(x) n M=My = {fek[x) | fla=01

Naj bo X wnerazcepna afina  ywensterast w aéX.
Potem 32 O;('q & {‘bu_\_,“,\ racvanalna ‘FVn\l.CEjm\an,Undpvlw v)(].
To jo dorej kolobar vseh racianalwih Funkaij, ki so definivane
v O

Naj bo X werazcepna kvaziprajektivaa  razmterost v
VEZ  njema adprin pedwnezica. Potewm e k(x\ = k(W)

Dokuz \k(X\<T;’ Ik (V)
Ee_ \\'e. $: X -5 K vadonalna 'Fun\(u'\\"a 2 defih'ui\"sklin
obmodyewm V| potem je  Pluavy  racionale Funkeija na U,

Definwvama  F (8) = &y, .



Ce e T:U -9k racwnalna 'Fvv\kd\dc\l ye MW — k
TCQU\GH\O\ -Cvn\tcijq zZa neko Odp'r‘l‘o ™ %QS{‘O poo\w\no‘é}co \V /4
v Vo ki 3"- Yvli odpria i 395-\1\ v X. Vcwmlola e T enclitng

azdivi Ao vacianune Funk Gy P X-----> k. DeFinvramq
A= T

Prevermg lahko, tha sta F in G homomor Fizwa , ki st U\ij
druﬁemu \nverzna.

Ce. e X Verazce pno projek'\"wnq razngterost, J'e
k (x) po\je_
(kW) = K(XaUy))

S kou\poai'\‘umow\ vacionalnh  Funk b'\:\ je, tezava:

Primer: A — A

X > (x,0) \’Cav‘orvw\. preshikave we A’

=dratianalna

»: AL ----- > AA
(xN— ?'(9 4o je tudi racwnalna preslikava

d(AY) = V(Y\' Kar ima prozen Pfﬂ&\t 2z daf-\'mic.ijskl’m obmoéjem
T =5 ne morewmo d{?'\v{\ra’n' \<0mp02|' h:\ma\ ) P,

Teh fezav nimamo, Ce Obvmvnavama dominantwe  Yaciovalwe
p\fe.s.likqve,, tavey tiste, Kier je slika %osi‘o.

Defiviciia Naj bosta €:Xy === =2 X, i 9y X =0 Xy
vacwmalni preshkavi  med nerarcepnima  kvazi projeltiviimo
mim\emshmo\. Daakw\‘ho prec)\sth;\v(w\ql da SQ. Q),| do\m'muv\‘l‘m\.
To pomewi ®,X9) =X, . Nal ho VU, d&F\hicijs\no obmolye P,
m U, dz'f-{n(ci:ssko obmolie P;. Po Chevalleevem izrehy je $4ixa)
konstrvk Hibilna wwozicw, Forey je oblike ) =2, \(2 A\ 2\,




kjer jo 2,22,2- pacla\soie, zaporedic  Zoprhih  mnoZic v X,
(N’(q\ = €42 Z4= X,_. XL\ Z.-L je. oo\pr-\u in Veeloovana v %\ M) )
=XN\L, je vsebovana v (X T ye odprfu v Xy in qosta
V‘L i Yvhi odprin w gos-\u v X, DU n(X\2) ® davin iy 3-:.5{0. vZ,
Py o zveznn $a (U n (N2 Je 9dprin v X, Je hidi soa’m,
kev J'e. Xa nerazcepnau. Na ) (Uaal¥r 2 lahks dafinivamo
reﬂv\umo pre.&\'llw.vo '«h_‘) L To lahko QV\O\I'EV\Q vazlirimo do
racionalne preslikave Xo----> Xy . Tey racionalni preslikovi
recemo d,00,.
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[E{:‘“““ﬁfh Na\\ havia X ) )’ kvaa?mdekhwm \'\emicepm rum-\-ems"rl
DQW\\MW\'““\ rac\ma\vw\ pre.&hluvu ‘bx ==Y Je al.
, e Q‘os\u\)u dominantna  racionalny preslihuva\
TV X, o\c.’y. Pt = idy w Tod=idy (pri Cewmer kompzitum
definivama kot zadv“\c\ V tewm prmem, p\ra\nmo de sfa X W Y
ali . Kvaziprogektima  raznsterast
e , Ce g lowacionalwg elvivalentna A" za ek n.

Primer: V(xt+ y"-’l\ :\e. racignalng,  biradgnalne Je ehvivalentna A
A& \/(x )

t N 4 ".1' 2_* \
: O VR BT B B2 A

axx € ' (x.y)

|2owor Fui raznaterost stavedws bivacumawa  ekvivalentni.
Obvedna ne VL\SCA V\USW).

Primer: /A > YIxt- 7)
E (SR—Y L‘t,"‘tt) Y__
¥y — (x,y)

To st biracralni e kvivalene;, foda V(x‘—y’\ wi jzowmorfue A’



Nemzcepn'\ kvazi pro}\: +ivni ronarerast Xa o m Xy et
biraGmalne  ehvivalentni & obs"-u&a'\u neprazni de\"\'i Podwmovt'\ci
UpeXy m UpeXy, ki st izamarFni.

MEN% bosta 4>-X4-'--->X.,_ In ™ X -3 X, Givacimaln,
Sluvivalenci: Pot=id, 4o #~id P nuj bo detimirama na Vi,  pana
Vy, kger stn V, V. otlpr’i-'\ mnIZicr.

® jo dommantna, zoto obshuja odprie wmnotica U v Xy da je

U< éa). DeFinivama  Up= UaV, . Ta wineticar je sdprin in gqovtu.
Definiramq U1=¢"‘(U,,\, ki e odpria in qosta v Xy Za x €U, je
Aefinivun 10 ®, ki je o predpostavki jdentiteta. Na V) pa J
definiran Kompozitvm 994, ki je po predgostavki tvdi enak
identiteli DU, in V. s reeamarfni.

&): Recima, da imame izomerFizma U, °<:’Uq,. Ur in Uy st adprti in

T

aost, zato v lahko encliéng razdirima do vacionalnih preslikav
Xams=3 Xy in Xy ===~ > X,. Ti dve st O\Y'Uﬁq cl\fuﬂi inverzni,
ker ¢d & 10 4 c}trwaq Arwd'l Invereni. Z

Deﬁmga'g‘ N"‘S bo ¢:X =37 ominantmr vaconalna  preslihava  med
Nevazceprimna  kvari prqjek+ivnivn« raznotemytima  in Naj %o %elk()’\_
ker ‘Se ¢ o\owukav\-\'vw\, laWko deFivivamg a0 $, kar 3" racionalna  fun I"".‘J’“
na X, Pravimg AL 'Fw\\.t.ESe. 9 S predp\'mm ?. Qznaka ‘Vt(ﬂ\.
Imowmo +0YCJ pre slibiuvo OF kY —sk(x),

Nodednji vezoltati imajo poAdone dokuze kot sma jih naredik v
primern ‘oo\'nr\om.slcih preslikav.

P i haomowar fizew \k-a\se\)qr, Ker e 1362 po\\"z, J'e. b
Veduy inielfven (vazen v Frivialnh primerih; kq je b* nie n).



Ce eh ®: XY in A YV --->2 dominantwi  ratioval
preshbovi med weruzeepiwma vuznotevastima, potem je Ao
Ckﬁwi\mw\'hm [T ve\\\'v\ (to ‘\’)* = 4"9 ’}’*.

Nojoasta X in Y verazcepni afini rouzndrevosti. Potem
preshkova. $—— &7 ch)\uéo bijek Huno kovespondenco wed
AW Fnim roaciona\nimi predikqvami XY in injtlvl'\.\lvflmi
homomarFizmi alagber k() — k(x).

Rac.'\om\na\ \o\fe.g\i\wva X --=-= > Y el nevaece p‘n'\mox
afviima  rozwoternstima 3¢ bivacionslua  ekvivlenca &S

k() —E—k(x) jo fzomorfizem olgeber/polj

RMJWV\a\V\(x PYCS\'I“-NIO\ X ety )/ mer\ mvutcepm'ma\
pYo\'\cL.‘l"lel'wm vaznoltevnstima Je. biracinana ekvivalenes €2
k) —E—k(x) je reomorfizem pols.

ngm‘m& Ve.\ja tvdi za kva'tipmjek-l-ime rYo2worevoghi,

Dokez: Naj bo XeB®”, YeP™ Us=Dy =", Uy=0lx) « P™
Praslika ¢7'(YaV,'] je odprta in gosta v X, Yorej \ahko predpostavimo,
do fe njen  presek 2 U, negrozen in Yorey qost v Xn U,

Zotitey Plxu  XVg —---- >YaVs je rocionalna  preslikava med
nerazcepnima  afinimo raeneterastima. Po prefinii posledica je 4a
2o2itev bivatinalna  ekvivalenca S “;( )’qU;\ —ﬂkk)(l\ U.,)
IZomovr fizem polj. Od zadwjic vewmo, da je k(¥) =k(YaUd) i Kix)=KkiXau).
Xay, -=---> Ya U, )e birncianalna  ekvivalenca & k(7) — k(X J'e
izamorfizem polj. )

XaUy = --=> YAV, )e biraciaialna  ekvivalencn & obshgq-rq odpv{-.'
Ve XaU, in V' EYAV), du je Zozitev PV — V' rwmwrfizem

DX -3 Y je bivadonalm  ekvivalenca.



O%ratwe o hdi res: e je X-mmdY biva.ciona e
ekvivalenca, obstajatn adpr¥i WeX, W'eY, ki sha izomorfwi.
BEs: WelUe, WU 2 X----2Y Je biracionalna ekvivalency &
XalUg === Yal, & bivationalna ekvivalenca. €2 (€.



