L. MERLIVE FUNKCWE

2.1, T’\gx\\i‘ive preslikave

28 oktober, 2025

Na st (X &) W (Y, ) merljva prostora. Preslikavea
F: XY \e , Ce \& F'B)evt 72 veak BeB.

Primer: Konckuntne preslikave so werlywe s =2y,

; gD
£()= ix bl

Kompo%‘r\'uw\ mef\l\vih pfau\'\\mv SQ. mer\j\'vq pyes.\i\w\,q,
Dokaz: F{X, A\ — (¥, D), 4: (¥, D] — (E,t)

ce¥,i (o) ()= F( & () 2

pV\E_E
& A

Ha.j ba (X, W) \mar\\'\iv pms}or, Y wn. W K=Y prestibo,
L) B Loy [FB) e kY o T-algeban na ¥
u\ CQ. ‘\'c, (yl T)) W\ef\j\'\m pY!-)S'\'or n ?.336(3:) | pokvv\dl +
merljva & £7(F) edt VFeF,

- = = -

Bw B S F(GRA < (B ek
ek
W &) Vv



) By:i= [Be 7| FUR)erk]

9, je Iralgova po i) )

Po predpostavkal j& Febo => a(F) by,
VRedd velp f'®yer S F mer(yva

Naj bo (X, ) werliv prastor m Y Yopoloski praster.
Teday o F: (X, ) — (¥, DY) merljiva & £ V)t
YUoh v 7.

Vealun 2vezna, prec;\i\m\:u med Yoo lodkimn
ostorame, Je W\Qr\jivq %\eh na Daovelwi a- aly (MX[-\Y\‘
Fr UGB — 7 D) je wmerlyiva | Ce & zvezwa),

Merljve preslikave  med dogoladhimi grostori ; opgremljenimi z

?)ore\ov wmiy o -al &,‘QYNM'l : bama  iwanavaly

Nuj bo (X, 1) W\c\r\:y'v prostoy v T:X—R
fmlcija. NTSE:
O F e (A DR) wenlion (X, ) = (R BOK) je wertji)
() £ (Coee s VaeR ali £ ((q,")) ek Yatlk
@) Y (Co, e YacR ali §F'([a,) ) e Vacl
W) £ 0) e’ Vach ali T ([ap))ek Yazh
v) (L v\e & Vac)
v) (e 0) Ve Yach



2.2 Ruzdiviena, reama Qs

i= RV {-oo‘ oo'g =" .

. w 0
-wex<oe Vxel (imawma hd‘\ve‘i.sn‘ in Vlajwmujii e,lemenﬂ

Topolossm na E’

‘ha K \e Qb'fi.q\,jnm Evlclidgla +0PQ\03\30\'
bazn sistewm okolic 2o o0 (0,00), ael
buzwl sishen  okolic 2z i, b) | belk

Topologija na R e natunio  velativia -\repolog'lsd 9.
nklzijp LR <—R (e zvena

Zovma nas BR) & B

Topalogjju nu W pove; da e Xy— =0 v Smuly
ANAN  natane km\\rer:azwm \Y, ‘\-op. pr- v

Naj ba X Topalsski prostor w Y podprastnr v X
opremlien 2 velative  +opalogifo. Teds je

BYY:= {YaAA ) Ae 3’)(’0\-

Dokuz: Ocs\eé'm si B iXaA |Ae Sb\x\t,

Hitea & vidi | du &L » a‘-qlcaa'bm_ Pa clszﬁw“_i\\-f reletivne
*Opca\o«:\\gc Y, B vrbye vk adprik minozi e
ARSRN VAR

BEPY) AeHK) D YA e D)

L: )/ —>X e ZVETNA, . .;_.;; ;\; -Y-O});?Ml' =2 rel, Yop.
D07, 3 — (X, Blx)) &m

Ae Dix\ = L"‘(f\) e D)
Ya A



Veljn B(R) & IR) n
BIR) = {Aub | Ae BHIR |, Be v ol &

Dokaz® BIR) & )
Ae R = A= Ry, Be DR
Rodprtn v & => K e BIR) = Aepiin)

W) B o zagrev R D Red> (i)

= Avb € BT
©@: AeDH(R)
AnR ¢ IR\

S A=(AnR\VCL" C= {-.ao,oo}

Naj by (X, k) werliv prostor i £:X —T
‘FW\\Lo(SA. Ted@-S R 3 W\QT“X\'WA o) ‘F%l'_-OO, ﬂ\e A Vael.

Ce R F:X—Rk mev\jiva , @Okwé& A vl
merYvm 2 vsak ACR.

Dokez: A=0: Af=Q y& W\Q,Y\S\iro\ V4
A0 (N Eoal) = §xeX| (Af) 1 € [-o0, Y
= Jxex| F) e[, X)
=5l %)) e &
A40: podalonag

Primer: (X,it) wmerljiv prastor. Merljivest XAl AeX
X : aq=21

Xa (L—~-m = {A‘z Q&
G @ . a<0
W merljve &> A merljivg &5 A merl{iva



2.%. Produkina c-alaeboro

(X&), 7, B) ~ (Xxy, AeD)

Aek K BelhH = Axb
ASDH ... c-algdonn geverivana = vaemi merlivimi prwskotwiky

Nqi bosta (X, &) i (Y, B) mev iva  prasiara.
() Produitna S-algebva VAXCILN SL Y\G\Smuv\j{u a-q\gebm hk Xxy
dow s p\'o:‘o.\cc.\l'i MX*y—= X in T:Xxy =Y werlywi,
u\ (e d° A=g(L) m b =a(F), potem 32 NG g.evuzrimm\ z
G= LAy ) As €hu{X«p | BeT

Dokoz: iyNaj bov &a: Xx7 = X in g0 Xxy —y wevlivi
9leda. wor nekq o‘-—a\gz\mro T noa XxY
A, Bedy
Ax® = (Axy) n (XxB) = - A) A9 (B) e L
P dfmiciic € veove Asp O C e

@): Vsi  element Q SO erlji pravolaoi-mh.' D(G)eted.
KD < a(0)
Z-{AcX| THA) e o(Q)), i Xxy o X
Polemi je Z o-alglr wrbuge @ = a(ﬁ,\ «Z
= VAch: gt (“A\e (G ) i
AxY
Podgbne Y Be Bb: X B¢ ()
= Axh =(AxraxxB) ¢ 7(GQ) Hked <o (().

Na& bosta X @ ¥ Yopolska praviova. Prdukt Xxy
Oprewwwa S pmbwk‘\'m '\'OpQ\og ijo, Te.dni V‘Q—(Sﬂ:
) HKIOD) & THixxY)



¢ C_o., sta YW ¥ L-Yewn, porem HKI HY) = (xxY).
(| Ce st Xy _sepmm\:i\no\ welriéna  Provtoa | potem e
BXYe HY)= Txxy).

Dokaz: (W) V medricnih prastorih 'Je sepavabims b & 2-hewnt.
29. okAober 2026

L\ Na:! Yo C 6-al52bm qenerirann 2
F={uxrlvetsu{ xxv |V6'C’r‘&

Po preginyi lemi F ramo generwe prodvktng o-algebro
x| x BUY). Ker F & Ty, §o a(l‘f) S 0 (Txey): RK*Y).

i) «Bly)

Topolotki proster j¢ 2sleven Cle QBS‘\‘ajq Steviu bt Ba -}o,:obsl‘:"o.
To pamen;, dn qb-ﬁuda\ v drvzing  odprbih mngie du Jo Vahe
odprin mmzica inije ke paddrueine,

Polazali bawmo, dot J v Aprfa mmozia v KxY webanana v
?DLKV%[Y\.‘CBY 5& vdahe Qt\prh wozian v XY tlewnn vv'\B'o‘
odpr¥ih p*ravo\w’(m\w. ® p¥reone  “dokozati ", clua!. (/% V eDla<Syy)
za. UeT,, VET,. 7

Red\mo| A Imamag (X.t/o}, Y, 3) in T RAP
(k¥ ko 3) ™~ (k2| (K0T o )

Podobng luhko Yvarima ostle wozEne prodvkte. Du se
V'\(le‘\'i, du \SQ‘ (/0'9 35\@ | qenerivana, 2

LAR)xC | Ak, Bed, e L)
Vdoho dantifibac pitemo  (Xxyx2, koo L)

Podobwq 2 vei prostongy.,



2o nelN veljn D) = @ BR),

(=g

&k&ti N=1 po '*rzld‘vf, Saj R /8 sepqm\oﬂeh meXricni proﬂ-or.
h—neq: BR) = H{E) = HR) = DR
= ® ")uil") ) (K

‘\1'1

=@ D)

g

V duh 1dent \'Fi\(adf, C= )R’,’ ZANS
BCE) = B = HRHW,

No“ bosta (7.(‘?)1\ i (7, By) \mer\j\w\ proston
YiXYy oprewmima s produktng o-algebro Ce g (X, k)
merljiv orostar i F: X —Y4x¥ preslikaw | ¥ edaj e
Fo(A, 4910, -merljivn S giof tn 9, ¢ T2 s 2apredomo,
(R D)= i (R D) -merljivi,

Dokoz: (=3): Naj ba F:X =Yy, (o, By 8H)-merljiva
X —F— Y, x,

Y
Kev r 4 ('543'\51.5’1;\ “wmerlyiva, 2 gof K\k,&)-me\rl‘jwu.

(«): NO\\') bosta OMOF in 9.,0f merlyivi, Qznadimae
Ci= {Bey,x% ) £R) = AN

Vemo, da je T ¢-algebm. G V¢ beva& we merlive
PYMQH.QJ(V\\\C@ p()'\'Q.W\ 3@1 &q ® ?)1_ =



B:B4x52| %€ \354” Bté ‘?JL
F®Y= {xeX| Fix) e = {xex| fulk)ena in FLWleB, |
= i)(GrX\ fax) eBn\ N "_XGX\ {"Lb(\("%"-\

= P8 A BB e,
b‘ls b‘\'k ¥4 WM 'F;_ merlj\'v{.

N(A\'\ \30 (Xﬂ.kl\ WY‘:}\V ms‘l'fw' in Ye{_“ﬂdq C%“’]S\
(e ot f.q: X —>Y merljivi po\c.w\ St wwerljivi tvdi
*F'!'S n F's

> Y x
Dokez: F: X —> Y'xY s Ao N :
X — (.F (X‘, Q‘K“ J/ SQ\'S\'B\I&V\!Q
h < ali
v\nhoienjc
Y

h i zvezva, zadq je b (Yey, DY) — (7, 517))
mef‘\)fvm. Ier sto ‘F,cs'- (X, &)y — (7, BY)) W\crlj\'vi, je i
F:(X, k) —> (=, D)D),

D7) =D)« B(y) ker ¥ 2L-Steven

Linearne kovn\oivxac\je, mer \jivik preslikay 2 wedwost
v Rali € so merljve.

Naj by 04 &) = (6, 36 meeljin. Tedo
sta Refin Imf Fudi  merljui.

Ve,\ja\ WA obrat, s jo F=Ref +ilmf,



2 L Zopoyed clijvik Funku'\ b, november 2025

Na\‘ ha (&“\“e”-[w 0o 1apureo\3e Definimmo Q= SnU'!Q Q. Ttduj

‘[F_(Cl w Inew Pmdu‘\‘ac.e, zqPvaere_ i 2obe ima liwde v [-0,9).
0

llmr\'o Qinuc.m\q z
hw\supq.\ i (.sup Ckk) = inF svp QAp.

hre n—e - k2N neWN Kk3n

PoAakng a\os“aja\ limes inTevior  in velja:

limiFan = lim (nf = wwp wf a
n=+<0 n A>3 [ 3n ak l)P han -

Naj ho dane zoporedie FoiX— [-o2,90) . Defrnivems M.S‘ec\vxje.
'Funkcnjc )

(3sp 7101 + = sup kg

(rv\F Fn\(x] e mﬁ Tol¥|

(Imsip Fa)d) = limsup Fd
(Ii:\mmf Fn) (%) < = liminF Fol)

Pr'lme.r Nvuj bo X wneddevnan wivodica m A o- G\lﬁtbm\ Elevng-
kodtewrith (Stevren ali kowglenen® Sheven) padwmozic v X Naj
bo EeX +ake wmnoiica, dawli E ni ES w $lewna.

Tore.s Egd = Xg ni merljiva.

X_E'-SUP {x{q\XGEX Jo supremum  druzime merjivih
Fuv\\wisl venday n) mcr‘j\vq.

NCI\ bo L'-Fn\nw EQPQTCASQ, Wer‘\\\vd\ 'Fun\':o“ iz X v [“’9:“’1
\T&)\‘\‘\ 5'\'”\ -SUB I in 1'\f'Fv\ m&rJ\V\ Fuhl‘uy
u.\ TCIMA S\'(k \IW\bUP‘Fn n \\W\W\FF“ mQx‘\\\\v\ Fvn\tu\)\
Lu-\ CG 'Fh —3‘\: po ‘\'Ockah Po‘\f.\m JQ. -‘F mer\JWO\



Dokaz: ) Oznalima o = sup¥n.

nelN

3.4([’”-“—,\\ = {xeX \g(q]sqk
= {xeX| fabd e VneNY

= E{KeX\ Falal ¢ ol
-“04; (Lo o)) €,

Saj SO T werljive.

Fuv\\(o\‘)a\ iY\FF n- " f\ ZEI( ‘Fn\ Je mer\:\\va Qo E%OW\SQW\-

) limsup = v\&f} @ = inf qn < wmerljive po i)

N3 —
An .- mer[\\vo P2 L\

POAQBV\Q ll' _\n’f\:\f ¥ n-

(i) Ce fa—>F po Yoikah, potem F= |immFFn - limsupTn .

n—>90 N=?co

2.5 Aproksimadin 5 stopnizastimi Funkeija

FUhkoiSo\ f:Xx—>¢ Sﬂ- , Ce ima koning
Zu\'bﬁo vrednosti,

Ce Zf"{o.ql O\n\, r\\\’\ cemer a.,faJ ZOLU')' prJ)re.W\

Fe Za" XF Qb)) %-0“‘7("\&,
Kier je A= f ({&u’ﬂ.

¥ W\Cr\i{vu 5 Ay werljive Yk=12,..., n.



[)OkUQ’ ©:Ax W\Qr‘\jivo\ £ X-AL mer\\\'\'\,a\ = F Mgrlj\‘vu\ kot linearna
kam\oiuuui\\'m merlivik

&) Naj \004 Uk odpit wmmotica, ki vselje dy, e wrbije 0

Zu itk F LU= Ae (Lo vaumes singletan] =D A merljua .

2$Qraj :\Q. 'F \V/ Obhki : Ay puTQMt& VQ%‘IZV\i, Al,_ paromy
J{.ss\m\,*v\c. n L\Z Awn=X.

Vektordd praster vseh omejuih  werljivih funkeij oprew,,
S svprcmvm normay .
Wl = suQ\f-(x\\

Y&

Dobima normiran pms%r.

Prostor vseh omejewih W\ev‘tjivih Fu\'\hd\'} wa X je
Bawschay prostor %\ec)\t na | leo.

Dokoz: (Fa)ne Cqu.hy"}ew = (Fn (nes je Lonw.\rtaﬁw“no v &
=3IFK):= n\m‘):n ) \e enakomerna  Jymiky
( H’.«(K\-Fm\r\\:t Za w2 VxeX.)
IFN-famld)| s &

D F Je limi ko pe Yoikah fupontx\'\t\ (Enlnen =>F wier ljiva

|2 nas\e:lv\'y&u izreka bo sledilo, Ao je vektorski pmstor vseh
SYopmidastin mev\jvih Funkuy gost v grasterw vk qmejenih
rmex \jivi ‘Fun\cuij.

&#X\ qesta, v E)I,\(X\

stop. werl;. om. merlj.

N“S ha f:X—[0, <] w\er\j\'vu .Te&q:\ qbs‘ru\'sq namizd‘\%&
qugm[se, nem%x\iw\'nk wer ljivik z,—}oph’\qu\"‘h (‘vn\f-uj far X— [olw)|
da £, 2T po Fockah, Ta kanveargenin jo evalomerna na el
mnozicl, kiee 2 f omejenn.



Ce e t omefd , patem I(Fnlnew Fo: X — [0,02) sdopmicard,
n fa=Tt endimema.
BX—=C werljiva =) F= ReF+ 1mf = (Ref* - Nef ) ti(Imf* ~lmf7) .
Ref* Ref, Imf* \wF™: X — [0,00) 50 owejene (e f omejend.
Pa 2orngem 3(%\“.(”“\»\,[3\,\,\?—:\\ 2ap. vieney, Slop. erly. fumt,
do 89 honvergence,  Un—r RS O = Ref T Ry = Imf ") Ly f”
evakomerne, =D M\ﬂ.?\—t-/v\\ — t  enakimerm

Stop. kawpl. merl;. Forliij

_DO\UJ-'% UIYC‘U-\ o] QPYQL,M'W\‘_C:'}“\:
= VnéN m k=12, '"\"‘?.“ AL inivamo mrlJ;v{. YWOZIL

ok 21X VB e R4 B 2 (05 %)
i Faos Ixex| £zl = £ (n 7).

= XE...,.\ Fhkg.

hl

Definwroma  Fp = (k
'Fh <9 .S'l'QPV\\wbq'L V\QV\&Z&“’W‘\Q. |r\ W\QV“J\VL Da SR VIIM-'\H Aq
‘seF <o VheN 2a xe 1 ((0,x)) veljn [F(A)- -F“lx\\

Ce. F(x) <o p(ﬁ-ehq o\ wmelud oQal\le. VL\\& \F(x) - ﬁ\("\l’-q_ﬂ_’o
Tovc\s ¥ (x\gm D F K — Flx) ozirama §,(x) 71X

Ce Flx) = o0, potem ¢ 5K} = —> o0, TQ“A Tt

Nojbo ACX daka, do jo Sln omejena. Tedsj jo AnFa=&
o()\ V\e.koc)\ (M\je,. Qd prei . \i::qk xeA tn\.o\oiio\
‘Fn\"\‘ﬂ’q] $ ™M ¥nzn, .

To x enakomerna konveraemca .
A J




1-1"=8 Nwajey

Na\'\ bo T X—C W\:\r\j\'m. Teda Q\)S\?A-da\
zoporedie. (Falnew  Wierljivih s\‘ap“\iqs‘\'i\f\ Funkay, Aa veljo
Qelfal &\&l& - ™ F,, —F o tohah. Konverae.nco\
je e,m\t.owrm N vyl W\V\o"i':'u.l', na hatevi XL “F omel‘em_

Dokaz: DN

2.6. Nacing konveryence

Nay be (X, &, /b\ merljiv  prostor i (Fn)y .y Zaporedie merljivik

Funkci\&. Pravimo, da fa—F , € za Yeo>o
JAck, Ao EU\C'\L ¢ in fn —f enakomerny na A.
Pravimo, do. +n—F , e ima mnedica,

{xeX| falk) = F(K)\ nitelno wero. Lahks se zqodi, g limina
&qod

ni W\Qr\")iva.

Ee, fo—F skom;l enakomerng, po-}em ¥n—>F S|<omj

povsod..

.8

Dokaz: Za ¥me N. 3Am. [‘L\A:\) <m m T enakomerno
na Am. Zate Fn—>F po :\;oékal\ nee Awm.
>F,——F po Yotkah no HAAW\. VL[\A

pUIAN = wlA As) < 5 — 0



sk(m»“' povseA 2 s.p. ] +ipicne.

- ‘ . november 2025

Losknest P Vel .skova'd povsol\, Ce ima komplement wnozice weh
xeX, 2o ntere P ve\Jq, merg  wic,

Er_'\mgf \\ konverﬂencm SLovaj pOVb'M)\ 'r,\-—"f DL"“"”.J FQVM :
P ) — fx)
w| f20 skova) povsak
F.. flx=z0

N&"\ bo lK\b‘c.,/k) pvoalor s konZne wmero. Ze. $0
(Frlnew mer \)in w fa—F skaraj povsad | kjer je ) e ljia,
potem Fn—F skovaj enalomernq.

qv}ﬂd

%kﬂ-%: 'Fn E— 'F & 'Fn - F — O (V:':Jb sﬁvo?jkwgiutomwm‘
B, fFn—>0 bk‘n\'a" povsad\,

zopi"'aiw\o X=X"'v N //LlH\’-Q imn fn—f na X" po Yockah
C-e. o\o\caiemo, cx(h 'F“_30 S‘COYO;'] cmhmevm no X‘| ,40'|'€WI
are fn—0 Skove) enalawerna na X,

BSS 0 po inthan na X,

\/pe.“iw\o Mho2\e

. A\g,m": {,X5X‘ WnLKHS%\ Vﬂzk‘k
M Ak‘m = >< VW\C"lN

xeX: 'FnkK\_bQ P
YmeN.JkeN. [Fall$m Yurk =D x € Ay
Hkra\'\'i Ak,m = Aw,m YmeN . YkeN

X = Ll--jq Ab..w\ , AkameAha.M =) [-L\X\ ""Ll_i":') /‘-(Ak\“\} (*\



Fi\tS\roleo g30. l= (NP\ sledi, do =za meN.3 kheN.
MlAw,a) 2 pbe) - 7=
Definivuyma A==ﬁ At > (A & & Z }L\Ail.ﬂ\

Z (40 -/um.,m\)

=g

¢ z %-_;
fa—20_enakomermg no A .
XeA = K €A, n YmeN
8§70 ApmeN . WL §
Xe A = |Falxil ’=4;,\‘- S ¥n2l,,
TO 3& dQ'F\.V\iL(jU\ e.m\«.wnexm. \convcrﬂe\nce 14" A

Zupomt){\e mer\:j'\vi‘\ ‘F\m\:oi' ‘Fn'-)( —>(
pm—H mer\j\'vi Fun\(biji é, ce r>e % Jsale e >0 Vc\\jm
lim (X €X) 16l P2 Y] =

h—?vw

Primer: i} (R, DOR ,m)
'F“:x(.hm-t‘\\

* X & (V\|'\“'1l

A
Fal) = X e = 5_02 sicer
_B.F‘n—bo po *OZM.Q\\
Fn _’é 0 po wery

- - o

E'K (o X \ IFf\ \K)'ﬂ"“z QL’ = {%éx ( ﬂ-ln.nn\(x\ L e'll

¢=Y = IXeX|Xpanl) #M8< (nonel
% EX| K fnea ) 2 4’7_7)\ =1 >0



fa ZA.;’ Q _ skovaj evakomerng

1, X "(h‘h“"‘]

l‘Fv\\’C\‘ 0\ = \x(m,nﬂ\(x\- 0) = { 0 sweer

Ce %i 2o £, A bhohy | m(A")"l"L in a0 enl
am AL = 1%““.2(“6" slerk.‘l In Yok A ne obsjruAb\.

'\i\ [_0/13, Leyy. wmera (9ziramn njenn a0z ikev wa 10, ’l]\

Fﬁ 7(-(9.4] ,
'Y'L = Ml}.‘/{) I F3 = x["/l"‘-\
fu = l[o.vul, s ~ XI‘W.M{ll Tes x("&."’uﬁ ' Fq. "7(-(3/,“4‘\

Zo. ¥xe[0,4) I zagoredje (Falnew  Meskonina mnogo 1 in
0. TQYC.:) ne konvews'\m po '\-ozkah (v V\O\)QV\] ‘\‘Oiki\.

W0 _po. we

l

Y

fxex ) fubd- a|z el

Ta wnozica Mma wers enaks  wev: u.s\'retv\egu '\nh\r'va\«‘\u'
defmva §.. er Yo were lonveraivajo poti 0, velja
Fr—0Q po wmeri

lzrek besoqu Nne v&\SU\ m&v\o , Ce SQ /u_b(\-_oo'
1. november 2025

Nuj bo (X, 15 u| prostor = weng in (Falnew 2upweddge
weerlyivih fonbiij in £ merljun,
OF.—f skavaj enakawerno =D Fa—F po meri
Q) p) o0 1 Faorf s\rm\j pwsoh =) Fu—=f yo weri

Dolaz : L\ Gle'3 Va&c. \
Lé\}kbc\woégmﬁ\-—#{* shovaj evab. = f—f po wevi.



