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22 5N agep st SR, %) > ¢ Vi),
(1f +wis 1y not drve , Iwen 3{)/1(:.}&;4 sveh that
Py, Vi) >¢ and T cannst Contaim g crmvcvjen'\
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{BLY\'\, iVj)k;.‘ IS am  Open Cover for A A
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= X\K is open. sk

Ang%ex— pmﬁ S\;ppot& {y:\xC—K s.t. ){j_‘) YI yﬁfK
Uy = IxeX | glay)> /'—3\

{u‘dg?'-’\ open Cover Zu{!k\.:m Finite  subcover

) A
e min [ T0), 80015 VieK  comuketm
LEL \incar space = vectar gpoce
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@{4\ E & baounded n C |
L] Funckrians m E ove Qg uicontinvavs +hatr
VE>0, 3§20, [Fx\-Flr)\ ¢t WYxyek. Plxyles,
VfeE

\X/C wil) need 4\‘\‘?-\ =) PYQ(.OMPU\(;\'V\QS&_
Praof: Find o dense sequence S_ng wm K,
(sven Sequence exishs bewuwt W mmpqc,ﬂ
Then foke {f-h\ arbitrary Seq uemce m E .

We want ¥o Find @ Converyng subseguence of {F\
(J;\\ev\ E - YJVCU)\MP(&U\\
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§L'<|>‘,,'\L&L for every xeK  awd Xj ) j=1..Ng.

(L) s §o-net),
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Compact opayators ” basic propevties

Deﬁni?@n'- Let X,7 be Banach spaces, Y: X=2Y a linear
map. T 1\ called i T(R(0,1)) is a loounded i Y
setin” T iy called if T(B(O,'ﬂ\ s o precompuc
52,‘\‘ n Y, (E)(O.'l) = {ll’ﬂ\x"’%] hamAed lweay opevntor

Some coservations : .
AN If SEX iy bdd  +hen T(S\ s Vodh for any Yoounded opercior
precam po ot comrxld-

20\ T s compact = T i bound.ed
(precompuct sebs are  boveded)

3) with Fhe norm [T = supli Tully, ¥he ot of bdd

Xeb("lﬂ .
lineoy  operakard becowmes & liwear normed\ space,

to be demsted by Bxy) or BX) if X=V.

W) A linear map between Banach spacey XY 13
contivoovs  if awmdk Qv\\)r F it iy bowmded.
Hink = [Tk =Ty 1) € T =711 ) so bouwhked aperettms Gve Lipshitz .
Qctober 14, 2005

Definition: (s an assocative aludora which i
A Ywear space with a worm || such fhat its a Banach
Spoce with respect Yo Yhis morm (it iy complede with pespect
+o Wy \\orw\) ani "Tqu\]la(qull\l‘\'.\_\ For any elowenk i Yhiy
alathva .

let X be & Banach spuee. Then BKX] is a
Bunach algglora



Prgoaf: daTa+ &, T, € B ¥ %) VTaTa€D(x, %] (praved)

Ta Ty € DIXY, Sce VxeX . [TiTax|l & NTal) 1Ty x1)
sice Tre Px,X) we have

=2 Tl It & WTall - (T
svplITaTax I Tyl €Tl yl] VreX
yeX

livhieq

We see dhat TaT, e DH(KX) and ITaT| £0TIITd|-

Now let s prove.  Fhat DKX) s Banach.
Let o5 show that %Bk ceanvcrﬁe.s if é.llBkll Lo

h=4

T = A , XeX )Tyx-Tixll= hf_ By | ¢ iIIBuII kil — O,
hea N>™M Mea Pw=et

becuvie. of (%).

P 1 TuxYy Cavchy i ¥, bt X-bonaln 3T = lim Tux

Moreover, J1Tkl) = lim|\T k(| ¢ hm i\l&.ll W € (‘LllBulQ lixll .

= T€ P.x), !(Tllsg,ngku
SV)P Tk - Thx|) = llw\ WTnk -Txl| £ .SUP |lm i“Bk\l Al = é IR e 0
(%)

X &
lxil<A
\'\m\u oo will be expluired lq.‘.@r\

 SeolXiX)
The st Sk of all compact operators on X
is & twa-sided jdea\ n BK) = DIXX): VT, €85(X).V ToePlx).

TaTre Soo(K\ and T2 Tq € S.(x).

Proof: Take {7 st. 11Xalle, and e+ vs check +hat  there
5 & svbseguence {1 TaTyixa, convemes.
Note that {Tpx.) € B (0,0Tll). Ta Yakey Tylo,irzn)

into  a  precmpact svset of X D IIT, Tk -conveigent

subseguence.
Now ‘d'.b consider {T'LT‘l )(.\\, Nate Hhet l T'\I(MH" Cm\ve-r,f'

SU»-’SU*UQV\L(, (TH @Soo(K“. Then {T-.,‘Tq x,..,\ convergey, Since T, 0y
7]

continuovs.,



S (X)) s & tlosed svbset in I(X1Y), i.e
TalY), Tn—T in BDK) = Telw (X)),

Proaf: Let's Finh  a fimike  Z-net in TR, [, 4_3\
Take finite €4 - he’i' Far TaB(0,1) For n: IIT-Tall¢ ¢a
denote 1t by Lyk‘)k . Then

NTX =T ] € 1 Tx=Tux || 4 N Tuk = Tuxul] ¢ F20 207 :szhé.cwe,,_

A B and wote F\éllT‘Tu"é"’g
+ }\Thx._ - TX\, n for every yeBylo, 1\
d C& 2/5
£ 4/3 -+ q—/,} - 9—/3 < ¢ .

1+ T A hWmit of Finte- vank QP“‘**Q‘“ n 35(’(17) |
Fhew T6S$x (,X\Y)'

Proof: Sine  Fintte—vank Qpetrs  ave n Soﬁk)(\Y) , we
have T € SalX,Y ) \oy The roreviovs p\ropas'l}l'fan. 72)

Remark: A a %ene\rq.\ Banoch space FT €Sa(x.7) sveh
That Z{Ta),: rankTa 22 and |IT-Toll — Q.

Definition' Let X be o Panach Space. {Qu\.,:,, s &
T ¥xeX 3V [N, svon Fhat

X= &C—ul"\eu, wheve the sency Converyes  In S

lex X be o Ronec dpace with  Schavder
bosis. Then Tedwo (X € AT, . vankT, ¢n and |IT=Tal|— Q.
(here vankS = dm 3(X| S & BIx))

Pmnf_‘ (&) we o\\te.ud\/ know



E):Let Te$(X), and leb Py x— 2,

P is linear: Vo PRe C.Vx\y€X. P U\X‘*/Sﬂ =B W)+ AR (AT

|+ x= E_Cu("\!k \ = Ax*hr: Z('J\C“(K\+ Bcﬁ.b’\\ek
y < Eexirie

Ax+foy = ickux%ﬂ N
by umgyme&b \ b)r def. of Scnavdar basts
CrldX + I“b)’\ deulx|splutyl Ve

Then Paldx+py) < ic\gux»«m&- é_d\cutx\e.:" 4_15 Gir e

h=1 nA

= Pulx\ + [> Pr\\)’} = Pa lmewr

ND'\'E. That T,:= PaT ave svoh Yhat yvank (TWy ¢ becuve
dm PhTX) & dimBx) &n .

I+ remams ¥o Show ‘H\aﬂ‘ Thn =7 in D). Since T i
C‘DW\paC\* Ye>9. 3 {xkkbn e Fwa “xk\\‘-’\ Yk and

ITx N, B a £-met in T(Bx(0,1). Now take xeBylo)

anh write NTx=-Taxl| € 1T =Tk |1+ 1T ~Tax|| 1T, -Tox

"T)( T-‘(h"'i"‘n(u PaTx ) "'w

L ¢ For samele S Fy ZIPal)- 1Tox, T
|uvax C"\Qush
far ony fixe k

$¢+z *tsvpliPall £

WpliPn)| £ 0 by Banach-Sctemhave theorem an  umiform
poT-wise, Convevgence .

NT-Thll £ 22+ 5Up|an\|) For v large  emovgh



Assvme. Haat AT, ¢ M)
Wwheve X is o Bonack space gy thatr

‘S.,YP “TV\K” & (-(K\ 4 0O loeunl l'hl‘ovu.u‘{.','\n

~AvvidForm estinute

For every x € X, Then vp HTwllae®, 1 par Hivdar | ane
can Yoke C in place of Clx).

Rewark: In avr  sitvation P WPl ¢ C(X] < 0 becuvse
Pax —> % in X, nw

Barach adioint Qpevators October 15, 1015

Defintian: Let X be o RPanach space. Then =ik, 0)
5 CalleA the to0 X. The elemenic ) S
of X* are culled , {‘b=)<-+d, ) IMHLoo]

EXU\W\ﬁ\CS: (con '\zsmv{,. \Fane ey wa t k’mw measwre 4-Movy)
-\ | P _ { L —s £ meagwrolle, with () p oo}
L\Lk/’q F-3 ([“n:?(:e‘f: c-ulgobvin ’ Sg‘ld}k‘d o

4 L -
P {F fiele y0x)
£or mv.p.xeS

. Y
Il = { Qi)

(@
(L) = L (1) where B =1

0 2@) - (Pdn | g0 <D, (e 60

Aeprd

LP@)" = 2M7), whee %-%4=1

In these cxo.\mples, e Fol\ow(v\ﬁ ientifica™nm 1y
oaguwed :



ARESIA I Fﬁéissa,k, O () — €
l'.ﬂ {'ka:,‘ I JL‘(ZE\ S (DVL'); EX;X‘—> éxuﬁ

Py - RP(Z)—0

Rewnal: é—\ 5 non- trivial  meagwe Theory

Moxe ggmp\e,bi
Ltﬂ CO(Z) = ‘Z{X:‘Suz_\ Xe—r O as |kl — oo\
C:(_Z) = 14(£\ ome .ldlzw("llcl.cq" {Q\o

(Hq»«dqfﬂ: Y Q.U\'lahlv 5uH'l-Ll'en\' o hﬁr(’s\

‘V\ let K be o c_ompac.\ metvic Spece and X=Q(K),

T hen XT,-:M[\(\ s&-{-:oiv
] VAT, S
+he et of B‘Q el i] ( LTS
Y
Iprlic) = Sv = \Loo])
m&:&g‘ii \olr:tuef\ ) /b K'—Ug]h he# /L “\
Ew | =
i = () (K)

Riezs - Markay  regresentation  Yheavem

e 4§ —>
Heve mé& > P é-?ck/w

We can alsy define LP, L® o oo
10"(2\:____ {{Xk.')c-ﬂa : 5up\XL| < o0

=l -

h 2

L”(}/‘\ - {{:; ~ — 1 CbbSUP\F“O"S

RQW\u\f\u: (F /'LP'*OO ‘\'h&h (Lp"‘-_L‘L' (Ls.) ’*.-_LP



Bk for p=1  (L)*=L", (L2)* 2L

!

L (?\‘ ') (Z{\, bv¥ (L‘”('}n 7 0 (Z‘)

Definition: Let XY be Banach spaces, T‘ES’)QQY) Thew
EDY*, X "\ s defined by

T*. YM((T*‘]_/} X v LT« 145)
wheve £X,9) = BK| For Xe X, ®ex* v(Tx\

Remarke: (T, ¥3 = L, T ) 2 o™t o

Sefwmtim £ T

Remark Dpe\'o:\'iw +hat sends X, 9 ks Pxi= Lo ¢)
‘FQY K&X\ D e X* S c,a\lcc)\ a of %av\o\c,\r\ Qpacq
X, xX*.

EXQ-W\p\Q. For -QC C—L()t’l_l M Qh Lo, /I—S thuy +he Pawm§
iy 4Y, /0 S’ed,u , sed (%),

Let XY be Banach spuces, Te H(X, Y) Then
the wap T*: 7”6-' X* defined oy (X 5 -
(Tx, ¥), *xe X, is an elemnt of BV x*).
(@ (T%)(x) = ¥(Tx))

ey X be a Ranach
Pt E c¢X - su‘ospau. m X, % E=€ i lmear aud
bdd (4,6 E*). Then 396 X* svch that 4\ =$g and
1) 81) = |19s] -



Let xeX, +hen [IX)| = sup | 0(x]|,
\Nl\a‘l

Praaf: [N < [ M1l 2 N\x[], ¢o0 Kl > Suyo] & (<)

e NeA

1]

To prave -‘-". define E =sponix)= {kx, Xed,g ,
$,: 7 — C,\F Yy = (yXe =
/-\ssw. that lIx11=1, 'Hr\e.V\ N4, |1ex = s ICy)= (Fram (o),

hyyta
ler =7 Iie wen=a) = svp \(xI1 =
lylieA

\"Ia\’\V\-BCAM(a\f\ 'H‘\QO\'QW\ = 3 a;o S Xx ’\‘55\\ =’|, cPIE-' ¢o~
I pur Ficulor 5\:\0 1Bt 2 ) @) = J0,(x) |=7=lIxN-

We hove proved "¢" in Yw @i where |- ’l
Thf. fazmvu\ (s ‘FQ\\O\Mg ‘FW\M C‘)"\S\(h\m" an O{ lell \V\

p\ﬂ\(f; of X. Qctoher 24, 2025

We are pmving That TC"'TJU(‘)/\ = T*e&(/"ix") awnd ITlI=)rYy,
Let TedKy ) | consichar
T *| = Sup Il‘l' “x, = SVp up | (T™#)d )

¥e¥
IlTll"\ J| YL |lien

swpsep L, T2y

—‘| -

= Supavp \(Tx| 1')}
Ty, Sup T

([Rql ¢ Ixuea

- SU‘Q
xexX LQ‘MW\K 'Jvfﬁuen‘l'qf
Ikl = Tl o by

n



= sup T = 1T ¢ o

lixii {4

The claim Follows.

Te BKY) is inverdidle (IT1eBUX)) iff
T e BY* X*) is iwverbible (3 (T e B(x*77).
\V /73 prove Jlrsi' =,

P ng Assme that T Is mverbible & T7'T= I«
TT=T,

led's Yake Q&Soin\' Qperatary and  see

(T @ | ey § T 2

Exevag: (AR)" ~ B¥A"

I remgwy Yo check that I ]: x T.yn Thtn 'oy
Fhe previevs +heavem, (T7)* € SS(X* Y ) hence T i
Invertible and s bouw\cek Mverse, IS (Tk)-q" (T'a)*-

let's cheek +had I3 =T, Take TeX* xeX

[x8)) = Lx, D)= <1x><\t) %, ) Bx
(Tx36d) L5 (Bl = By,

Siw\'\\wr\yl I; = Iy».

The ,,\’Jc;\r'mﬂ notutim ™ is  often not wed Whevakure,, ot it i
very wefl! +o ot wake wundke.



We have TeSo(xXy) & T (7" xX*).

Proof: We will prove just "=>"

Consder K'* Tme-/l) - QA C.meac.‘\' set. let C[k) be the
qu\uu,\'\ Spate of continvovy Funchamy on K with

WFileyy = m&xlﬂs\l , Fk—=d
o6&

funcrian on

Let Eox {Yer* |V, T pis gonsidurd as ol
Key , K medvic space with respect 4o the medvic § AR VAS AW

So, E cClk) and we cdldwm theY E is precompact.

/\\ UV\'\FQTW\ bowde(kv\ess‘ Y cant.

YeE =|\Y| cag ="M ux (s :ﬁmﬁ:(m --xéml;\l' (Ts)|

¥ sup JITxIl < Wyl-INTI £ 4T £ =@

el &4 doey ™ot
depeni' on ¥

')_\ Eg‘u'\mw‘r'mui’i‘y: {ake S4,%1 ek I let's Catimate
1Y (sa) = YUsa)| = [FUsam ) [ € NI sa- sl € Msamsald,

SO maps fram E are Lipseitz with comyant 4, hence
equicontinvays.

=> By Arzela-Askali theorew, E is yrecompact.

We ave now ready +q prave T%e S (¥, x*). For hiy
We v\eefk to check That \f {‘V“x [T} Seyvence n fo["."\,
'H\CV\ 3{,%‘,‘5 suc\n 'H\a\'\‘ T*ym CQV\Ucwrs -M X’_ SQ,":J‘(Q.
{t\'n\ CByx(01) and conyider it as elewenty E < C(K).

Let {H4 be sudh Yoo =2 ¥ n CUK). (prempect]



LE,'\"S pTQV& +hat {T*‘Y“A 1£8 Caub\r\y n X*, then the Jheoren
will Follgw.
Take, xeX, muea, and considen

(T %) <) = T ) 0] = 1 <, T2, - 4, T |
=“ <T’(. Yo ) - {Tx, ‘h-j)“

=|| Yo, (Tx) - ¥, lTx)“
¢ sup| Yy ls) - ‘Y Ls\\

Sek
—-“ Y'lk"' Yn"“ (.[k\ — O br ()f) .

'f: - Aoes not dapend\ on X
DT, - T e €y — Q.

Fredholm alematwe

Example’ Consider +he equatin F(4)- :ge*"f (e S q ) in L0

Queskion® For which g ¢ L*[0,1] oo we have E selutian §el (01!

Qbsevvmtm q hes Yo sav\'tsfy S'?' 3(4")0\17 6 (cdt=c

|mlee:k Se, ylt)dt = S(,"F&\dt V{/ﬂs cls\ckt 0

I+ 1 noY ckar <0 Fur if theve are other vestrictions.

LQ+ X be a Bunach sSpace,

T=1I-k for KeQ (X,X), Then
Ranl = {x&ka.E): 0 V4 G\<e.\--'|""bk.

In other wqrds e yther:
("\ kev T =804 and, +he equabian TT=q has  soluton YqeX.
(’L) Ker TF # {OS and the cauatan 1= has solvtuns only for

Q s.b. £4,€5=0 VbckerT"



LQ'\'S C-QW\YJ‘&\'Q ‘\'\V\L CQV\S\(M.V(A'(‘LGV\ Q'F' Ine exumple
We neeh Yo cmeck that K:f — ge"‘ SFlVAS iy compuct
(exereise) and Find KerT*

beker T* & T*4<0

M\'\oivﬂ’ Qperoc\'nr T i defmed by

{Tf, 4O = (F,T*) fige L (0]
.. (A 1rron)
= (§- ge*- *Foo)= SF (t)qltldt - SSG‘ flsids gt ekt

= éﬂ*\q&\dt - éf(s\( & € 14) at)ds
" {fig- §et-s‘3[*“*t>l_‘[o.q
(.T*%\: S — 3[8\ - Se,t'33tt\lkt' : 5*[014].
1
“9=0 &q(¢) = §et'53(ﬂdt ae. on (0,1

£ e a(s) < ‘é_ctgl,ﬂdj_’ for almoyt every sen 1]

Conykunt

D Lo, ker T = ™ ¢ 66,\ , dim (ker T¥) =1
B)’ Fredhalm '\'heovt.ml Eca\w»;\‘\bh (% x) 18 soWakle &
¥eeC. Lo, ce*) =0 & (3(\e™ds =0, which 15 (o),

Preliminayics

Let X be
A Banach Space; EX - a lwear closed sbspace | €30,
Then Ix, 6 X such Ywat |l =1, dist(x, E) 2 1-¢€.



Proof: Sinte E# X, then X, «X\E. Sine E s owed, we
have Aist (%, EY =850 For some §>0 Now consider y, € E
Sven '\'lrud‘éz;l\f.,-%\l 3 (’li-vﬂs for some n& (0.4),

?0‘70
Now let X“::' I\?o‘%“ | “x')“:’l .

: 1 M T
A'SHXQ. E) = Wom A% 7 |, E)

y ~
= T Adit( %o, E)

= S > 1
W=7 = 1+n

C.\I\Q‘bb\.nﬂ ) $9 that 41.0 ‘”l-i, We are dene..

October 22, 2025

let X be A Bo\hac.\\ .Spqce,. Th&v\ L X x s com{ao’r
on X @ dimXe& <.

ngf: dmX £ 00 =5 T (:Sgob(\ — we qlrcczd)/ kewow
TeSa(x) D dimX e

Suppnse_ (l\vv\?(?\‘ ‘°‘7| fiad o y@utn& f';nl," “en“"/l

YueN/
C & X - G\r‘o'l'\rqr/ exsteme of {Qqs
: y .
€q- o\'|§\'(£7_|$PUl\i€qn >/ 'FOII'JWS 'ﬁmv\—. Pl@wobs
C,: dnf (e»,, Span }e,,tﬁ\ 2 11 lemma | becwue
6.1, : C+C4 bpavl leq,..-l C;..') '-£ )<
YieN

Then e ©Bx[OAT = T(B«L0 M) but fhere is g
convergint svhsequene, becene. llen-¢iljz %2 Vij



letx X be o Banach space ; Ke 5,»(5(\, IS
Then* 1) dim(KerT) < eo.
2) RomT is cloed in X. [closed ranye Lemma ]

Prof: )W have Ler = T K)o * Kl

O & S‘”U(er'\-, S\
JAPRC Soo(ker'r, X) o Te $(kerT) =>dim (KerT) 200

1\‘-’_\'\6 Slatement is equivalent 4o the Fact that if
IXSCX st TXe —y wm XK the IxeX Tx=y.

20) Let {x): Ixal<C ¥n. ;
Then (T-k)) =y, (T-K|(Xa) — 4

For evexy Sub!ﬂg\uence, Xnk

Led's choow Xu' KX, Convevyes o 2€X
(_USQ K&Sm(x}\

Then Xy, —> y+2 by (%), Yake x=y+2:
Tlre \-:kllnghL =y, 0 Tx=y. V

1) distlxn KerT)2C WneZ
Take. )?“'-':Xh— \)(/hl where Wy & I<er T ||?n] ¢2C.
We have JLV:T%,\ tn\-\;';TX“ 3% step 2a) X T% =y Vv
2.0\ d\g*(xm KerT) =+t 20, Let yy show Hhat this sifvation
does not ocwr. Suppag the converse:
C.f)V\Si‘LlY‘ ;(«\: Xn- \*\’;v\ : él&'\' (x“.\(erT\’:W)
- Kerl L""*B
Far t.\=..%‘ we have, Ta2—0 .




v Xn )Y DTxe s bAd in X
TZV\:-T{T:‘,", = T TRl 'm )

+00

DlTzq| ¢ Qﬁlilfyll\‘ >Q For n large enugh
g

A-" "'“Q SAme "—iW\QI Tivﬁ T KEV\
3 2znh >E 1Kz converges Ao Some ze X

— 0 —> 2

We have T2 =0 (=lim Tz, = limT2,= 0)
E zekeT, 0= dat(z, KerT)=
= Lllmd;d (l .Mkch\

e R
= J_'.“Qoo\ld ("?—“J\: kerT)
= fim dist l’?n“ KerT)

X, ||
= lim dist (%, | KeeT)
1 X
(%) el
> 7 > contradicdion

Let X be a Banach space, ‘re:s’a(x\
KeelT) = 10} cmd T =T >< For same. k> O
The,n RunT X

Pmmf We meed To prove i‘hq’r VoeX. 35X . Ta=0 .
We know that: T'a = T a Far every O and  somt

& Aepending on o / kee TR/ => KarT # {0
DT (O\-To\\—'Q = a-Ta =0 = a=Tx.



OCA’QheT 28 ] 102?

let X ke o Banach space.,
Kese(x), T=I-K. Then TEAE:
N T s daveckible in DK 2) KeeT=10) 3§ Rl =X
4) T*is nverfible TJ(X] 2\ kerT*- {0\ ’b) RomT*“ X .

Proof: We will prove 2% =5 2' 51 5'=)2 AL D 19339
Q=Y If T“X=T""X For s0me k, we ave dwe by the lewnq
Define X :=TX, k20, and nole that X > Xy >Xq 2X2-
Assume Fhat all inclsiony ave strick | ie. Xk 2Xem V.
T\\e. svbspac ey XL ave c\osuk by the c.\osatk romﬂc \emvnq
(oy induckion). By +he almayt orthogqomality lewwma 3 fy7 st
N yee Xe Ve @) Ill=1 Yk @) disk(y, Xu) 2%

Since K is compact {Kyl condming a convergent Subsegent
iKYu-,l.:«- On the o¥her hand | if y4m

Kyk; - K)’u.. = (KYH -)/Lg \ ) ‘KYR,: 7:__) +)/'~j .-/h-n

RO kTYl-s ‘Tn..)
~——
_— € xkrm"

dnce y,meth, YW hithu | kgt X, € Xy,

D NaERity T @ T Xigen € Koy ', T)’u.- €T (%)= Xi;+4

= k’“; K)’u.\: )/"3 v R Re Xijq - Swce “ﬂ,-"N\ 2V by (;,u,}'
We getr o cantradict ion ({Kyk‘.\ s wnot Ccmc,\v\.

B) @) : Take ¢eker T*. We have
T%=06 {x, T*) =0 VreX & (T ) =0 yYxeX &
L4, =0 VyeX (oy 3) & =0

) R) (4he same ay L= vy dchavder's '\'heqrem)



(M= ) Assvme +hat Ran T= X* and take xelkerT.
We have Tx =0 & Tk, §) =0 VX & L TH4) ¥pe ™
S (6, ¥Y=0 V¥ex® (b 2 )& x=0 'SFEliigse’ o

Condlusion: ()€ ()& () & (3)

(M (1): We alveady kwaw Far arbitrary TeD(X).

U= (@) Inverkible operators ave wmiective,

(V& (1),(2)

(2 22) D 1) This holks Far every 16 ) \9)/ twe 1r'ra|\owimj
Fundamental dheorewn From %enem\ FA:

Let Xy be o Banach space,
T: X—=) - lneoy \5\")26'\40?\ . Then Téﬂ""’) &> 'T"‘ejb[)/,x\_

Check '\n'xcdiv'ﬁ'y'- Tooa 2T, T(xa-2x) =0 E ¥a-xy = 0 ) D stpz0
Surjechiaty * RanT =X (by 3)

If T=1-K, KeSwlX), and KeeT=10y +then +he
eguation Tx=y has o Unigue. solvhim  For every yeX.

Ker T = {.Q'S & K@r'\"‘- {,OB‘ SQ we have proved ha\f
oF Fredholm Altrernative.

A Let X Ve a Bovach space, TeTHX). Then
TX=1xeX| {x,8)= 0 ¥dekerTH.

Tha \W\q\ic\ + e ‘QHMV ha\f of F red Walw alternate
sinee TX = TX for T= |-k, Ke SelX|.



Lex ¥ be a0 Banach syace, Yoe Y
"o clowed sbypwe, then F9eY X Q) <0, PO For
WOme ye)‘\?’o °

Proof: Take yer\Y, I define &, Spun{)f.)/o\ — 4 by
S ley+y.\— ¢, Far <€, 7/057’0.

1\ Ly, ¥ ‘Céf—.;’oeyg = Spen 1y, Yoy ~ clear V
2) Fiilo ‘JLZ -y = p-Foe Vy & o TDe4E

Degerectnesy Ok
2) 90 IS \meur - cleawr

Wy =0 (0 o)
5\ |@(CY*70\\ ; A“C‘/*)’q“ VC-\YQ
\@(cw)’o)\ le| = (c)\\s\'()’. )’o)‘ 1¢)- dist Uy, Vo)

claseh

=Xt (v, %) - distliaay |, 7a) =het (5,7,) " dist( ey, 7a)
/7
|y =dvess, [at=1
digt (16';/ ' 7s) = diY ({\_I_ﬂyo,éz‘
C Y

..‘\ . \41
S Ad W) Neyavoll, 3o A= dit(ry)™" warks
6) %\)’h’l 0

3) Ve +he Baln-Bovach dheavem and extend 99 +o +he

whole V. O

We ac-‘wo\\y pmveck thar He lemma Wolds Y77\ 7s.

We con wow pYove the +Hueovem From above.



1 he Led X v a Bovmch space, TeTNX). Then
TX={xeX| 4x,8)=Q ¥dekeTH.

Proof: We have TXCE, E=§y|L{x, 4970 VpekeT*Y,
becavye. {Tx, ) = (¥, T*) =Q V PckerT"
Then TX «cE=E  sine E iy dosed.

Xn—X Owhk {xa$)=0 For some .-x")
4then €, dd=1im&xn, D =0

We now need Yo check Tx>%x . \§ not, the mc,lvamn TKECE 13
proper and Yy the ao.pefo\'\ on lemma 3¢ : ¢ - ~0 but &e)¥ 0

for some € €E.
Dl =0 & (Tx,8) =0 Veex & L, T*85=9 YxexX

E dekerT* => (€)= 0 Ve e E by defimitim of E, convakidin 72

Classical Torm qf Fredwlm alternative for iv\-\'cgm\ eqyatimg
let (8, ®y be & space with  mea e ey and
let Kxy):S¥S—> €+
VKb ) A ) 4 20

SxS
Then either eguatun )+ SK(W\F(xWle\ 0 Vias anly
the Frivial  SQlvtion =0 Owul Y he e.im-l-\w

FlA+ SSKLX.V\FMWLV\ = 4(y)

is soWable For every oell(¢,m) ar the equation (%)
hos o non-trivial  Salvtign n (S, M.

Uwua_umcss mplies  existance .

Proof: Lets define T=I- <, (/)= Sk(x,y)ﬂx)d/&(x)
Consiher T s an openstor on (S, °



Then (#9)E ke T =10V © T (5,m) =L (s, m) oy Fredalm aliernate
modvla the fact that K e Seo (L*(s, ).

R Ths we paspone whil
Hilker+ Spkeces theory.

Forther V‘eoxdimj'-
1) dimKer T= dimKeeT* | f T=1-K, KeSw, it concdey with
e dimengion oF +we space of 5o lviing

7\ There iy a versian of Fredhalm theary For g\ Qperatars
Te H (X) : A‘W\KKQ:T\ S d\M\x/h“T\ Lo

Spectrum of Compact operadors

Qctober 29, 2000

Definition: Let TE 'S’D(X) X Banach space.
O-(T) E)\ed,) XNI-T s Y\o-]- nvertible m B K)g

is called the of T.
Definition: A nuwmber AEC i called awm of T if

Jee X\{0y. Te=Ae.

Defivition: = {\ eigenvie of TV .. of T,
We have 6p(T) € o (T) For every TeDIX),

Prosf: Xe a(t) =>2AT-T s not injeckive becane KerlAT-1) 230}

In geeeval, we might have (1) # o(T) and even
O-ptT\:g



lex X be a Bonach space ; dimX =+ o0 and et
KeSe(X). Then Oe J(KM a(k)\ {QS < oplk). Moreavev,
oL e_'\'é&nva\uc. hay a Finile mu\-\-\'p\\‘q-\-yl and\
HiIxc oplk) | ]I =rY <22 For every v =0

Proof: Qea(k) sine OF a(K), then 3K ¢ RX):
I"\%K: TKMK, bu¥ then T elSw (X\ = O\iw\)(éw, conbradictian
Soab) 359
Now let's prove that a(k\\ {9} ¢ ap (k).
Take Xe d(kk) awd assume that Xeéop(K). Then
Ker(3T-1K) = 1034 Ker(I- %)= 19)
= I'/X'K is wwvertible by Fredwolm theavem = conteadiction

Now lel\‘g vae tnat cl,{m E)\ <00
— . _ — definihan Ffor *
t)\ T i_ € &X ] KC, - Xeg {%Qh;\ Finte VnuH"lp\iC\""f\

IF this is not +he cwae, There N o $egwence {Q“S:_q
such that O\is‘\-(e“‘ &paw\{c.,,..., ev..‘“ 2V , llewl) =1.
Consider iK&u‘)= ?XEnS'- we canet choose a c.on\reraav«\
5"\052106“& From dnig SRqUENCR — contvadickian  with

Ke So(X).

To prave Hiheapl) ) I\ er 20 §or eveyy >0, aswme
the convevse and et epe X Key, =\pen lled = 1,

An €U} | M# Ak For k#n.

DC'HV\Q. Ey\‘"’ Span ‘_e1|---,€n\ ¥n.

Dbevvutian: Ena 2 Ey ¥n.

C\ea'c\y Ewr 2 En. |f Enr=Ewn For tame n, IWre exivte
the Firgy suh n. The\;\

>\y\+qQ\|\+1 = é A1 HALCu
h=4




14
Apataaa = ? ALy
=1

Q- ZakAnn-Ak) ek Ddnu-dnz)
= Ant1= o C‘.Oh’fm‘:lic’c\'ﬂh

DThe observation is Free.

LQ.'\'\S cMoose. Yt E EV\+1 sveh that “)/m—«“ = q. ist (YWME")?"{L
I+ vemuins Fo  prave that {Ky) doey viot haw a
c.mrm\r%u\\- .subyza\uemc't .

Y1 = hae1€neq + Ry Where RaeE,
K ¥onta = K Yot Aa S Snq R n ™ Nwwer Smar€imen ~ Kom
Assme That nawmeq ; Then
fl’h — Mmt1Ameq €meq ¥ ﬁ,ﬂ eE,

N A A

En | LE“ EmSEn

= “ KYV\-M = K)fm.m“ 2 Okls" ()\.—.—n‘km-‘l €wviq , Ev\)

= \'\h-l-’\\ C)\i&\'(_f]\ww €n+a ' Eh\

= \XV\M\ ‘MS\'(YV\V\, Eh\

vl >0
Sheme of the solvdiom of Divichlet

mrmem n R"n23, Dy means of Fredholm
vy
is o Mmain a (A

Divichley Proklew * Find W& C}(.Q\n(,(ﬁ) (-0_ dne Ct
sueh that A
{"-T’ Y, Whe Fecan)
AN
Plysics intergretution : heat




Saoneme For solvhion: e search fFor & solvlian of +he
form

WAX) = Skcx.y\-m by Koy} cn 22t

1\x =yA| gw

Y\y (s Yhe vaowJ\ uni\' novmu\, c_w&m

Auw=0Q fFar every e CQAN), we only need Yo Find qaod
1 Gua that (%) will hold)

U-? (%) =- P(x) i-é%lktx,y}'e(y\ ‘*Y i e dO
We =Tt K £ | Ke- JKikylenay

To dheds thatr FE: Ug- F on 0 we \Sus\' checle
ot Ke Se((COMA) andk Ker (-T+k)={0}
P We are done by Fredhalm alternative.

This fs hard Yo prave (corse on PDE'S)



