PART T Banah A\gdoms

Definition A is « if A o Banach spae
with the operation of mv|+ip\{cm+€qn svth that:
"\ Xy)z= x(yz) . XY, Z2EA
2 (Xtyje = Xz+yz
X(y+z] = Xy *X2
3 @x)y = x(dy);  4eC
4 Je¢A. xe=ex=x YxeA.
S) kgl €Ikl VxyeA.

November &, 2026

Em_vv\p\s: N X Banech space = BX| is & Banach alyebra
with vty e=T and worm Tl = svp ([Tl

Ixllaq
Q_\ ] ]50‘\/3»[,()’ e=1 « gwbq
"T“.bbrk’“\ = k[?L\ IT-kl\ = Ay (T, .S-e()(\\

3) K- compact Havsdorff  space, C(K) s a Banach q‘azbm,

e=1, NFllgy = mox|fx)
Filk—¢ "

't) - on T={iz1-1\.
I\
i{-‘ = ickzk | (.ke@' ile\ <w.g
he@

mu [Fiplication iy the  vsval

“F“w"w-\ = ‘f—k\, C‘-‘-Al my|tiplicatian  of functiang
(Y

,\F'S\\wia) £ |tfN v [ %\\W(ﬂ

exeruse



5) L2(RY, I\l = esisup\ﬂ

G\ H@UD\ - te} of bounded O\V\m\f-‘rl’r. Functions on D""'UE]L’IX
V\ﬁ\ﬂﬂ\

12\4

N 22\ ave poncgmutiative Bonach algeoras, ot hers
oYe commytative.

If A s oo Bavach space  with wvltiplicutian and
properties 4 2\ 3, 5), then we can always add the
ltk\f\'\\'\'y 19 cov\\le(\‘ A 4o o Banoch Ql%e\ofo\ as Follows:
K= AxE, &) Hly, A) = (xay, dep)

¥ (x| = (¥x, €4

(K. d\- (7, DY = Ry +dy« Bx, &p)

("(x +de)ly+ )" =Xy 1dyt pe J\AQ) e~ (9,1)

NGk, )| = Nen t1a) <! corrected on Nov. 59k
Dk s a Banadn O\lao.bvq with Wdentity and (A 0| A

Ex mp& L U¥~\ m\:\'l'lphcqhqn F"‘g S‘be\g(x y)iy
NEWp g = %\Flo\& = thiy iy a Ba\m:_\n a\gelra. without
entity ; and the obove  constructan is equivalent t+o

considevation of W = E§, ¥ L'(R)
mea\wre 1, 0¢ey
8L {o] ors e =FrS (RIS = fid

4,80 = 2(0) = {(’.\5, Leeml mtsses ~3ns 94y
Definition: A Banach algeorn, X €A, We 3% YeA \s if

I eA. XxTM=xX- e,
IF x is invertible, then x™ s wigue.



Definition: = Ix€A| x iy invertibled .

T we v G, becane GIAl is & grovp

Definition: xeA. o {)\ed | Xe-x is wot ivwer-h‘ole,x.

EXO\W\Q\U IF AW 4w @Y oF wen watvicey with Complex
coefficienYys, then far TeA | &(T) |3 the se¥ of e.iaev\values
(Ahe vval spectrim of the wmatnx).

Exomple: A= €(k), a(F)=?

AEC: A-F is not mvertible 1n  C(K).

Since. g GILIKY) @ 3 eClK), we have A-F e G(CKII© FFECIK)
A F(K)

Dq(f) = FU(\ & compart nm-ewmpty svhset of €

Dasic properties
Let A be o Banach q\cﬁe.\oro\.'\'hcn lell 2.

Praof: llell = lle-ell = lleijen => \%«-/o ar llellz 1
Rz €
Definition: A Bonach alyebra is caulled Follel=4,
If A & ow arbyivayy Baviach alylora, +hen +he
alueoraa AXLC 11 vnida) .

Praof [[Co)][= 110l 1) = 4
|\
J@‘ This way wrong premvs\y and corvecteh on Noverser Sth

& From now on, Al Banach Q\SQ‘OYM are  uvnital .



¥ ;5::; m A, then  Xep—>xy.

Proaf [1Xaym =Xy}l < \ixa-x Iy, )| + Mxn Y-yl =0 7
A v So

et aA, Jlallc A, Yhen e-a EGA).
oo this wvies Oreges
Proof: Define (e-0)™" = e+a+a®+ - = éa“ pecuns sﬁ;{q“m‘:\
Zlick ) ¢ ¢all*2 00
let us check +hat (e-a\(e-a\=e
S |im (Lak)(e-a):=¢
n—or Lo )

n
1 - - 1
e -&"":/ —>¢, sinee | &Y™ —>Q
v
o

Similavly , (¢-a|(e-a)"=e.
G(AY is open in A

Proof: Let ae G(AY, be A, Yhen a-b: ale-0™b)

A GA €6 i [labll<

a*wll¢ 1 Waldrs Far «ll b |(bl] & il
= B(G,T?&:u\ ¢ GA| =2 A 15 open.

Let xe GIA), Xa\—> % in A. Then XutGA) For n
lavge enough, ank Xu' —> X' ay n—>

Proof: Write xu =X+2y, Wehave XacOGIA) Faor n lovge. enovgh by
Propasitian 5,
(X+2a) " - x": (X (e+x™ 20\ X" = \(S?’SL"\EJ" -~ P:?Q:«_x-; o
n P

0
Yo—>e, see Prmp. k:lya-ell & ké‘\lx'*-‘-'-nl\k%o lza)—0 7



let+ A be o Panach a\gcbm, aeA. Then 6@) is a
novemply compact svbwetr of &

Proof: a(a) = €\l = VAo is inverkible §

$lal 1y open by Prop.5 => alal is closed.
let's chede +hat a(a) is bewded @ (@) € XY LA} £jal)d
el > L] 1A 2 llall,

Take A' IM[2llall, +hen Ne-a = Ae(e- %)
nverdble by Prap. b

K rewmams +o check thatr o(a) # @,

Asstme that (@)= @ anh consider the Fuctiam
te(A) = 4’“’«-’0‘\'«\ For same. #eA*; 2ed

let's check dhat fy 18 an\r-i-{c.Tn\cL)\q@&l consder

_'E!(ﬂ = 'Fvb*o\

. -l "~ (Ae -a)
,\!L'QO A7 s »‘-',"2,4’ ( A7 2 )
-1 -
[y x " -] = lim ((’«-«\ (e -(re 2a)) (e -a) )
A—>N\a A~ A

= lim 9 (U\Q"Q\'q (,)x.,c-a«\-n)
P cantnvery, A=2Xq “’T’ .
Continvidy of \\ (A oe -a) Prop. &

wmu W plicutiy -
=-¢ ((}w&-a\ 1) holamarphi
9 [ 5

= Fp ois analydic  [F, i Bl (6))
\v)

Take M Ix)z2lally 1€, 0] = 1001 e -1 1= 1AM -2
SV

o for
. oun
F{ s b on @ by the wax. privciple A INZ2)0l|

DFp=cp €, but C4=0 by )

S _ - % M -a =0 WAL ¢ ,
% \k( a\\ =N \‘\e d—— V Q EA R —~ CQ“-\M\&-\-\.QU\



Dﬁfﬂh&n Let An.AL be. Bamach albebms, Novewber 5, 2025

Ve vy that A, iy Jo A, (A2ZAY) iF there
exishy o mop AT AL j(dat pb) ~djla)+ Afle) (%)
;)(o\b\ < 3(«\ ) Lex)

5 1S b\)(b\'\\l(,

Let+ A be a Banach a\ﬂc.‘qm s.t.
(,(A\-_-A\{G\. Thea ASd

Proof: For every atA we Yoave oa\# 8. So there s a Neled:
Nole - is not  iwerfble & MNale-a=Q & g =)\u)e
n partiolar, svch Ala) is unigye.

Define j‘A_3¢, a — 2\0). We have:

o+b 2\a+ble ‘x = >\(u-|b\ = Mal+ M)
ath = Aa)e t Alg)e

Similarly, Alda) =dA(o), AMakl= Aol Ap) = k), (%) V
i)l ¢ = Nlally = IN@ = fallaD Inelelia= ally, Vv
ja) = §lb) 2 Naje= Alele @ o"""k yis & bijection
jey=4 = j(A) > j(e-e =

“_eflmhm let A ik Banach q\rjebra\ Then :=.SUP{N,>\&(M\

18 called ‘H\L
6 (Al
et A be a Banach a\ge\o\ra.Then

r(q\ = ,\l;‘f “Qh““m - ‘,\\l’w:o“a“\\m-

In parhicolar, the limit  above ewishs.



Proof: Stepl: V(o) £llall, becuwe
Ae-a =Ale - @\ lollea for X: (] 2 |jal

\——W
inverfible elewent in A (Pop. )

Dihe-a € G(A) =D XE (o) = ) < H o0, an}. Vv

Stepd: Y\ €)\as For every nz1.
Take XeC€, and consider
Ne-a" =U\e,-a\-p)\(o.\ I B iy & pelynomial
If Neg(a), ¥hen Ne-a" =2,2,, Where 2,ze A z2¢0(A)
Z212,2 2224, \F 2 = Ne-a"™ s inverhble, 327 €A,
i'“%q%-,_'— 2f3.2 =
(2 zq_\zq
DA e (o) SH? A" £ 01a™| =D |A) ¢ \lo\“\\ V4

2 2466AY | . comdradkictim

", .
Step 2: 'i\\;\f \\a“\\' £ Yim Jla\® & Tm Nt €r(a) & inFilany ™

“—>  This mplies the claim.
NotaXan noYe: Tim =limsvp, Lim= liminf.

AN Fhal remawme 18 m“a\"\f‘," ¢ v(a). Take de A“l o) 24,
Folh):= & ([)\e-d\\"') For A€ (u) (—Ihu iv an unalytic ‘\:unc.-\-mn)

on $(w\
Q.>0 k "
Wstaive N 21lall
an 1 . 2 4la")
14 P Sxk b \%?To_’*:')o\x T aml SAR 4»\%4 A
N =20al) I = 2Mal|

= ‘Makn) (Cauc\qy Formida Tram camplex o\m\ysig

= (p(ahﬂ.) 2/'\m,‘§ "~ 'Fg (»)4x

INeY(\te




k
¢ max LIns1 - IF...U\\D = (2T (rte) <))

=tea e &) 1191 - supl) re o) |

41 I =viel+e
Ss————/

k) | = Nkt conshunt Ae wkm
IE:'I&IQ( H o h Quly on ¢ bewu;e
Mzrla)+¢ is a compact
IA set on\
Ci'\\'(.u-\-{-q,\k

» = |((Ae -\l
5 conYinvavs

- 11
= m"ak" L ¢ Y(a)+< for every €20, %
November 41, 2025

Example: V- F — Clols Ve B(L(0.43).
le's prove that r(V) = O & G(V) 0%

ProoF 1: v (V) = \im”\/"”% 0 we need a Formda For V"
By indueYion’ W F)(X)MSF(S\(: 2\\‘
nea: v

Assume (%) For same n  and CQW\pV‘}(
X ¢t 3"
(V) (<) = §($0) Tt s )t

0
X | ]

= S (f(é\g (t“_?p O\t) As
9

\-——\r—/
t_rl | k)"
n!

SF (s) == ("'ﬂ ds.

IV ElL o max S35 {§ |F"(s\|o\;yo\xi&

¥ &(0,4) S&(0,X )

114 (9)



X

A 4/1
(= (it J\x)
0 ,:4 \ﬁ/\/

et
£ Mg 4
(h-1)!
_ 1
=> I\V““ é(vn-"a\l_ | Ilm “an 1_ ((V\ 4\') 3+ir\i\ng ‘Forvnu\q

1
= |Iim (r_T—Tv\ - v_—;\m\ a ™ “4“4,“

=N "’1.
w2 m"\ ” .ﬁo

M: VF: gkli(.)/\'F (Y\o\y. kb(,y] = x"\'(,(.y)

SS\KV'Y\P”\*"\Y 45 gO\XcXY =/ &0

wgenvaly
D Ve Sell2[0,4)) D a(v)= {"Q‘; g sigtwalel Lo}
Aheorem abovty the spectvom
VF = >\‘F 4 S-HS\AS'-L}\.F (X) of campact opevators
ba

ecfoq) = Fe Clo,1])

) ‘Sf(s\is e C'[0) .= fec=oA]).
D\"F-Fcrm"fia‘\'w\g (*¥%), we 30..'\‘ M =f on [0 A].
Whstitubing O into s}, we get AF(0) =),

- AF=f £=ce
Sa, if A20, Fhen Ypg.q 1 0rcee S F20

= avy A¥0Q 1is not an c\gav\vq\ve_ A s n (&\%01)) 4
Since d(\\\# 2, we qet a(V) =30y,



C Omwmy “'CC" 73 B CW\M\'\ a ‘ﬁﬁ‘owk S

Defimition' Let A be o commututive Banach alg\e‘om and JeA.
Jis called o m A W od s o livear 3vlospace such
that a-3ed YaeA, and J# {0y, JZA.

Definition’ d 1s a if 3 is o proper dedl qnd
There & wo graper ideal 3 such twat 0 24

Every praper fd.ca\ 18 contained in OMe  maximd
idea\. Take some praper ihedl 8 J#¥A | and consider all
praper fdeals 37 4723, This se¥ s partially ordeed by
Melsian, and Far every chawm Y Sa\ser oF idedly ovdeved by
Melsion, the sed V3 = 3 s aaan o proper ideu).
‘hinearity : p-xtgy e d faor every pgec QV\')\X.;/@)\. becave Idvd,.
Xedax, 76day = Xy €4y or Yiye ‘)‘*h +hen Px+4y are n the song
Jdw or 3.*7 \/

* ideal pmper'\')r 0\.3 "UQLL CV\\.L YoacA A

" properness \\1/\ (|f‘ Y=A | Yhew Q.&A Iwew ee\\&—ﬁcAcJ“?A)
B}/ 'Zorv:s |emm, +ne et of o\\\ prapev JV 3 ) hoy o maxmal
elewent.

If M iy & makimal ideal w A, then M iy closed.

Proof: Let's prove. That M s o proper ideal.

‘M s lmear V

"MAS P dwe by continuty of mulhiplicdion v/

-M#EA (IF M=2A, then €™ D JAxeM dist(x,e)¢A = Xe GIA)
De=xX-x"1exAcM D M= A, crm"fmo\\'c‘\"\'m.)



A%
Exomgle: A= CLE), M= {feA fix= o),
Then My, s & waxima)  ideal for every Xq€ K.
My,  inear 4
My, A My, v
My # A, becawe 1£My, J
"My, is_maximal : If 33-proper: 3 M, +hen 3fey. f(x)#0.

But +hen VgéA ve have é*;*\c-’?*h for ce€ and heM,
S (%)

where € 18 el twat (a-cflxa)= 0, e o=
So ALt + Mc 5' contradhick i

Q\');Qrvg\"mni on = Kerd&o / ‘Pg,‘ F— fw)
O s & multiplicakive funchional : @y, G."Q\ = 4, (F) 4., (a)

Definirtion® Lot ®eA* We say ¢ it a f
dFa) = AUF)- Aa) VF qcA  onk $#0.

Ld' A be o commutative Banach o\\aghrd TFAE
’l“’\ 18 0 muximal 1dea)l i A.
2\ M=Ker® For swme mu+\p]icw\‘ive. Functina)l deA¥.

E’:ﬂﬂf 2\ D ’\\ obviguy : i\ Ker® iy linear
IL\ y"h‘{ 1 o€ A. Q“ﬂ\ QV‘!(Q\ 0 5) xq & k‘f{

@) Ker€ A becamse L7 0
(V) Ker® \3 wnaxwnal, becawe Keed 1 fa=A VYa: Nl

(e ki)
Vs (M iy eVoseat)

AD2) Noxe that A is a Bow\o.c,\r\ algebra v which every
nonzery elewen’ s nverhible . \f [_&]9- A/M, Then a-A i an
1) n A craw\aimn(s M. bt md e.%.w\ to M =DaAtN= A
0Atze =>alh+N>e Lor same beA D [o][b) = [e].

By Banadh- Moz Theoew . +heve iy an 159movphism ) of Bunedh
alggbras M ank €. Lot ®pe):= J(0XY).



L\ $is Wneur ,  becawk j s linear ,
W 4 s wqu-ir.)\'\(;oe’r'\\lc.1 be.c.u.u;&\'\ s My \'\"\Fl\'cq“‘i\:{.,

il kerd = {x ) J 0= 044D (x1=0 & xeM.
Novewber 12, 2025

Nododion: ~ et of all maxwmal deds w A
-set of v plicatve Funchioals on A

Last Hime J: O 2 Kerd mapy A&mh‘ ontq \M/(M-
AR bjecYion.

Proof: We meed 4o checle Fhat Jla=1(m) = 04= 4.
For this, note That $ley=1 V'bl-A':m".' becawe i:‘é{"j“;"“\
Forevery ®eALh,. So, iF D@ =30, we have

0= Mly-24(y)e) D & ly-tile)=0  VyeA

= B(y) = W) dule] = dly) | o $i= 9,

et A be o commutative Banach a‘\rje.\om, and a€A.
TFAE:
1) 0. € A\ LA
Nae M for some MeMIA)
B IeeAln: dla)=0

Frosf: 12} J=0A ~o praper ideal in A (ee)

DIMeMA), MY
DD 3) Take P Kerd=M= dlo)=Q.
2D A} If JbeA.abze =D d(a) - b(b)- te) =1, bvt $(al=0.

aloy =160\ | s e A:.,\»,'S



Proot: o (@) = { Al a-rec AVGIAT ~ $4 ) 30eA% . Pla-re)=0])
=P AL AT 4\ For some 9¢ Amot S

Remork :Vae AL\t 1191151, bewwne #(e)*1 ank [96H)] iy wifarmly
bovwded, For vty a € :?)A(O,/\\,

AEE\! cainny

LC"‘ '\: é,Cu,'i". [ and ilcd 499 AS&UM(, }hat
F(2)20 For <very te'ﬂ' [\2\-:43 T\\e,v\ E= ibkz" where 2llwl<w.

hed

Proof: 4. W’ () = {éc._z“\ Zlckl“""g iy a Banach a\ﬂebra:

Indeed, W(T) 1s @ Banach space With respect o +he norm
ocvz®|l = Zlen), and

l\ (5eazk) (4 0ez))) = 2‘ (i.‘-tbn-k)]
2 2 |ciel lba-k)

ke ne¥

& é‘bk‘é.lb |

Le 4 ¥ ]

=N éewz“|) )l bzl

2. ldenkiFication of W)Y,

Let dew/ (M, n, A= 9@, mn ol4) olz)=1, ¢l3):=*
IN&lel =l =1, | A\ ANREE
Il flol-uel =1, (L] «lel-1L~1 = \A\=’l

N N
O Zazt) > L0, and hence BF): FU) Ve w (), becaue
}.;f‘%d) s dene W WHT) avdh ® is continuas .



5. Application of wwertibilidy criterion:

Few' (M) is Wvertible & 3’4’ AV UTY:WH . HlE) = 0 @DF(2)=0 V€T
This is the cag m qur cose 2

Dfa1, 9 ¥’ (‘l") Sg<F, AT | Dod<ee.

Let JF LY CA(D). We ave interested if +here
ex(sts {SA:.. < AD): f_Fk"s-."l.

&Lsésssr_y_cmw Fzee D. flza\=0 for every 1skeN.

Necessary condition is alyg  sufFicent

PTOQ’F: 1 A(D\ IS o Bonach Q\az\arm with respect +5 the novm
1l = wax | Flz)]| v

Z2eD

1. VdantiFiation of Mfﬁ):..,u’
(D&Am)':""f S OE) = £\ For same e [exers)

3 )= {i{’k%,{\%ke—f\(ﬁ\\ Iy & praper ideal in A (D)
D Je M, e MAD)SD 2ladz) =0 Va, e AD)

for >me. ?.-o*'D
& flz)=0 Vatks N

AT the some. Fime: § is proper & ey ).
Novewmber 13, 2029

Stone- Weiercdvass Theovem

Def inid i -the real Ravach space of condinovy functioms
on a com‘mc.‘\' HavthFf' spo.te. K



Definitign A‘-Cﬁ(K\ 1t Q o\|aa\ora,'|i:
¥ s om algebra, and

(1) A dees not vaknh at avy point xek, that iy Vxek JfeA.
Flxl70.

(1\/3\ sepovatey poin\'s in K, thwatis, Vs‘.yeK.':]‘f*A.ﬂK)*F()’]-

Plet AcCglk) be an q\iebm. Then A
is dense. i CRIKY &S A iy o 3 one - Weiersteasy o\\az‘om_

Exowgle: K~1043, A* T . the st of polynomials. Indeed, T
s an algebrn , and

e P D W iy sqhsﬁedg — Polyvemials are dewe in [0,4)
‘xe D 12) i sakisfied (Clossica)l Weierstvoyy  +hearew)

Example: K:[0,4), A= span{sm(2Tkx), cos (2Tkx) | keZ)
A is et dense in CIOAY, hecune O and, A ave wt seperuded.
On Yhe otwer hand, A is dense ‘™ Cloa) for every Otu<4.

For the proof we wneed some lemmas:
let a>0. Then F{pd e weh that =1l ¢ g >0

Proof: By scaling, we can astume +hat ©=1. Then we weed +o
approximate |x|= L = Va-y )’=']-X7‘ % po\ynom'\ol\s.
T\'\\/sl it suffices 4o approximate Y F? 1777 by polynomials
un'\‘FOYm\y on [0, 1].

w Ay Yy (14-1): - (Ya-k+)
Tay‘ori ‘\/I-\ = ».éc"yk for ck=(-1\“ (k) '("‘)"_t k!
Observation : Co=1, Ck<¢Q For k=1 (e.3. Ca"%, Cq_‘-?ﬁ—l(,_-“ <0

RRL =L 5

SVp (- :é;C.kYk) = SUP(E;- ) =1

0¢y2A 0tyeq

o
In particvlar, we have 2 |ck|=



be k .
So %lr.k\‘(” => Px = %C\iy’ are sych that

"Pk' (1-y ”CEO.’\:\ < _-‘._ék,,‘cil'"f”(.[q.a] —O0.
4
If A is a SWalgerm, then Vxy K. IheA. hix)=4, hy)-o.

Draaf: We know that If aeA. Flx1v0, gix)74ly).

A

NI £(71=0, then k= 7g- L
flx) 3 '-.L_f
Q.)IF' F(}’\#Ol ank 'F()’)#'F(X)l 'l'"\QV\ h'-f‘(ﬁ(\"ﬂﬂﬂﬂ
]
£ -fly) + £irl
h= T L) -Fiyy is wot O)u‘r f‘bq-fbr\eA\ f}l‘ﬁﬁ,\ W\ijh‘i‘ ol be 1h A'
i A does vyt contuin 1
£ix\ 4 <\
’5\ H: F(y\‘-FO, (MMX ‘F()’h"fb‘\' thewn (fbf\ \ (3(7\\ are mt

collineor v R* DA A4 p el
£ (x\ S\ - — ‘= %
Alin )+ BLSw ) = (§) @ hi=dfeng Z

N

let A bea SW algebra. in Cp(K). Then YV qeA wehave
minlfa) €A mox (f,9) €A,

Proof: mintFig) = T3 - Fa) g = 52 sl

So we anly need 4o show that |hle A For every heA.
let's approximate x| Yy Pq\ymmio\\s pee ¥ on [-a.a] for
a=llhllcolie) Then peown €A, P(w) 3| on K. Dinler,

Let xek, £20,26¢(K). Then Ja, €A s.t.q 4=11%) and
Q. ()2 R(Z\-& For every zek.
Yy (x\ = R(X)
M FOY Q.Ve\"y yeK dﬂ'FlV\ea %jly 'l'Q be Q 'FV“UI'I.OV\ W\ A : S)la;(,;\‘-"e‘f‘
Such a Yunetion s o linear cambinakian  of Funchiany



taking valves O and A 4+ poinks x.y.
let W ={zek]| 4y, (2) > =) - ey, yek.
'FO\‘ each XeK we \ﬂwc K U u/y, becau;e. y & u,,

Yek
'Each Wy is open, becavse Qey -t B continvosy  and Uy i the

pvem«%z of (-«, -wO) - an open se,i-
DBy compactness, N, e KE U Wy, .

Now Gy "= Max Ax,y, €A works,
28k &N

Rewark: A S\X/nl%:‘om N A SW C‘Alg,z‘orq

Proof of SW/ thegrem: Assume that A isa $W-algebra, and Juke
Re Cplk), £30. Far every xek constvuet gy ay(x) = (),
&(2) 2 R(2) - € VYaek. Consider V, = {15‘(‘%((2.\4'?(1\ -\—e.') I,
Thus, Vi 1s open YxekK, ank K= \{(\/ = 3 (., wen - K= Uka.

Q= min g, cA anh 2(2)- taq &tlelve

1&LeM

= lla-'(\lcdk\ ‘e D A iy dense i Gp (k). This pravey sufficiewy.

Neceosity: If A vanishes ot same Xoek, then 41 cawnet be

a pproxXwaated vn'\Fnrw\\y 1% elementy o A. \F A does not
sparate points Xy, +hen ¥he Funchion {: PeCplK), flx)=1,
W= canmet be approximated. Such a Functian exists by U\ryaovn‘s
lewma,  (Kq ko CK - compact, Kankr? @ D3eCglk). Ry =4, #120). @B

Example: Let k=T = {iz}j=1%, C(M) the complx Banach Space
of continvovs fumchions. Consider A= ? = Span %Z"‘l z2e sz: 2y v o).
A isan algelra, A deey not vanish (1€A) | A sepurdes points (ze Al
(bt we have o complex algelora).

Obsevvation: SZ p(E) dwm(z) = O VpeA.

Lovesgve meuswe on T, novmalied by (M) =4



Indeed,, This Follows From the fock +hat

‘S F zv = Q) Y ke Z-r o
g . o A e:{.(b.ﬂlt
4 Uk .
2w §@’ Ok'b - 2_]1- =G W) O

(3]

Conclusion ‘il A in L‘L(M\. SQI A coammet be MV\SQ‘ becuwe

0'\'\\QYW'15Q ‘E .L C/Uﬂ l;\ Lq'(w\\ > i_ _|, L’L (W\\ (o\r\‘\‘v“\dic'\'i'on.
0, A s not dewse o SW-theorewy (vea\ version) does wot
work in The cowmplex space.

Definitign: A is a f
) A does net vanih .

21A sepayatey powts

DA s closed  undar CQV\SU 8"‘\";’“ f—7F

In Fhe. example R ave , 2\ does ot held.

Awn Q\%me A clsed undeyr c.qv\:\\lnu‘h'ov;
1S dewse v C(,\C} & Aisa SW complex algelra.

Proof: A is SW complex alge v = Ref \mf €A Yfea 2

= ReA L a veal SW-algera > ReA iy denw w Ca(k) =

=D PeA+iReA (s dane iy CAK)= Grlk) s § Crlk) ank [F 1
cmtained in A. The other Awecthan v Yrivial



C-*'“‘ﬁi\ofav Gelfand-Namark theorem
Novewmer 19, 2015
DeFinition: A Banach abbora A's calle an ,
iF+here s an operation * g4,

1) B+ p)*= Zx* +5y* Vd el YeyeA

2) (xy)*= y¥x" VxyeA

3\ (x)** - x  VxeA

If wmoreaver,

W) IX* W=k, VxeA

BY X *x(] = [Ixtl- <l WxeA

dhen A & called a

Exomgle Let k be o Havsdarff compaof.Then Clic) is & C* ~algdoa,
=
led TeWH), where H i q Hilber: space. Then

(%)

T\ = SVP | LT, 1.
yn 1

Proof: We will wie the fuct +hat ¥hen . (nll- sup | n.x)).
(ideed | |{nxd) < lnll-IXN £1ng oy €S ineguality, amd
Yokig x<im, we get  <hoO= k).

T = supliTx) = sup T ANES I Svp | L,y

Ihll&A xlieq  ByngA o

Definition: Let TEDHY, +hen T*e DY) is +the operator sucn
+hat {T:gy) = «xﬂ‘*y) onr eH.

TYeBH) exists Tor every TER(HY, moveaver [IT*II=[TI|

Praof: We will vse Riest theorew, which says that YoeH”



A hed sveh that ¢ (x)= {x, W) YxeH. H“-V"“j iy dhegrewm,
define ! dy (X) == (Tx ~/> e, where yel iy fixed
dye ¥ sup | &x|= 5up 14T & NTIH- WL

IxXli&A

= et o0 =4x W), Let's define T :=h.
Si'ﬂL& ¢“X\""’Y‘[ = o ¢Y.| * E Pya,

& T dyat P)) = o—L<>I<I\ T+ BLx, TY,) =4 aTY, 4AT5%) VeeH
x, T4y & /&.T )

g T*(dﬁ*hﬁ) -dV *71 AT *)’1.-

WC- MVE. Ubet)\ "'he. ‘FQ.(.."!" ‘I'\f\ﬂ.'\' L\hi-\)'-(h.lzj Vh = 2q-2
(Pﬂmf‘ h:Z4-22 L'-z.,-%-;‘z-r-ftﬂ = 0\

To compute the voarm of T we vote Fhat

IT*|= supl&TY,50)) =sup Ly, Tx| = malm y>| = 1IT))
leuM Nyne A liyli&4

SNTN=NTYU, in parkicdlae, T*eDH).
HTETH=NT*N- 0TI YTe RN
Praof: [ITT) = 3up 1T T, > = sup )l LT, Tyl
IIYIIUI iy néea
2 svp W {Tx, Tx) 1)
11X11ea
=Tt
DUTWESNT T U700 = NN DTN = 170
In particvler | TETW = NT-UTW.

Example: (HY is o C*-q\ge.\ova\. We only need to check Yhut
AT p T\ s TT e BT, (T =TT, () = T
This follows d\v.rec.’i‘\)f Fram the dafinikiam



e.q (Txyd = LTy = (T%, x> = &y, (™% ) = %, O
D T and T have the same bilinewr Formg=
= I -T)\ =0 by @) For T**-T W place of T.

Defivition: TE HR) i3 called if TAT=TT*

Eanp\g,i A= spun {Tk(\_‘]l | kiz0) iy & commututive C'-algebm
For every normal operater T €To(H).

The QY\\)’ nondowial 'l'\\'mc3 heve 11 that SeA =5 S¥eA. This Follows
fram ¥he fact that S8 i DY D S —> %% i Dw)
(NSRE=8* 1= 1l sa- SI).

Novewber 20, 2005

(oal: A is o comwnvtative C*-—o\\cse\)m = A= ClK) For some
HavsdarFE  Compact K.

nfuck, we will see thet K=AG with some Yopohgy,
that we will waw chefine,

Defimibion’ Let X be a Ranach space | X* the dval space
+o X. Then , the ;s Aefined on X*
as Follows: Far ¢6 X* €50 FeX-a fimite svbget, we defime.

Va9 frere it vaer) (SR

Open svbets in 0 (X*X] ove preciely FThose subsehs S
that have the Follawing praperty:YoeS 3F e Vi, (0) €S,

( |F X is Separable, then +hisYopolagy iy metirzable
on each homded svbset ofF X and clsed subsets covld
be. deFned as Fallaws * S iy cosedh&D Vg, 65,9, 1<) — $lx)
VxeX we have $es.



@) In the geneml Sitwehion  G(x* x*) is HavsdaefF
Indeed, Yoke ddex® ¥ b, =D J xeX. Pkl £4,(x) =
= VE, () ’\VFz.e.w’-) <@ for Fi=tx\=F, &= -y )
(?a\ The \mpov-\um.c of thig +op0k)3y s exP\a\inecl by +he
Follawing,  theorem,

| o Aol 0 ;\':NM (i +he Mot timhy)
r Proof: Fumctional Analysg

Any bomded closed subset of X*
is comaet I the a(X¥ X)-'hpo\mjy Far every Banach gpace X

let A be o comwulative Bawnach o\lcje'om\.
Then ALt with the iduced fopology From o(x*,x) is
HusdorfF  compact.

M" Since, A*mn- Cj?)xf[()‘/ﬂ. \37 B-A theavewn, we QV\V
neek Yo chedd Fhat Al ic closed. Assume Hhat 8y Al )t
d—9¢ n x&- =D 4)6.)(* m\ck ¢b<y\'-h\_§x¢,\(x7\,ﬂg\.q,(y‘
Yye X. %

Definition’ Lex A be o commutahve Banach m\ge\om. o\ For
every xeA deFine X:®—>®8), & €M, The wmapping
X—>2 1y called the

FQT every xeA we have ¥ €& C—( A:WH'\'

Proaf : Take xeA, L=C-open svbset . We vecd to show That
XMW is open in @ (X5 X). VE evovgh o prove hat
R'(Ble, &) is apen Vzee Wa %A Ve>0.

Let 2oe R(AGHY, ve, 3% 292 RIH) = Y(X).

Then R (Blzae)) = 19 €At | R9-214EY= Vi ) A ALn

where F= 1)(1 DPQ_‘V:;:\E;{’«@A




let A beao C* -q,lcje\orc\ anN X e A novwmal . Then

\\’(\\ = vix). (X*X = ;()(.k)
ErsQ.F_ At Fwst gssume X%=%, then

N = A x g 11=1] (K"“ "« - M=\ XN = Dikentele e
">r(x\-h|_u’v3 Jix™) Ve -hl-l’v‘:\ x> = limuxil = )it

Now the ganenl cose: x*=xx*. Consider y=x*x, and wote
that Iyl] = v (y), becavse y*=y \We 'ave [IXN*=llyll, awd

X narmal
S n h
Plyl= im e x| = rex)®
Lc* praperty and, +he

= Yx) = ixll. defirion OF r(x) %

Let A be a Danach algelra, xyeA | xy=yx. Then

"
eX.e” = e, where @%=2 21 zeA,
h-

k

bt exere (2 )(2%) = £(Lxep bl
i M

k= el ) ng l‘“
o0 n Lo 0L Bup PR |
- (x+y) ¥ (x+y)
- hé - = e *7
=0

Let A be. (7 N CQW\\MU"ﬂ‘i' we C*'Q\ac_\wq_
Then 4ne Gelfund, Franvorm 3 +we ‘&sqmorphisws of
(“-aleoray A and, C,(f\';w“.\,i,.c,
A\ Kx+By = i + pY
AN

7_\><y->'2"
3\»’<\«~=’><z

) IR lletpgunny = NX
5 X = X v a ‘oljed-im between A ant\ A*:.“,"._

Proof: ) &GeBy ) = Do py) ~20k14 poly) = 4% 4 s



2) Xy@) = #lxy) = X Ply) = Ky
B\ Take xeA, and observe thal X =Rex+dmx

Re x = K*Tx*, Re x '—-(Ralx\

K -x*

mx=="7-, Imx =(wx)*

™\ IRAN
MO”C»WQ\", (Rex+ilmx) = Rex -6 lmx
it wifies Yo prove Yhat R+ R Far every Xex*

R=RXO A= g & e 1> [Hle)] =1

1=12a) =[0lea)] = | #lei) - o)) £ eI e"‘l\" e’ |[=lleall =
ldmh’f,v kw L -ix 39 C*'Pfﬂper\'y 2 (et=ein

e® <Qa,
Dall me.g\vu\l‘\'\'es are in fact egualihies, 19} |ole™|| =1.

A camwtutive, 30 K=y A

lr) \\)(\\\E r(A) = sup I, xe w(x\\

i‘;ti‘:f’i‘?: 7% swp N e 1900, 9%

comww Talne

Benech olgyeor, -.sup U o)), be A...,\*S

{iz\:“!g(‘b“ “’?“C(A" )

5) A is a closed 3u\oo\\gz.bm\ w C(Ahelt) becuws it s an
1Same trie lmudz o & c.\osu.\ q\ae.\ova\ (=A).
I+ remaine Yo checke fhat A Jdoes wot vanuh and pavatey
POW\‘\s (SVW-+heavem then mphes  A=clsA = CLAS .,1-15\
) A daes wot vorigy € Yo eAL 1 A xeA . R1p) 70D $%0. This

hods, becave Pleg)=1.
(i) A separmfes points @ Vo # Tueq (o), R(v) = ¥y,



Applicatian - functional caleoley Far C=-oloebrny

D@F(vfﬁ]g\'\? let A be o commuittive C*-q\go.bro\, xe-A‘
a(X) the spectrum of X, £ C(a(x). Then we define:

2= (2 1&Y)

where, "v" s the  ivwerse  Ge\fand Yranthorm,

&e_.mark' RAx) 1e defined Correu\'\y‘ in other wrwcls.l Punx <Dom<.
Indeed., Rom R = EX(0), deAmnt = 60, 8yt = @(x).

Rewwark : \F % s & polynomial, €= G re--t CuZ’ +hen
LX) = Co 4 X +-+ Cu X" For every x& A.

Indeed, it suffies o check Fhis For $a= 2" ze:
) = (2R = (M) ="

December 1, 2015

Remark: For f(z\-z we. \r\uvc, ‘Q(K\ x% becau.)t
ZI2C)N = (FO) = (Xx)'=

MVH'. i'\ A

{
Remarke: If fatee Tle(x)), then (£44) ()= 24lx) - 4o lK) .
A ;Y

A.S.SUMQ hat A iy o
Commvtatve C‘—alfaz.\om Seneva’re«\ by swe element xeA
(po\ymwu'u\s af x,x% ore demse m A), Then A?t(a(x\\ Qs
- “o\qebrus. Moreaver, the wamorphism between €(s(x)) and A
15 S\ven \ay The mMap L= (), where flx)= Hlﬁl-l\\v. In
povticvlar | we have
(Y LW = wmax )2z Vi€ tla(x))

2es(x)

@0, (L)) = 2 (e YEeT(ow)



LQ.'\' Kq‘ki_ bE_ H(Mrs:LMH CQme(,h, and, le} lf\:k,‘—"kz

be o continvevy b\S&:.HM. Then h T o hqmeomovph{sm.

Praaf : We wneed +q check W' Ky —>K4 is continves &
Qq:"\_q(,\/l,) (s apen In K, FTor every W-open jn K, &

U\,"‘Yﬂ (C) is chased in kK, For every C-closed m Ky &

W(d) is cOmpact For every C-compact i K.

Take some open cover {V.),.p of K(C), amd cohwhr W valh,.o
open cover of C, SO Jd4.,dn s.t. s_h.'q(\fa\k\\ svbcaver of C
= {VJ.J\:“ v o svheaver oF W( C,}

Assume. that K, K, Wi Ki—k; ave ay in the previous Jewm.
Then €K\ = UK, as C*-algebras | ank Yhe isomorphism i
3\\!(,\/\ h?r f(\ — ) .

“tika

Proof : Exervise  (J14ll¢qey - 1051 gy ete )

Proof of +he theovem: \Ke know that A= T(Ayun) by GN
thearem. To prave AT € (a(x)), we will check +hat
Xid—> %)= ¢(x) is & homea Fram A%, onk (x) and
Then “PP\)’ the loagYy lewwma.
A\ XU\...H\ = F(x)  descriphion of Hhe spechim in o commutdive BA

{,?lo) LAl T 10K | @€ A:qu S swiechity
Z) Let R(4= R(s) For some 4.4, EA%w &©

O @alk) = 0,0} D B(X) =Dy (%) oy da(plxxe) = b, [p (%))

- Py For any palynamial
D) = ) DAY R

=D 01 7Y b7 Cf.)h'\"\n\li"-y
Prclx) = Pl

h L. (part of GN +hewem, becoue €T in TUK
ka‘bl:-‘ X(ok)




3\ We alsa know that G e C(AL For every aeA  (aguin GN),

In parficvlar | For a=x we get continity of the waap R 4 (4
B}' Lemma 1, we canclvdhe that ¥ & o \r\omgmorp\r{um und by
[ewmwma L, $hat A T L((x)). Moreover :

A ClAwn), C(Awl) T Cle)), AT tlok)
ar— a L(#1)) e (eween)’ ¢« 4
I € defimitun
- €04
: _ y
(2) CA(RK)) = Gy (2) = -P(ﬂx\\
Tk know fram befave

Spechral Theovew ///@

what Ae yav
huve \n your
iy sciemcetl

Ve have o}
lean} the gpectrel
Fheavtwn

i~

let W be o sepovakle Hilbert
Space T‘-’-S‘\)(H) TT=T7%. Then T s Um‘l‘ary ea\u\vaknf
1o the divect suwm of W\u]-hphcqhve, opem{-ors. there are
Bore\ measvres i, svpp i € 9(T) and o unitery operator |
won Fhat W'TW = DM, ., Where Myq:fr— 2t on Li(/h)_

PaH"\w\a.r exaw\\_o\es-'
MNA=AX ((Ax‘y} =(x,Ay) VxyeH) Prysics® sywmetr y

2) NAXI=11x]| (A W Uity 1% conservation
A:H —H is \o'\;‘ed--'qn or A'A=AA%=] lewy



Defivition: Let [Hk\“, NeNUiwh ke a syuence of Hilbert
SPCLLQS Theh @Hk s the Hilpert Space Uhn‘l,‘ i“hk“ L0 hu.f-"Hlj
k

W\'\'\'\ ""\Q. .|V\V\C?" pY'QAUU" ({.hk\l {fat\?é‘“k kél (hlu‘\)l-]l
Examgle L‘(z\-—;éwa‘. (ot , ~ap = i)

Definition: Let Te:Hi—H, be o bamded linear Opemh:r- for
every k. Assume that  NITW| & C Viza..N. Then T= @Ta s
an opuakor an M = guu defined by  T(EhIY)= ] Twd, eH

L
Remark: lIT| = -Svp "Tk“ becavye

1LkeN

N
IIT\U\.,‘))II,, © SITnl® ¢ & 2l < C WIS S NTI2C
ITIIZ2C ~ & Far every £, becuvse JTNZNTull Wk

(considar h of the Form {0,0,.,,0,9,0,.--,0)
A% *th pos\’h-\n carbitrayy St-Hg
wity gl =1
Definition: An qperater W s iF W' Ww*=T,

let WelId(H). TFAE:
1YW is wnitary
)W is & \dljec.’r-'on fram H onto H and JJUKlli=|xIl For
every XeH.

<u"| U-K> =<‘(\'(3 .
Emo\: . Exercise. " “ hnt

LW,

DefFinition Let TeP(H). Then EC H iy o
iF TECE and T*E<E.



E is reduing for T < TE<E, TE*<E*, whee
EJ"-‘\_\n‘:H\(h.‘;D=Q VﬂeEk,

Proof: TE*CE* & TE* | E& E* L TESTE<E
(TN =0 & {4t TR =0

December 3, 2025

le+ B be o sepurable HilberY space and TER(H)
be normal. Thew there exist svbspaces {H)<h:
A\ ®H,=H
1) Hy are redvcmg For T
A T=0Tk, Tee B(H) normal
l“\ 3»\;‘ tH, . C\Osi D(T|T4‘hu l P P2 s« pﬁlynowim.\]s" Hx

Proaf: Take a Seqvence {g \5:.. dense 1 H  (H sepurakle),

h4;=‘51 H1"=°‘°3{P(TIT(”P&{PS1 P ,ool)mom\&.l.s o2

hy = R 9, Where Ky 15 the mmmal integer k sweh dnat
'T-ur’fhnaml prajechian PH;L 4 0 (@3 9, ¢ Hq\

Hy= elos{plT, 74k h,, P6$$

h% %ﬂm (M)t %k + Where k s the winwal i"‘}ea"‘ STt

Plspudn,.HA\ A 0 (9 ¢ SP‘*"‘(“qu“

N
We %QA‘ 7 Se%‘vchL af  veckor {hﬂ):,‘ and sv"aspu.ces {Hl\...
where 1¢N 4«+o0  (if there is no .M'l'CSGV‘ Knw . the procedure 3‘\'9p$\-
Clam® HjL W, iF §#n.
let jon. We need +o check +hat
"\p(T,T‘) 9 (T, T%)hn ) =0 Voo e P
{4 gp_;\(T T*]hq) 0

span \H,, JHi)t 'Irw. becase Hy is tmang  Hap... Bjea.
Claim : ®Hk = H
IF +his is not the cuse, IneH\{D). h L ®H, S h) H, Vi




Shlaq, Forevery k>4 5 h L (dense gvbred H\ D= >€
Claw: Hy is redvc-mﬂ For T —twis is just by construction Tp(TiT*): 5 (T,TY
TFe (T, T*)=p (T -‘\ where, P =Zp, P=Zp

Clam: T=8Tx, T\ are normal

Tex T, O-TT-TT =@ (MTS-TWTI D TRE-TETL =0 ¥k

Claim: clos 1 p (TT*)h, | pe S-"S = Hy
By construchian  (definition of Hy).

I Y
N

let K be a campact Havsdaff spoce.
Then Ck)*= M(IK) (ser of Borel measwes), ie. For every
lirear conbinvars Funchianal ¢ C(K\—— € +were exishs @ wgve
RDare\ measvre poon K (complex- valved) sveh that
O4) 2 pdn, PeC(K) and |\'bl|*|/~\(l<\'sv5il/~lkj\l

Kin k=g

COV\VEvse\y , every Funckional ¢ of Iwe Farm () belongs +o Cl)?,
Moreaver, if ¥1eClk). 420 = P[] 20 fhen +he representing wieasore

is o mn-neao\kve. meayure,

Decewber 4, 2025

Proof of Sgectrul Thewrem' By previas consideration, we kvow +hat

T=0®Tk andh H*OHr where TieR(H) are sweh Fhat 3n €H,.
Span { T T4 he | k,"\?—ol iy lﬂehse m He. let vs show that T3 M, on
some L(p,) For every k. Defime (£):= (£(Tilh, hi), $e T(F(T),
where (T is the spec:\ww\ of T*  the C‘-a\se\)r« Qc.nerod'el\
by Tk (ih fock, ¢(TW) =7 [Ti) bu¥ we da wo¥ kwow this ye-H.

S ldatardga) = QB+ 4, BU4) Vaod6€ V0,1 T(T (T, becavse
the funckiona) calwles 4 2(Ty) iy lineor.,

18 ()] = ] (20T hie,he)} & IRCTI - Il < DML o T
Itpmper#y of fumctimal caleelys

= |19l LB $° D by Rieyz -Markav thearem :_S}&\,_é\}t(? (Tie))

svch thakr 30 = $2dp,
)




Let vs show thal the wmeawre p is V\onnecaﬁive._ We weed 4o chewk

That Ve€(a(T)). 120 = Bl6)20. We have

$(0) = (£ Ti) e, b = (@F-vR) (T b b = (A ) VR(Ti b
=lvemwll* 20

= M,._a N

Define Vie: LT > 2 on a dense Svbsetr of Hy formed by

P2l | 26 CLo(T)\ = B (4Wis svbset is dense became of (9)) and

consider if as an operutor Fram Hy 4o L* ().

We neeh ¥o prove Vi is deFined coectly omd ometric on

" K"N.Tk\ hu"t‘w\ =”§T h‘\'nldﬂ-n.

(]

WA = (R T e 2T = (1 (T = BRI = ;%lfl‘dpk

In parYicdtar, |1Vie€y (Tl - Vit (Tu)nl["= (Hetitda, so if  falTaheet,
then V4, (Tulw = V'Q.L(Tu\\nk (= correctness of definition).

Vk TN bijed‘itm From Uy 4o L (M) after extension o the whole
set He br CQn‘\'iV\uH'f C

1) Vi \s an injed-'mn, becave it iv an sametry

2\ Vk is wrigction, hecavye the range of Vi iz cloged (Vs an icmmey)
and dense in L"(/a..,\ \Ywmsq confaing  C(F(Tk)) - & danse soset in C(al).
=V is o unitary operator. Let's chedk that WL =M,

Take €426 €((Tk) and consider

(T A0 (T, T = (240 Tuby, ) = BTz t) A2 tudg, =

=l ) ag) = (el ) 2 = (MeVi Latmamd, Vit =

=V MaVieta T e, £ (T,

TV MaVe © VLTV =Me becawe V5=V $or widury gperators.
H remaing 4o checl that  suppiu © 6(T). We will grove wmave:
W = alT). For this we need a separate lemwma

Let My  Fr—>2F be the wvitighwkion operatar on L'(u) for
some cawpactly supported Bavel measwre u. Then a(Me)= 7 (M) <supp m.



Proof: $(Me\ 2 T (M) = e(Me) <7 lﬂz) (just becavge '\\'.)(H\‘? (*-algebra
qenerated by Me). \F AeC\suppp = o et‘.bvppﬂ) S5 = \Imp,‘lz )
in T (svpp pe)

(AT - H'E“n"\ =1 D ‘For‘ Ae C\supp M2 AT -Mzg 1s IY\Ver‘\‘llok. and ,
moveover; (AT - Mz\ *-M:L- e ! -a\lai‘om %ehemk(\ oy Mz, becuvie
”M“ Pu.(”%.Mz W& i " Pulz, Hluwp,‘,\ 0 oy (¥x).
(L\supppl. c g(Mﬂ & TN3) € supppr = 6 (Me) € 8(Mg) ¢ svpp e

H— Yemaoiny '\'0 C\'\ec.k '}hu‘]" 5"PP}‘«- = d'(l"lz\, Take. Ae &/W}L o
asswwme  that 3 (AI- Ma)™ er(L?(;A.\\ Then

IF I = BOT-Mel AT-Maf 11 € ) (T - Mal) {Ix-21prtd
n Svppp

= S I-zf@tde = L 1FN1% S s
SV|S°PP~ M C->. L (M) \/

Take fe: ,‘,._%:;\ £l 1 )

e 70 becrue € sipp

3|x-z|mm\ d * ¢ S(&.M,L ¢ D2 S

B(ac)

]

The end af the praof of +he spectral theorem:

We have shown that T2 @M, on OL'(M.), where
VPP = BIT) = 7[Ma) = ¢ (Me) = < (Ti] < o(87Tk) ¢ o(T)
DyppMe = ¢ (T) =D ysvpp/uk ¢ ¢(T)

= y wpp Mu < O'(.T\ (6(T) closed)

But for every A¥ Usupp M WC- have  dist(A svppps) > & V.

- 1
=3“(4\I “Ma) 4” = dhin¥ (O Svppp) < 2

D |o(A\L-MaY )& and (G(xr-H{““@(xbnq\:@h =T
DAea(T) = (T) = U svppp,.




Simplest contegvencey of the spectval heorem

Let Te B(H): T*T=TT*. Then
) T Is W\\“Ury & d'(T\ [ {)zpq‘_
T s selF—ao\Sm'nr S &(T) R,

TT =1
Proof: T=@M, T 3 \M'l“'avy = iTT‘ =r
X -
IS @naM:— ® L. & M ME = MM, For every block
O Mz Mq = @],

& Me: F —2F iy Unitury on L'lULa.\
M =1 on () @ 1212 F=F Vel (M) ©12]71 on supppun
Since ¢(T) = Usoppp, & a1T) ¢ jz1=1).

Tis self od\\'q'mf S T-T'"=0 & M-MF=Q &

P Mez=0 on L(w) & (z-8)f =0 VFel(m)

£22-Z:0 on supppe S Supppe R Yk,

N, T=T*® USVPP}*’- CR & o(T) «R.

let TEDMH): T*T=TT* and Xed@\a(T). Then
- A
NOT -TY"'N| & Tt Goeny -

Progf: A# a(T) & X¢ Usvpppu | (»I-T)"- @ (AT -Me)”

AL TV = spllAT-Na) MMy = Pl 1)t T
By functianal calevlus +hearem :
“‘?Alm‘t\“ BLL\",&“ = “-h“(flsvpp}u\‘
N -1 A A . |
> I0T-T70 - sy fup WET T SR TR T E et

IF TEDH), TT*=T*T, then I o nwmirvial juvariant
sbspue of T.



Proof: It suffices Yo note that either T hay o \reduc'ma swhspace

or T=Me on L), IVIH — L'p) unitwry
D dim(L(ml) =+ D Hoppp= o0

D Jgvbet E: mlE)>0, uwld\E) >0

= Ll\/k\ =L (X &\ )@ Ll;:_;( PN
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