PART III Apphicakions

Classkal momend problems

December 40, 2015

Given o Ryvence of vuwmbers {h"‘:o , decike if there exishy o mewwe M
R st he= éx"d,u., k>Q.
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The assumphion () is  soffident For the
wivability of +he Howlurger case.

The asumption Ukx) s sofFident For the Wlvability of
The Tr'uﬁohow,‘rvic. woment prablem. Mareover, we have
N

_étg.] oty >0 V{Q.., g & }j‘k\ is the wmament Segvence of a :Ilm)
meosvre M suveh that ‘l#suppﬁk= 0o,

Qur ﬂoa.\ is +0 prove (s,



N N —
Proof: M= (spomizVica, (£ au2, 5.2 = tuja))
L pre Hilbert space, becavse it is linear, ond {,) 15 the wner
prodvct on Ko, bvt Hy iy Y complete w.r.t. Il Logzhy - -l(s' apz*, 2 ay2*
General Functiona) analysis 'lw\plks That JH- Hilbert space sveh thqt
H«'-'-H as o deng |lncur svbset.
T: é_aaj — i.au%"‘ e dcvnse\y defived opevator an H -

k=9

N+A1

"T(é-"‘k?— HI = Hé_c‘u.zkm“ = i {'-k -) Ar-ady-, f_tu-«\ H] WU

'u

Yozt = {tu.-suhom—j = N aztit
-~ -

= Tis an (sometry initially defined on H,

let's extend i+ o the whole space H. =T iy isametry on H,
TWHY 2> H, - dewse o H, since TIW) is closed, we have T(t)=H.

DT s unitary  Moveover, there is =1 s.t. spcmlT"T*ihS is clense
in H. (kg

By the spectral thearem |, Yhere is o measwe m 3.4 Syppp=TeT:
T&My on L(p

4T“h W= (M4, 4) Yk=0 for h=1 in H.
1\

iTL"- ’DH = (Zk. A)H-‘ %‘Lf"-i éklt\s.l'ﬂ =ty
k 1), = k o k
(Mt o™ &My “S.E A
=g, éz‘*ol/u , k20 ‘K
0
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b~ et ) LT TR YU e =L =Tl =) L~ 4,

=) tk 1 the wmement
S¢$_vev\t.e.

I+ remoin, to show that the measwe m 1s weh thut Hupppu= <0
C=)S‘ 4-0\;%‘\ A/& >0 (tvoe by o.ss\pmp'hqn\_ %



Chavackers on campact Abdlian grovps

Decewher 11, 2026 |

Definition® G i o F 6 is a guyp with topalogy
whose. gpevation iy Contimars in the praduct ~|-opolo3y Gx6, and
The opevation of Joking the nverses iy alsd contrinavs .

DL'L\_(“.“'\"“\: (7 s O 'IF (7 3 O "“Bpo\o\cj'lco\\ ﬂrau‘y svc.\q
that G witw i¥s 'l'opo\my is a Compuct Hovsderff space.

Definkian: A map Y- C—T isa i Vi a qrovp
howamarphum  and #¢ t(G.T)_

Rewmark: /e will deal with the abeliun (commutative) case,
and we will dentve the grap operation by "+, the inverse
element ¥o xe G by -x, anh fhe identity of thegmp by O

Definitian: G = i?‘ choracter of Gk is called +he 10 G

RQW\M\C' |h ovY V\'b'\q-\-iﬁnl ‘F‘)‘r every fe (; we have

F(x4p) = 00+ Pl)  Vxyeo| )
‘Y(’(“ =1 Vx e0 eguvivalent +o 4€b
Tetlo,T) l

&mgr_\c_'-a’g'-)('—) 1 1S q\wuys n ('}

Definition' Let G be & locally compact topological grovp. Then s is
the on G if wlws x\-/A.\x* W) = m(U) For every
Borel set lL, /M,#O, M1y re%ulwr (= Finite an compact svbsets).

Evevy locally compact topological grovp has a
Hoar measwre m, which is unigve up to myltigliation by o camshunt.



A&I&%ﬂ\_’t‘ If G iy compack, we novmalize i w(G)=1. With

this normalization the Hoaor measure is wnigye.

If 6 s o commutotive compact grovp,

Then characters Form an orthnenmal bosis in (6, pm), where s
Is the Haowr weaswe of 0.

Exuvn\oles of Charactery:
LR Uoc.ul\y an\pu(.H a [e"“"lkeﬂl\, W\?W\
6=T (compuct), T 2" | nez|, T=2z.

+ b=%a (compact) Gn .
c b {EeT | ¥™=1)

6=
A
(7-.

The devavnposr\‘mr\ of f= kfackz“ For every Fel*(M) iy vai‘ +he
Fowrier detamposition, the wmap FH— {ai] is +he chsud‘t Founer
ransform. In the conbivors cose  (O=R)  Fl\= e S,%("\C“Af)\x X

the Fourier decompasition | and Yhe map fr—9 i the Fovrier Yrandane
(ate) = $g Flx)e “o2).

Charackery form an orthonormal yrstem:
M.anur

&?(K\?}_(x\o\)& Sﬁ(x-y){( -7lo\/a.b¢\
= -0 S fﬂ‘“\ﬁ("\o\,&

= {4, G007 g = Gl 4, 470 2
DR\ £Q & NN R-y1=1 Vyeo
E 7Y A7) Vel
S ¥ ta

IF 42474, then |j4)1*: S(,Mf\ldfu = al6) ~ 4



Qo, the problew is completeness of {4 Wt
Definition: Let s €6, The is Tg: Fr— £(--s).
Ts is Uhi"er on L’(b\‘-l_‘(b,/&.\ UA- s Ha«r\

Proof: ToL(0) = (U] and
TS 1 = élf be-s)) A = Sblﬂx\\‘ o = IIFll g,

DT s an isometry. @

For every T6l'(U), we have TfF —F oy s=Q m 6
(E>VE>0.3U, - open neigthowrhaod of O Vse W . \TF -fll < £).

To prove thiy |ew\ma| we will nwe ¢ versian of  Canbors +heorem

for compact Qrovps’

H: '(GU.()\, G s a Cf)mpqc.'\’ Qvovp, hen VQ,)D.BI,(‘_ o
neighbavhard of O wweh dwad [F-Fll| e if x-yeUe. (Withat prnof)

Proof of lemma 2: Take Fel?(6) ond Find a € T(6): WF-alzy %
(this is pessible, becavse m is & regulor wmeasorel.

NTF-Fllpgy €0 To(E-a)ll + NF gl + ) Tug-gl
b \.———-év-"sg\_z D N——— -

2tn <

" Tsﬂ - %"L‘((,) < “Tsﬁ-c.ﬁ“ 1*2( ) = vxn:t’x |9 tx-5) "s("“ s £’3
by Cantors theorem i ¢ Uery (Uen Fvn(,awlobj 7

Tovem

Definition: Let F,qe L'(6), then (Fxg)iy) = %Fb‘l‘i\l)’-x\d/ﬂh‘\-

Remark: [P(0) < L'(0), becavre G iy compact, so



(SIFW&) £ (S‘lq)"fg( Slﬂp)"/p ] “F“L'(b)
In particlar, we can alia define f24 for every fel™(0), qe L™{t)

/]Lpl.go

"F"%“LP 5"“'F“ L’UJ‘ " Q“ L‘(b\ V'F eL’(b‘ i %9L1( (7\.

Proof: We may assume Yhat lighy=1. Then

Jcnseh

law i, S|Sftr-x\ e, | dunly) 4é&lﬂv—x\\'luﬂl«k#md,u_(y]

prohub\\.fy
meawre

SIQM\SIF(Y AP Al dute =
P I“ Jalx) ||'5“|_ "'F"
SFAFAp 1

Fu‘o\m

= )lax Flle 41N = gl 1l
¥ remainy o mYe +hat axf = {“3:
Fra= (f\atz-x) d = é{ (y-7) a1z)dpl?)
X zy-.

V'@ €L1(G.}A\ we have
mF l1<- {" w=l=0

u.s-u.
W apen

Proof: Take {¢ LI((7|}L\ and Fe(b): ‘H"ﬂlL‘(b\ Le.

"'Q" £« plu.\"L"- N “ Y- Y*jutu.\"[_"- t “" 1"",_"' “ U’-T')"' Lﬁlu ‘L‘
tt &)=+l |) B A 14t

1

X -

(j-
& supS] Hr) - 'HK\I /L_bt)xl'd/k ¢

Ye (o G
|F W=We For +he Fumckion P37 1a Cantor's theorem %



[December 73, 2025]

Goal: (- compat abeliun grovp with Roar  meagure M, then b
s an VB in LG, ).

ledy O he. (/XY a\oovc ¢ (Lv /u\ Then FAE:

NPcy, ¥eb
LL\ Ts‘? >\3'f in L(b,/b\ Vsb(; Ts*“f('-s), seb

Preof: (A= \: Tile#) = c¥lx-s) e g-3)g(x, g0 Ag:= §(-s).
DD @AY Teg =TsTe  3,8¢06

D Agrg HX) = M Ag TR for m-ae xel

D sty TAv Ay becunse  Ix.fx)#0 (mz\«m e con Yake ¢=9)

"T‘s{ = TeM = Ixe- A IR = the map S\ is continnavs fram G T
<-§|>\5->\3‘]—”0 if $—3 m (&I Ts;"'"\l_t( iF s —y
which is +vve For fef(6) by Cantor's theorem cwk
ITse-Tetll € NTR-TV I+ NTo (-7 ) + NT T~ T T )
¢ -1 -
CUR-AN+ )Y - T T )
-.‘:{- ‘"2 é%_ for & chse toy

DA 18 o ontinvoevs fuctign From G 4o €

“.f” = |IT 8 = “\s\ IR41 RN INs] =1 For every seG

lsovne'\nu*y b T-( £

=> \36 t((?,.ﬂ-\, Agas T Ay >\5‘ = Ay € ’(.\7
Let vs prove thwat 4=L>~—,¢ For some ce (‘!"= Tx\
hX)= APl . We have Teh= heog fK-5) = Me A f(x) = A tix)= h on @ et
L_-"b'/&lE,\ = m(bY=1. Vnﬁa\r-\undc\y 3 m'ushf depend on § Ank we corunit
Say h(x) = (o ~1-x}) i(;[m:\l(ﬁ\ =h(0). So we need do arque differently.
Take g° /Mu far some W-oypen set in &6, UW=-U

(hxg\(y) = Snicigly-x)|dpube) = é tery) gy - besy) o)

G ™

o Haov



—Shlx\gt x\o\,v.lx\ Yhixabd d Cw

(A.UL

<D (h*%\(}’\- (_u' ye O, |v\ Fa(,"f' Cq_" C. C doey not dtp"ﬂ‘?& on W
Cus Scud/b\ &S\n(’f\ﬂb’ x\d}kﬁﬁ\ Shl"\&‘.\(/"‘\d}k(y\\ dpe(X)

-gmm,g = C Sstrwm -
6

3}‘\" /‘(u-\ =C, C does not iepeno'\ on W.
From +ne approXwation Jemwma it':f - h*;c‘:if;\\\
I\h-ol\,_-'(,,t\ *Q = h=¢ a.e on 06,

DxW =C a.e.om O

Dy For =X«

L‘(,\:O we have

W=-WK
Af— & /l.\u.\, Mw>0 ~ « compact 3e\f-acl&'oin-\- opevator

on LG, p),

Proof: AFf = Sk(x.y\ﬂx\dplx\ For kilxy) = L_ﬂ%

Note that klx.y\ kly. x) = kly, x| = A= AF (A'F = Sklyox) fixddata).
éélk('ﬂ)’\l i (A duly) ¢ == (m awr Case, bécflw.yll dpdp” ;Tl'u\‘“’\
= fyrom Hilbery - Sohwmdt fest (4o be provuk later) Ae Soo(L‘l(G;/l-‘\_

If His « separable Hilberr spate, A€SwlH), A= A* =S

A=>~241\ kPe, where E =fheH|An=2hY, and the seriey

covwc\n&es v opewﬂ—far Novm .
Proof: This is an exercise fram the homework.
Let H be a Finite-dimensionad  Hilbert space, dimii= e,

let {LLA*.,L be a 'FO\W\H)I of Uh'\'\'a";’ opemhrs on H, blm,;-t&,,w
VJJS‘ I = 3{€h\“,4 on ONB m H: weh r\* en e I



Proof: Indvetion on N,

‘N1 W41 V4 V

‘N-A— N, N22

cither WatcnT V&V

or 3d. Eq= 1 heh | Uah=2hY) sahefies Exv}oh, E4# K

VAT, VheEs, we have WalUp )= UnlUR = Uy O = N Ugh

= Uk,gheE,\ bY Aefintion of Ey

D UpEy <Ey W,LE, =Eq (dim UpEq, = AimEy) .

Moveover, lk"p Ey = u:?, (.EJ‘\ =En. S0, Ed s & rcducfvxs 5v‘!:pspatc Tor

Wa, in par'hculuvl lAp,—-(lL,.,IEQ Q(“M&A Vhel. *(&‘}E{
AiméN-1 AimEN-1

by mdvetion ousvimption, O

Proof of Peter- Weyl: We vneed Yo prove that G ican ONB  m L'(6, yal
We know +wat Y I*Y (Q’,'?')L‘I(G'M =0, so we wneed to check
That Veee L'(0, m). L€ closyyy (span G).

Take an open néighbovrhosd W of O 5L W=-W. Consider +he compact
SelF- adjymy  operator A fr—f=» ,:w.\ We have A,* é)\kPe,.
Lo+ v show +hat A3 ec.\os,:.w (spun ). M is enough +o Ohec.k -\-har
Pe, 2 €span G. Observe that TeA, = Aw Ty

AT, F Sfik-s\)'('#t%l = (f- s\%d Sflﬂ%“ﬂﬂlhf

DIF N Agh=Ah D AT h=TsAN =Ty Ouh) = M Th =>Tgh € €,

=) TSEXL LE} -> LO\MEMLM bﬂ(uwﬂ- A I8 cqw.Pud"\ '\)T E"k:E-\u

Now we can wse lemma For {U;\*”_ iTS‘EuHSe(. There iva ONB
?.(-h.n\ Tse,” haes . ¥nedimE,, V¢6.

By lemma, €5, *Cn ¥, For same Crnel, g;meé‘

In parkicular E, is spunned by u’i\.u\mdm\?,_.\ =) PeteE e spanls .

SQ. A ¢ c.\'.)sl_'l.“ m (&pﬁh b\ By'“\t approx\mu+|qn \QW

I‘zﬂb\d '”l -0 anh A, R C-closspn(v = Le closspan G



Mlinimax  pyimciple

damvary 6, 2026

Let H ke o se_f)u\ru‘o(e Hilbert
space, A¢Sw(H), A=AT, g(A) = -xa1 v N, where
N: &NquSV{oS, X:’O Vh‘ owh euach pO\'V\‘\' G d'(ﬁ\\ 0 ppeors
i UM u DY exactly k(N ¥imes, where kO i dhe
multiplicty oF X = dim (4] AR =22 ). Acsume, wareover, Yhat

Il el are non-increasing . T hen

+ 2% = mmn 1P X : < -
An L&H Ym%\ 4, X) (('Qd""‘ L~ dim(ne L\)
odiml & n-1

Proof: |et's consider dhe decomposition Af-ﬁ? AP,
(Ex= UlAh,\-P, see  exercwes). SN
Let's choose orthonarma) Seguence 4%, 42 ,... sveh that
N- N
A== MG A e 2 &AL ()

n=1 neA

Here we v the Fat;\" that m E ¢H - svhspace, t ¥4, Ta)-0ONB
n E, then Pp = 2 %)Y - orthogonal prapctor m HHo E
(Pronf: add ord honorma| eqvencr 1 Yo se that EY.\uH.;\
IS ONR in H awk congider the action Pe an h= éf«u fe

Let's prave that Ad = M wmax L{L:‘\ﬁ
LeH  welhlay 8%%0
Cyhiwd- $v-a

(+he cage =Aa = Follows Fram Twig, because =MmlA) = Aal- A)see Uﬂ)
St Fa- Spawn i‘\’;&:,, For every L<H : codimléen-1 we have
Fon L#E L0\, (xx)
K- LL©® (]—ltal_\da""ﬁ""q lnded P *Fa —>HoL Wy a
H=(Ro F“\@» Fn nonzero kernel = AREFN{0].Fye h=0
dimn S hel = heFanl, r) ok.

Take he(Faal)V 0} ok consider b= 2, due€ (nef).




(A Y LE N, 7))
<2>\k°kk'?k, id\k" >

k=1

< $5 ||

Leq

n
+ . .
2 )\“ (é_ld.k\") (SQ&GCV\LC_ IS \r\ov\-\'v\ueasmg)

k=4
LD NAIrm

= An (n )
S Mn wmax {Anh) > A

LCH h¥0 (h\ h)
Codimn Lan-1

To prove +he Converse 'meg_vali'\'y we Yake L=z H® Ry Faor

every heHeFn, we have here we U the fact baat
- vy o 2 - i‘?k*su* v '_-l{]:‘- iIs an QNB "
H‘“ML h* &:lk"k ! é; Pt H g|<1rA'ex¢vcisL

4/—\\'\‘\\) = {Ag R) = uvrsumen'l' Swilar o (0ex)

= ixiliﬂ - é)\k\hkl

L_le=a_ ___J sqQ

PN ATSY

kan

= {h, ), C(ﬂ‘uo\\i‘\'y halkg For h=1na

h)
Far twis L=HaFa. we proved mu;%\!“ﬁ 2, ok.
Sqvave a0t of o nownmegadve opevator

Defiion: A BGH) i R
if {Axx) >0 V¥xeh

Far every AeTHH) sd4. A0 3 R .t
A\ VR LK),
DNV >0,
) VRVR= A



Far every AeR(H), YxyeH we have

() =g 5y - (ot ) il ) e )

Proof: Vzed we have 2=Rez+ ilmz=Rez+iRel-iz)
{Ax, y) = RedAx,y) +iRel-i (Ax, yﬂ
=Re {Ax.y) +iRe (LAx,iy))

Re{Ax, y) = § ({Awen), 1y ) = LAk-7), x-p))
Let A‘“Ateu"n - (A.\X,x} = (A)}(,%)VXEH = A,‘-..Aq_-

Proof: By Lewwa 1, (Ax.y) * (Auy) VxocH,

l\A'\‘A-L“ = %X'EAKLA"-AZ'\X‘ 7) |=0 =DA =A,
Nylsa
Az20 = A=A

PYQQF (AX K) <’( AK) kA. X) VxeH =5 A=A* by Cmm“ar), 1
(A’K x)= k’\x x)

Proof of tweorew: Take A>0 bY (m\lary 2 we ave A=A
B}' SPQ&+YQ\ +\\€0|'CW\ P’s @ be, W\V\CVQ, Mx,,_ s 'H\t \Mu|hp|udm
Qperator fr—xt on LUM.\ for same M 20, spppclR.
Av = qu.DO

& {xF, F)lflm\ 20 Ve ()

& (xiewl 4p 20 ¥Eeli{p)

& supppc = [0,2e-)
D (A = Usipppy <9, %)

Now cansider {=4IX € C(G(A\\_ -J—‘wﬂk\



Then YA €BIH) bewnse VAN <€) Cloa)

TR VA= L (A)41A) = RHA) =% (A) = A

4R 20 becuuse ’“’“’@Mﬂ G (‘ﬂﬁfﬁmpfo VFGL"'(;L;.,\
Uniguemess: Suppase +here s ‘\FR with Yhe same prapertie 41-)
K:= ¢ (JR) V 0 (IR) - compact wn Re=[0, ).
Find pn- paly nawials © Pnk) —3 U4 on [0 ¢k, L21.
Define a,<\ = pnlxt), +hen g,x) =2 x on [0, L) 2 k. We hove

“ I (VR) - ‘\’3“_) 0O by fwchional
I %n L'ﬁ\' VA | —0 Caleels

But dn(vRY = pn (WRY) = pa(A) = [ (FR)Y) =9, (VA) Vi
=) -\ﬁ\-‘ = -;fp-\‘ 7

Polar decomposition of homded l_pemi‘o\’s

0
donvary 3, 2026

Motwation 2= 216, zel
Y TEvm, Ted(n)

Defivition: e+ H be o Hilgert Space omd  E,F ¢H svbspaces in H.

VeER(W) 13 a with  domam of isamedviity E
and Yange F, if Vig is o unitery operator From E onts F
CAV\()\ V‘EI':O E //V"j:
H
E* Fy
LQ\

VTE:SS(.H\ | par*'\m\ isomdr/ V
with domain of isomdv'\cr\y RanT* and the range Reml sveh
Yhat T=VITI, IT)= 77" Moveaver RowT" = Ran|T).




T*T30, 50 \T1=4TT iy defined correctly
LTTn,0) = LTh, Tw) = IThI|* 20

We wmight have IT*IZIT|.

Prqof of theavrem: For evevy TeNN) we have
— RanT2 &, T4H) = 0
H_R T ®Ker | NiRanT* ©h 1l n :
an r ( & (Th H)= QLT-'BT\,\- Q& heKerT
From this 'Formulu, RanITl = RanT# . Indeed This {8 eguivalent

o Kerlim) 2 Ker T, but
{IT\& Mxy = {IM*x,x) = {T*Tx, xY = (Tx, Tx)

o\eF of ITI O

S
so (#) v ok
Now cdefine ¥V oan RamITl oy Tollows:

V:IMix —>Tx, XeH.
NThe deFinion i correct: if ITle\i) Tk, = Tx,=Txy
ITI(x1- %) = T(xa-x)= 0
) » %) |y

Xa- Xy €Ker IT) 4'3 Xa=X26KerT

NV is linear -k,

)V is an Isometry on Ran |T:

IVUTIE = CTx, Tx) = KT5Tx, ) = Kl ) =T, T =)
Nesxt | extend V o ?\&an\ = RomT'f by con'hnvr}y and set
VigmzL=0. Then Vis & partial istmetry with +he dowain
of 1sowetricy RanT* and range V=RanT. ¥e alss have
VITIx = Tx by the defintion of V. 7!

I dim KerT = dimikerTX +hen FW- umitery oyperater
on H sk, T=WIT). (exercie)



Singvlar numbers of compact operatovy.
Finite vank approximation.

Let TeB(H). What is distT, Fn) where
Fo= LAD(H) ) rankA enl.

How Yo choose best approsimant +o T fram Fn?

Defivition: Le+ TeSolH), ITI=vT*T', and let ixklm\\::,
Ni& Z,U{=} be Yhe segyence of eigenvalves | envmerated
50 that PR Vlr\l ok sg thot each e'\ﬂenvo\vc. Aea (1T1)
appears i LU exactly k(X) times, where k() is
the wulbiglicty of A = dim RALLEEPNIY

Then SK(T) =2 UT) is called e k-th of T.

T = T T*T)  becane Tlo(A)) = €(£(A)) VAeS0(H)
(foke F=4R, A=T<T =1T1*20Q) Feclow

( spettral wupping Y heove W\\

Jo.nvury 13, 1026

let TeSelH). Then 140 ONB in RanT™ V)
ONB im RenT svch hat T= 2_8;(1’)(','?&)1’1;, where +he
wries cowerges in the Qpemmtor norm. (onversely iff $s3<d
sveh hut 5. VO (or \251.‘!‘4”), + hew T= zSh&:‘PQ"’L 18
compact far every pair of ordhongrmal Segvences of the same
ch'\M\i“t)r.
NTANKC dccraw\posihbn 1 called +he
of & compact operator T.

Proof: Let vs consider +he polar decompoSIJri'an T=V|T).
Since  ITI=T%) ank  [TI=VT " = Jim p, (T*T) For p,




polymamials  svch that pa =3 /X' on aUm), we have
IT\e S (H).
I = ZXPg= 2Nl 4, 2% = & sl &, A%,

Aea(imy)

where %\ is an ONB i Ran|T] = (Ker\T“l, and We
know from the proof of polar decomposition That

RanlTl = RO\V\T‘, V: RonT¢ — RonT s VV\'l-l'ary, sQ
Yerm VA=> 1 113) = 1123) ama §%4) is alo an ONB in Radl

= T=VIm = V(L)) 0/ = Eselmé g Ve
= Z,Sh(T\ L‘,'Pt>1’k

and Yhe geries converdes i operator norm be cune
25 (TG 1 2 e converges in Qprvator norm.

7 For Fimbe avmy dheve W
Cov\vem\y, \c-\; T= l_é_zsk(',%)‘m (m‘iml'\"ﬁ +§ pProve )
DSt Tw:= é‘sm. 2 *r . Then
N+ 1
2 s 06 Y
n+,
V\-rt'
= Zsd |4, A

*
1 T

& Spen 210N

n+a
1
& Cnta “X “2'

NTwx = Twsg < 11° = |

> “Tn;Tth £ S —>Q Do +he seduence \s Cavﬁ\’l)’
(:’3 T"— é_&k <'| 'QK) 1"& CQY\VC(SCS iV\ :Y)(H\

Let TeSw(H). Then SnealT) = dhisk (T, Fn), where
Fn = i,K\ Yankk S-\f\'\. Moveaver, Ais\‘(T, T = NT-Tnll, where
Thn= 25T Bt



S“ (.T) . m UWT=||
= AX .
. codiman  velr(oy N

b—r of N >\n+4UT\\ -_>\n-r‘l(-m?\ = ﬁhM(TT‘) 1

-

= . LT*Tx, XD
. im moex -
m‘ff?...m xel\soh L%, %)

- - el ]
i WX X~ 2

Proof of theorewy: Take keT.

[ (T‘K\xll

= S (T) ¢ max hx | For L=Kerk
x\_e-':\—“‘——\/—\/ (CQ(k\M Len tﬁcuuse' K‘-‘;n\
=K

(& 4]
D g™ S IT-K)| V¥YKeF,

But swea(T) 2 IT-Tall, becavse Ve H. II(T-Toxll** ) £saménatal®
= gsk(ﬂl\kx.-!n)\ ¢
ntq

£ Spea [TV NN

D T-TL)l? ¢ Snea (T) ”
=)d\'$'\' (T|$n) £ IT-Tall & Sy\H(T) < d]s“‘k-r'?“\

= $pan =T Tn\I:‘Ais¥(T, T The thearem Follows. %
Definition Let 1epeeo, = § T-compacton H | ﬁs.‘(T\"‘ooX
is the

Thisis a Banach space  wrt. the wnarm I\Tllsf(iskcr)")‘/".



So 16 o “limik point cose of the scale $p
SAH) eSplHY € Se(H)  Vipew

Sp(H) is indeed o Banach space.

Proof: SnealdTat pTo) = dist (& +pTy, T
£ ) dis¥ Ty, Fa) + I6] hisk( Tz, Fn)

= || Snea LT’I\ * D) Spea (T2)
So, if Ty Taelp, &peC@ D AT+ BT, €5 and,

16Ty ATl € 1AV Mallg iy + IBV 1Tl

= Mg is o novm and SplH) s linear,
Couvnp\e.-\'ncss of So(H) & %’]} € SP(H\ ¥ Taedp(h), i“T""s,(n)"“.
But this holds becave

\ iTnllsp = {\S_.‘(ZT-'\\J\.QPH Log becuvye, LP
= & g ST B 7

For every &p s <2, Sp(H) is a Twa- sided Sywmetric

ideal n BCH):
(1) R, LeIR) | Teselt) = LT R €SpUHY, TR, el H2)l.

(2) TesplH) & T*edplH).

Proof: For P=°S° we a\rev.c)\y know +his, so letr 1eipLoo
and  consider L,Re B(HY.
Spnaa (LTI =k|'r;F DTe- kil & mFILTR -LkR)

= (M)V
(2) SnaalT) = X (T, Fo)zdis} (T5,F &) =i (TA F= s (T 13



!)_e\:in'\’r\ow S4UH) - , S, (H)-

Dﬁ_f‘_v.‘_‘_'\_'ﬂv.\. T1&.S(H), 2= é“(-r?-u.e-lb where i&kx is an
OND in H,

The valve of +rT does not depend an fed.

Praof: Toke {ed} and note +hat HrT\&NTI,
2(%—55{Q"-Qi)<1'ilek\) s %—5;\ %\Lekl*jj\'lLi'j,Ck)l

k=4

4
¢ %8 (1o 03] ) 2 (L1er, 1'%
J

-L. ?"SJ = "T”$1

Next, teT= de(T-Ta)+ $r T, Tn=Z% 807,

So it remains o prove that é(Tneg,’eQ _does not depend
on tacd. This Follows From the fact that éﬂ(sek,eg) Aoes
no¥ cl"-pew:l on {C.k.’\e_o

But éksq > = £ LY ey

= {Eémenen, 7 ¢t ened)
= <"|’, 2 does wot deperd on [exl.

Juwary 4%, 2025

IF ABe Sy(H), Then Trace (AB) = trace (BA),

Prasf: A= Z.8:4 4 ¥
traead) e Z{ABy, Y6} = é(:é;s‘(‘*"'*'m "t

add some Vednr; \h., T
Ine mhal bogis n the
Schwidt decomposition sy

that +he resvibing segvewce
will be an QNB, et 4~

F’D\’ $he new vectqry {9

= éSE’ (B'l'i': ﬁ:)



"'Y(M.(’.U}A\ S Z.(P.)Aft., "Q) é(B iSnk{: 4 1":.\ Pn)

add smn!. SJ"

e Ghove
=2 (B, i)
k
= trace (AR) = trace (BA).

troce (A)= £ AclAY, DA (AN 1s dhe set of
eigenvalves canted with mv\’f'\pinci’r{csl frace A=Q \f X e'ngewr.lws.
lwpartwnt vesvlt - withat proof.

Tesy(h) & ilmku ¢ o for some {ex]-OMB in H.
Moreaver, 2“Te..,|| = ”TII&(H\ ZSEM . particlar , i+ does not
do-w.\d Qn ?Chl

Proof: TeSwlh), T=2s. (20N
i\ITeJ\l = i\\is»‘(e,, DY s iiSLILe,,-!O)
i.Sk Wit = 2. Sew = "T“-Sdﬂ\ 7

TaTo€ S M) =TT, € §4(H).

Proof: Take {Ww.),i}-ONB in M.
21T Tun, 0] = 20 4Toue Taf w0 € 20T} I T )

S 2Rl STl < T Tl = 1 Tallyy DTl

So, we checked that 2| <TaTawy, 4| € Tl it
T1T1_ = i Se (TAT-;) (', "Pl-.'ru)

LS'«.(T’IT»;\ = 2Su(T‘:Tz\ (‘h#’ﬁ(‘l’u,""ﬂ
=2 (T 8 1) ¢o?
D 23u(TaT) ¢ @ DT Te S,




Tacsp, Ty €55, Bth=4 DTTes,  [eenie),

Co(HY is thwe Hilkert space  with +he iwner praduct
(A B = fraceAD*).

Progf : KdAF DAL, BY = A LALRY+ NLALRY
(A )= {B,A)
LA LAY = Frace(AAY) = Z (AR 2. = £ IASE = IAYIV G AN %

Let {wd? be an ONR in H. Then {4 uwow)
1S an ONB ' S, (H).

4ga,j~u

Praof: Jpan i{‘ AW uﬁ = n(l Fy - den v S,(H)

(Ta=T i S2 VTesy (1))

T piece of Schwiedt decompasition
Cwdug, Ciumug) = race (T To) =+ Fluj,mis)

7 1
Take h l T,:sh = (h,u,,')“-w\
Ty (Tms W) = L&y W, DY Ui = {h, us) m& u;
L CARCRTATR TN LS

trace (Cwt U us\ E ?’ (e (we,udy;, M\
= Cwk LU, UQ) Ly 1.“‘5 = Cmk L4j,0Q)

- ] = 41 krwy ey :
= Lk, W) L, Us) { 0, atherwiie *¥{kijims)

(SP(H“":S&(H\' %*%"24 ) 44p4m
(S4(n)* = DR
(Sl H))" = S, (H)

The pairmg is gven by (A B)= +r(ABY),



AS&J\M& -l-lr\od‘/L iy o Borel
measore on X ¢ R"sueh that Hsuppp = 0 Then S{L(R) 2L e )
Le., 1he opervator

WL+ ﬁijTL-s _ é_u'jlx\ Wi ly)
15 the 150 From S (L) onte LE{uxum).
I particular , T€SC (AN D IK () € (M)
TF = (KRly) F(A duly),
maoveaver | T1lg, = §§1Kktex)1"dubacl piy).



